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Inductances Evaluation of a Squirrel-Cage Induction Motor
with Curved Dynamic Eccentricity
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Abstract — Eccentricity faults more or less exist in all rotating electrical machines. This paper
establishes a more precise model of dynamic eccentricity (DE) in electrical machines named as curved
dynamic eccentricity. It is a kind of axial unequal eccentricity which has not been investigated in detail
so far but occurs in large electrical machines. The inductances of a large three-phase squirrel-cage
induction machine (SCIM) under different levels of curved DE conditions are evaluated using winding
function approach (WFA). These inductances include the stator self and mutual inductances, rotor self
and mutual inductances, and mutual inductances between stator phases and rotor loops. A comparison
is made between the calculation results under curved DE and the corresponding pure DE conditions. It
indicates that the eccentricity condition will be more terrible than the monitored eccentricity based on
the conventional pure DE model.
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1. Introduction

Rotating electrical machines are widely used in industrial
processes, water conservancy, defense equipments, mining,
etc. Due to the significant economic losses or emergencies
caused by the sudden breakdown of electrical machines,
fault diagnosis and condition monitoring are gaining
more attention. Mechanical faults are common in electrical
machines, and represent up to 50%~60% of the faults.
Bearing faults and eccentricity between the stator and the
rotor are among the critical and severe faults [1, 2]. Thus,
an effective, accurate and quick method of evaluating
eccentricity-related faults is of great importance.

Much effort has been made to investigate the performance
of a machine with eccentricity so far. Briefly, eccentricity
in rotating electrical machines is a condition that the air
gap between the rotor and stator is not equal. This is caused
by a lot of factors such as manufacture or installation
tolerance, bearing wear, bent rotor shaft, load and so on.
Air gap eccentricity in rotating electrical machines actually
can not be avoided. The effects of interest caused by air
gap eccentricity in a SCIM mainly include winding current
harmonics, inductance, air-gap flux, unbalanced magnetic
pull (UMP) between the rotor and stator, vibration,
increased losses, torque variation, etc. Static eccentricity
(SE) and dynamic eccentricity (DE) are introduced to
basically describe the eccentricity. The multi-loop model is
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widely used in fault diagnosis and condition monitoring of
electrical machines. Inductances evaluation as a critical
part of the analytic method has drawn a lot of attention
to researchers. Previous researches such as analysis and
control of synchronous machines done by Lipo [3]
provided a general expression of inductances between any
two windings in an electrical machine, assuming that
permeance of iron is infinite. Then Luo et al [4] presented a
new multiple coupled circuit model for induction machines
with both arbitrary winding layout and / or unbalanced
operating conditions. An equation for calculating inductances
based on the coil geometry was derived from winding
function theory. And a good agreement with the solution
obtained by a conventional d-g model was shown. Toliyat
et al [5] proposed a method which enables the dynamic
simulation of air gap eccentricity in induction machines.
Inductances under static eccentricity were calculated using
winding function method concerning MMF drop across the
iron. Effects of stator and rotor slots were not included.
Based on winding function approach, Joksimovi¢ et al [6]
described a method for dynamic simulation of dynamic
rotor eccentricity in SCIMs. The inverse air gap function
was given by an approximate expression. Nandi et al [7]
modeled the SCIM under mixed eccentricity condition
using modified winding function approach (MWFA). And
Faiz et al [8] gave a more precise model for computation of
three-phase SCIM inductances under different eccentric
conditions, including SE, DE and mixed eccentricity. This
leads to an improved performance prediction of induction
motor. Faiz et al also calculated the stator inductances
considering the saturation effect in [9]. Later, Li et al [10]
investigated the performance of a three-phase induction
machine with nonuniform SE along axial direction or
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inclined SE. A variant of MWFA was applied to calculating
the inductances. The effect of skew rotor bars is
incorporated in the inductances calculation. The values of
inductances were verified using finite element method.
It showed that inclined eccentricity symmetric to the
midpoint of the machine shaft could not be recognized
from the current spectrum and would therefore require
some other form of detection. Other kinds of axial-varying
eccentricity mentioned in some papers are similar to the
inclined eccentricity, such as simultaneous static air gap
eccentricity and rotor misalignment fault studied in [11]
and [12], eccentricity at one end only mentioned in [13].
However, the real air gap eccentricity of a rotating
electrical machine is quite complicated. It is a combination
of both SE and DE. Worse still, the degree of SE and DE
usually varies along the axial direction. It can not be
simply described as mixed eccentricity or inclined
eccentricity. Fig. 1 (a) shows a 12-pole, three-phase, 2800-
kW, 10-kV, 50-Hz submersible induction motor with rub-
impact fault. From the inner surface of the stator, it can be
seen that the rubbed area lies only in the middle part of the
stator. In the case of large submersible motors used in
mine pumps, this phenomenon would be more visible
due to the slender structure if there is a stator-rotor contact.
Apparently, only bent rotor would lead to the grinding
crack shown in Fig. 1 (a). In addition, the unequal length of
I, and [, indicates that inclined static eccentricity exists in
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Fig. 1. (a) Stator inner surface of a three-phase submersible
induction motor with rub-impact fault; (b) Illustrat-
ion of the rub-impact fault
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the machine. Fig. 1 (b) illustrates the rub-impact fault of
the electrical machine. Consequently, an axial unequal
eccentricity named as curved dynamic eccentricity is
proposed in this paper. This kind of eccentricity mainly
occurs in large electrical machines with relatively long
stack length, such as water filling submersible induction
motors.

