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IDENTITIES OF SYMMETRY FOR THE HIGHER ORDER
g¢-BERNOULLI POLYNOMIALS

JIN-Wo00 SoN

ABSTRACT. The study of the identities of symmetry for the Bernoulli
polynomials arises from the study of Gauss’s multiplication formula for
the gamma function. There are many works in this direction. In the sense
of p-adic analysis, the g-Bernoulli polynomials are natural extensions of
the Bernoulli and Apostol-Bernoulli polynomials (see the introduction of
this paper). By using the N-fold iterated Volkenborn integral, we derive
serval identities of symmetry related to the g-extension power sums and
the higher order g-Bernoulli polynomials. Many previous results are spe-
cial cases of the results presented in this paper, including Tuenter’s classi-
cal results on the symmetry relation between the power sum polynomials
and the Bernoulli numbers in [A symmetry of power sum polynomials
and Bernoulli numbers, Amer. Math. Monthly 108 (2001), no. 3, 258-
261] and D. S. Kim’s eight basic identities of symmetry in three variables
related to the g-analogue power sums and the g-Bernoulli polynomials
in [Identities of symmetry for g-Bernoulli polynomials, Comput. Math.
Appl. 60 (2010), no. 8, 2350-2359].

1. Introduction

The Bernoulli numbers B,,, and the Bernoulli polynomials B,,(x) may be
defined by the exponential generating functions

t ad tm
(1.1) pr— 7;03,”% (t] < 2m)
and
(1.2) L Ve =3 Ba@ (i < 2m)
' et — 1 o = T m) '

The Bernoulli numbers and polynomials were first introduced by J. Bernoulli
to express the power sums, that is, for

kEN:{O’l,Q,} andn€Z+:{1a253""}7
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we set Sy (n) = S0~ r*, then

(1.3) Sk(n) = Bkﬂ(:l_z By 11

For details, we refer to Zhi-Wei Sun’s lecture [29].
The exponential generating function for Si(n) is given by

n 1— e(nJrl)t

- tk it
(1.4) kZ:OSk(n)H=Z€ =

i=0
The study of the identities of symmetry for Bernoulli polynomials arises from

the study of Gauss’s multiplication formula for the gamma function. Legendre’s
duplication formula

m—1

(1.5) By = ﬁ ZO 21 (7) B;

]:
and the triplication formula

m—1

1 i(m m-i\g.
(1.6) Bmm2)3<j>(l+2 )B;

Jj=

are special cases of Gauss’s multiplication formula (see [22]). Namias [22] con-
jectured that infinitely many recurrence relations can be obtained at first from
Gauss’s multiplication formula. Subsequently, Belinfante [3] posed a problem
in the MONTHLY for a generalization of (1.5) and (1.6) as follows:

m—1 a—1
1 (m .
1.7 Bp=———=Y"0a( . |B;> "7, ax2
( ) a(l _ am) = (] ) J Pt

This has been proved by Belinfante and Gessel [4], Deeba and Rodriguez [6],
Howard [7]. In fact, this recurrence (1.7) is a consequence of the following sym-
metry relation between the power sum polynomials and the Bernoulli numbers
which was given by Tuenter in [32].

Theorem 1.1 (Tuenter). For every pair of positive integers a and b, and all
nonnegative integers m

(1.8) zm: (Tj”) @@ B S, (a— 1) = i (m) B LBa™ S, (b — 1).

=0 =0 \J

Tao and Sun [31] generalized the above identities of symmetry (1.8) to the
Bernoulli polynomials
3 <m> B (ba)b™ I S j(a—1) = <T) ¥ B;(az)a™ 7 Sp_j(b—1).

j=0 J j=0
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Young [35] generalized the above identities of symmetry (1.8) to the degenerate
Bernoulli polynomials. Yang [34] generalized the above identities of symmetry
(1.8) to the higher order Bernoulli polynomials.