From the previous research mentioned above, it can be
concluded that the multi-loop model is a fantastic way to
theoretically solve the eccentricity related problems. The
calculation of inductance matrixes in the multi-loop model
is the key to the successful analysis, and has a great
influence on the calculation results. So the authors devoted
themselves to the calculation of inductances. Since the air-
gap eccentricity has a remarkable impact on the value of
inductances, the effect of curved DE is involved in the
calculation. This paper evaluated the inductances of a
three-phase SCIM with curved DE and analyzed the
features of the curved DE. Due to the similarity between
the curved DE and pure DE (dynamic eccentricity without
axial variation) conditions, a comparison is made between
these two conditions. It is shown that there is a certain
level of pure DE condition under which the variation
curves of inductances are quite close to the calculation
results under the corresponding curved DE condition. This
will lead to a significant error which can not be ignored
during the estimation of DE using motor current signature
analysis, because the certain level of pure DE is always
less than the maximum eccentricity of the corresponding
curved DE.

2. Modeling of Curved Dynamic Eccentricity

In the case of curved DE, the air-gap length changes in
both radial and axial directions. Fig. 2 illustrates the model
of curved DE. In order to highlight the features that are
different from other kinds of eccentricity, this model is
simplified from Fig.1 (b). The following are assumed in
this model:

1) Static eccentricity or rotor misalignment does not exist
in the machine;

The rotor core is bent, and the center of the shaft cross
section is parabola-shaped;

The motor with curved DE is bilateral symmetrical.
The air-gap length of an electrical machine is defined

by

2)

3)
4)

g&=1 T, (M
where r;; is the stator inner radius, and r,, is the rotor outer
radius. An accurate enough way of describing the air-gap
length of a motor with DE is

g, (y.1)=g,[1-6, cos(w,t—y/r,)] @)
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where g, is the radial air-gap length when the rotor is
centered, J, is the degree of eccentricity which is relative to
g0, W, 1s the rotational velocity in radians per second, ¢ is
time, y is the circumferential distance from a reference
point, and r, is the average air-gap radius. This function is
widely used in a lot of papers [13-16].
When the rotor exhibits curved DE as Fig. 2 shows, the
air-gap length can be expressed as
2 (6 31) =g [ 16, ()cos(at=y/r)] ()
where J.(x) is the degree of eccentricity, and it is a
function of axial position x. For a motor under 9,,, = 6%
and J,,,,=25% curved DE condition, the degree of
eccentricity can be fitted by a parabola:

o

cd

(x)=-0.378698x> +0.530178x +0.0644378 (4

The rotational velocity in a three-phase induction
motor is

_27
p

[0)