The p-adic integrals are powerful tools for studying the symmetry properties
of Bernoulli and Euler polynomials. In p-adic analysis, the Bernoulli and Euler
polynomials can be represented by Volkenborn and fermionic p-adic integrals
(see the formulas (1.14) below). So we can obtain a lot more identities of sym-
metry of the Bernoulli and Euler polynomials by considering certain symmetric
properties of p-adic integrals. For example, T. Kim [15] derived results on the
Bernoulli polynomials and the sums of integer powers expressions on Z;, and he
also obtained several results on the Euler polynomials and the alternating sums
of integer powers by considering certain symmetry of fermionic p-adic integral
expressions on Z,. Following the idea of [15], D. S. Kim and Park [10] got many
new symmetry identities in three variables related to Euler polynomials and
alternating power sums. The derivations of these identities are based on the
p-adic integral expression of the generating function for the Euler polynomials
and on the quotient of certain p-adic integrals that can be expressed as the
exponential generating function for the alternating power sums. By using the
fermionic p-adic integral, D. S. Kim, Lee, Na and Park [9] derived several basic
identities of symmetry in three variables related to the alternating power sums
and the Euler polynomials.

The Apostol-Bernoulli polynomials B,,(x,\) are natural generalizations of
the Bernoulli polynomials, they were first introduced by Apostol [1] in order
to study the Lipschitz-Lerch zeta functions. Their definitions are as follows,

t xt __ - ﬁ
(1.9) (m) e’ = WZ:OBm(fCJ\)m!,

where |t| < 27 when A = 1; |t| < |log A\| when A # 1 (see [19, 21]).

In particular, By,(A) = By, (0,A) are the Apostol-Bernoulli numbers. Luo
and Srivastava [21] generalized this definition to obtain the generalized Apostol-
Bernoulli and Euler polynomials, and they also studied them systematically.
Recently, Luo [20], Bayad [2], Navas, Francisco and Varona [23] investigated
Fourier expansions for the Apostol-Bernoulli and Apostol-Euler polynomials.
Kim and Hu [12] obtained the sums of product identity for the Apostol-Bernoulli
numbers which is an analogue of the classical sums of product identity for the
Bernoulli numbers dating back to Euler.

Letting A =1 and « = 0 in (1.9), we obtain the classical Bernoulli polyno-
mials and numbers B,,(x), B,,, respectively.

The higher order Apostol-Bernoulli polynomials, denoted B,(nN)(x,)\), are
defined as follows:

N 00
t ot _ Z (N)
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where [t] < 27 when A = 1; [t| < |log A| when A # 1 (see [21]). When N =1,
Bﬁ)(x, A) becomes the Apostol-Bernoulli polynomial B, (z,\) defined above.

The Apostol-Bernoulli polynomials can also be represented by p-adic inte-
grals. Before introducing this, we need some notations.

Let p be a fixed odd prime number. Let Z,, Q,, and C, be the ring of p-adic
integers, the field of p-adic numbers and the completion of the algebraic closure
of Q,, respectively. Let | - [, be the p-adic valuation on Q with |p|, = p~'. The
extended valuation on C, is denoted by the same symbol | - |,.

Let UD(Z,) be the space of uniformly (or strictly) differentiable function on
Z,. Then the Volkenborn integral of f is defined by

(1.11) | fGau) = Jim — Z f(a

a=0

and this limit always exists when f € UD(Z,) (see [5] and [26, Section 55]).
For such functions we have

(1.12) /fz+1du /f )dp(z) = f'(0),

where f'(0) = (df(z)/dz)|.=0. Also, T. Kim [13] defined the fermionic p-adic
integral on Z, as follows:

(1.13) Ia(f)= lim Y fla)(=1)"= | f(z)du-1(2).