(s

(1-5) (5)

where f; is the fundamental frequency of stator supply in
Hertz, p is the pole pairs, and s is the slip.
The stator position ¢ measured from a reference point on

rotor
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Fig. 2. (a) Circumferential unequal air gap. O; is the centre
of the stator core. O, is the centre of the rotor core.
(b) Axial curved unequal air gap. gy 0. is the
maximum eccentricity. gy'0,,; 1S the minimum
eccentricity.

stator:
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the stator, and the rotor position § measured from the same
reference point can be expressed as follows:

(6)
(7

i=y/r,
0=t

If considering the starting process, the function of rotor
position should be replaced by

0= o ()dt (8)
Therefore, Eq. (3) can be rewritten as
8e (%.3.0) = g [1-8,, (x)cos(0-j)] ©)

Then the inverse air-gap function can be defined as
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Fig. 3. (a) Precise (left) and approximate (right) inverse air-
gap fluctuation at the initial position, for the d,,,
=6% and 0,,=25% curved DE condition. (b)
Relative error of the approximate inverse air-gap
function.
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1
g[1-6, (x)cos(0-j)]

81 (%.3,0)= (10)

With Fourier series analysis, and taking into account the
first harmonic, the inverse air-gap function is given
approximately as [5, 7-8]

O, 1 2
gu(x,3,0) = =+ -
g\ 1-[0,(OF  g1-[5,(0)]

A=A1=10,(0r
o.,(x)

cos(6—1j) (11)

This approximate inverse air-gap fluctuation is compared
with the relatively precise inverse air-gap fluctuation at the
initial position (i.e. § = 0) in Figs. 3 (a), and Fig. 3 (b)
shows the relative error of the approximate inverse air-gap
function. It can be seen that the maximum error is less than
3%. Compared with the relative error mentioned in [8], this
is also can be accepted when calculating the inductances of
a SCIM with curved DE.

3. Inductances of a SCIM with Curved DE

According to winding function theory, the mutual
inductance between any two windings 4 and B can be
computed by [5, 8]

27
LAB (6) = luOls IO r ((D,H)g_] ((pae)

n,(9.0)N,(9,0)dp (12)
where y is the permeability in vacuum, /; is the axial stack
length, n (g, 0) is the turns function (winding distribution)
of winding 4, and Nu(p, 6) is the winding function
(magnetomotive force distribution along the air gap for a
unit current flowing in the winding) of winding B. This
method assumes no symmetry in the air-gap length or
winding layout. All space harmonics of the winding
magnetomotive force and the effect of eccentricity can be
taken into account.

Due to the axial unequal air gap, the original WFA
should be extended to 3-D to calculate the inductances in a
SCIM with curved DE. Therefore, the differential mutual
inductance of winding 4 and winding B is given as

2z
dL,, (x,@) =Hy [J.o r (x,j, g)g;dl (x,j» H)

xn,(3,0) N, (3.0)dj | dx (13)

where the average air-gap radius r,(x, ¢, 0) is defined by

7 +r2(x,g0,0)
2

7 (x.0,0)="— (14)

1626

Similarly, it can be described by the expression:

1, (2,0,0) =1, [ 1+, (x)cos(0-p) ] (15)

where 7, is the average radius of the air gap in a
symmetrical SCIM. The equivalent inductance for the
whole machine can be derived by

lv
Ly (0)=] dL,(x.0) (16)
Thus,
I p27 A B .
LAB (9) = IUOJ.O J.O ’21 (X,],H)gm: (X, )70)
an(j,H)NB(j,Q)djdx (17)
And the mutual inductance Lg,(6) is given by
I p27 . _ X
LBA (9) = IL[OJ‘O .[O IZI (x’J’ e)gvdl (x’Jae)
xny (3,0) N, (3, 0)djdx (18)

The self inductance of winding 4 also can be calculated
by Eq. (17) with the subscript “B” replaced by “4”.

4. Calculation of Inductances

The required inductances in the multi-loop model of a
SCIM include the stator self and mutual inductances, rotor
self and mutual inductances, and the mutual inductances
between stator phases and rotor loops. Since the inductances
of a SCIM under curved DE condition and pure DE
condition are similar to some degree, a comparison is made
between the calculation results under these two conditions
in this section.

The specific machine studied in this paper is a three-
phase four-pole star-connected 1200-kW squirrel-cage
submersible induction motor. Fig. 4 shows the structure of
the studied machine, and the detailed information of the
machine is given in Table 1. Fig. 5 presents the turns
functions and the winding functions of stator phase a and
rotor loop 1. N, represents the number of conductors per

6/”/" shaft

bearing

Fig. 4. Structure of the studied three-phase submersible
induction motor
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Table 1. Specifications of the proposed SCIM

Table 2. Studied curved DE conditions

Rated power (kW) 1200 Level of curved DE 5os 5
Rated voltage (V) 6000 Opmin Omax e "
Winding connection Y 1 0.06 0.25 0.19 0.1961
Rated frequency (Hz) 50 2 0.10 0.40 0.30 0.3138
Number of poles 4 3 0.14 0.55 0.41 0.4314
Number of stator slots 36 4 0.18 0.70 0.52 0.5491
Number of rotor bars 42 5 0.22 0.85 0.63 0.6668
Air-gap length (mm) 2.0
Mean air-gap radius (mm) 174.0
Stack length (mm) 1400.0 slot. Clearly, the functions of stator phases are only
Winding layers 1 about ¢, and the functions of rotor loops are about both
Number of conductors per slot 12 ¢ and 6. In order to investigate the inductance in its
entirety, the calculation results under different levels of
40 curved DE conditions are given in the paper. Table 2 lists
M several levels of curved DE conditions including the
30 minimum eccentricity J,,,, maximum eccentricity J,,q,
their difference, and the root mean square eccentricity. Fig.
& 20 5 illustrates the variations of d.,x) under these levels of
curved DE conditions. These curves are calculated based
10 on the structure shown in Fig. 4.
The root mean square eccentricity is defined by
9 ' ‘ ,1 I, 2
() 1 ) ¢?rad) 4 S, = 1—]{) [5Cd (x)} dx .
1.2 s
! I 1 : :
—0.06~0.25
ool fuvsram —te
4 —— 018070
= 08 6% = R 5 0.22~0.85
04 < il i
b /21 02y -
Ll . r | | N
0 1 2 3 4 5 6 01125 0 05 1 14 15125
$ (rad) x(m)
3N52fg Fig. 6. Variations of the degrees of eccentricity under
- different levels of curved DE conditions
. 4.1 Stator self and mutual inductances
=z
In the case of curved DE, the self inductances of the
-0 stator phases and the mutual inductances between stator
phases are functions of rotor position 6 because of the
-205 1 > 3 p : P rotating position of the minimum air gap. Replacing the
, 4 rac) term Ny(p, 0) with N,(p, 0), the stator self inductances also
can be derived by (17). Fig. 7 shows the calculation results
0ig of self inductances of stator phase a (L,) and mutual
06 inductances between stator phase a and b (L,) under
different levels of curved DE conditions and pure DE
= conditions. Mutual inductance between stator phase a
02 and c¢ is not given because the amplitude equals to that of
ok | L., and the phase is shifted to the left by 2z/3. The
442 constant values of stator inductances in a symmetrical
I T T “érad) 4 5 8 machine are calculated as well: L,, =0.2654 H, L, =L, =

Fig. 5. Turns functions n (top) and winding functions N
(bottom) of stator phase a (left) and rotor loop 1

(right)

—0.1039 H. Apparently, the existence of DE enlarges the
magnitudes of stator self and mutual inductances. It is
noted that the variations of stator inductances under curved
DE conditions have much in common with that under pure
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Fig. 7. (a) Self inductances of stator phase @ under curved
DE conditions (top) and pure DE conditions
(bottom). (b) Mutual inductances between stator
phase a and b under curved DE conditions (top) and
pure DE conditions (bottom)

DE conditions. The calculation results get closer with the
levels of curved DE and pure DE decline. Furthermore, it
is easy to infer that there is a certain level of pure DE
condition under which the variation of the inductance
comes quite close to that under curved DE condition. And
the certain level of pure DE must be between the minimum

and maximum eccentricity of the corresponding curved DE.

This point of view also can be applied to the inductances
described in 4.2 and 4.3.

4.2 Rotor self and mutual inductances

Just like pure DE condition, rotor loops in curved DE
case do not experience any change in air-gap length due to
the rotating position of the minimum air gap. As a result,
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Fig. 8. (a) Self inductances of rotor loops under curved DE
conditions (top) and pure DE conditions (bottom).
(b) Mutual inductances between rotor loop 1 and
other loops under curved DE conditions (top) and
pure DE conditions (bottom)

the self and mutual inductances of rotor loops are
independent of rotor position 6, and all of the inductances
can be computed only once. The rotor self and mutual
inductances in a symmetrical machine are L, = 2.235x107
H, L,,, = —5.452x107 H. Fig. 8 presents the rotor self and
mutual inductances under different levels of curved DE
conditions and pure DE conditions at initial position (as
Fig. 2 shows). Clearly, the self inductance of the rotor loop
located at the minimum air gap (¢ = 0 or 2x) reaches the
peak value. The value of mutual inductance declines with
the rise of the distance between two rotor loops.

4.3 Mutual Inductances between Stator and Rotor

Stator phase-rotor loop mutual inductances are also
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Fig. 9. Mutual inductances of stator phase a and rotor loop
1 under healthy (top), curved DE (middle), and pure
DE (bottom) conditions

dependent on the rotor position 8. Fig. 9 shows the mutual
inductances of the stator phase @ and rotor loop 1 with
respect to the rotor position under different levels of curved
DE and pure DE conditions. The amplitude of inductance
curve increases with the rise of the level of eccentricity.
The mutual inductance between the stator phase b (or ¢)
and rotor loop 1 is similar, just shifted by 27/3 (or 4x/3) to
the left. Fig. 10 presents the mutual inductances of the
stator phase a and rotor loops at the initial position under
different conditions. It can be seen that the amplitude of the
mutual inductance increases with the decline of the air-gap
length. In other words, the amplitude of mutual inductance
between stator phase and rotor loop which located at the
smaller air gap is greater than that between stator phase and
rotor loop which located at the larger air gap.

However, it should be emphasized that the mutual
inductances between rotor loops and stator phases are not
equal to the mutual inductances between stator phases and
rotor loops.

5. Conclusion

This paper presents a more accurate model of DE named
as curved DE, and evaluates the inductances of a three-
phase SCIM under curved DE condition using WFA. These
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Fig. 10. Mutual inductances of stator phase a and rotor
loops at the initial position under healthy (top),
curved DE (middle), and pure DE (bottom)
conditions

inductances are used for dynamic simulation of electrical
machines with DE or some other faults. It has been shown
that there is a certain level of pure DE condition under
which the inductance curves are nearly the same with those
under the corresponding curved DE condition. In addition,
the certain level of pure DE condition must be among the
minimum and maximum eccentricity of the corresponding
curved DE condition. That is to say, the dynamic
simulation results, such as stator currents, of a machine
with pure DE and another machine with curved DE will be
quite similar. Yet, air gap eccentricity, if exists, in a large
electrical machine is always somewhat curved in fact. So
the actual eccentricity condition will be more terrible than
the monitored eccentricity based on the conventional pure
DE model. Further study is to incorporate the effect of SE
(pure SE and inclined SE) as well as stator and rotor slots.
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