It is interesting that

(1.14) /Z

where B,,(z) and E, (x) are the Bernoulli and Euler polynomials, respectively,
for details of the above formulas, we refer to [11, 13, 15, 17, 25]. The multiple
Volkenborn integrals considered in this paper are all computable by iterated
integrations.

The N-fold iterated Volkenborn integral

(@4 a)"du(@) = Bo(a) and | (@ +0)"dpis(a) = Euo)

yy ZP

(1.15) - F(z1,...,2n5)du(z1) -+ - du(zn)

is denoted by
(1.16) / F(Z)du(z), wherez = (z1,...,2n).
7N

Notice that, interchanging the Volkenborn integral and infinite sum is al-
lowed by Proposition 55.4 in [26].
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Let Cp» be the cyclic group consisting of all p"th roots of unity in C, for
each n > 0 and T, be the direct limit of C,» with respect to the natural
homomorphisms, i.e.,

T, ={\€C, | \" =1 for some n > 0}.

Hence Ty, is the union of all C,» with discrete topology (see [17, 26]).
For each A € T, by Proposition 7.1 (1) in [26], log A = 0, thus for ¢ € D,
x € Z, and a positive integer w, comparing with (1.10), we have

log A+ 1\
(117) / )\w(zl+"‘+zN)e(z1+»~+zN+z)th(E) _ w :J)gt + ezt
7N Awet — 1

_ t N ezt

T\ et — 1

_ i B (4 ey

- m (ZL', A )_a
= m!

which is the p-adic integral representation of the higher order Apostol-Bernoulli
polynomials.
Now we go to a more general case, that is, denote D by

(1.18) pD={tec,|lt,<p 7},

we extend the value of A from T, to D in the above formula, and get an
extension of the higher order Apostol-Bernoulli polynomials in the p-adic sense,
so called ¢-Bernoulli polynomials.

The detail of this process is as follows:

Assume that ¢,t € C,, with ¢g—1,¢ € D, so that ¢* = exp(z log ¢) and e** are,
as functions of z, analytic functions on Z,. By applying /N-fold iterated Volken-
born integral (1.15) to F, with F(z) = ¢@(1FT2n)e(zit+2n+2)t e get the
p-adic definition for the higher order g-Bernoulli polynomials B,(nN)(x, q“) as
follows

1 A\
(1.19) / gt ) et g ) - (w ogiq—f— ) pat
ZN q“et —1

oo tm

Z BV (w,q” ml
and
(1200 B = [ O ) d(2),

zy

where du(z) = dp(z1) -+ - dp(zn) (see [8, 14, 15]). Notice that
i (N) @)y — p(Y)
lim B, (2, %) = By"(2),
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where B,(nN) (x) is the mth higher order Bernoulli polynomials. And if we re-
strict the values of ¢ in T, B,(nN) (x,¢”) becomes the mth higher order Apostol-
Bernoulli polynomials as in (1.17). Thus, the study of the symmetry proper-
ties of Bernoulli and Aopstol polynomials can be involved in the study of the
symmetry properties of g-Bernoulli polynomials. The higher order g-Bernoull
numbers and polynomials including their many applications in number theory,
mathematical analysis and statistics have been extensively studied by several
authors (see [9, 14, 24, 27, 28, 30, 33, 34]). Recently, D. S. Kim [8] derived
eight basic identities of symmetry in three variables related to the g-extension
power sums and the g-Bernoulli polynomials, thus generalized Tuenter’s clas-
sical identity (1.8) in various forms.

As in Tuenter’s Theorem (Theorem 1.4 above), in order to obtain the iden-
tities of symmetry related to the power sums and the g-Bernoulli polynomials,
we need the following g-extension of the sum of integer powers. The g-extension
of the sum of integer powers Si 4(n) is defined by

(1.21) Ska(n) =Y i%¢" = 05" + 1%¢" + - 4 n*¢n,
=0

where 0" := 1. When ¢ — 1, Sk 4(n) becomes the sum of integer powers Sy (n) =
S % (see (1.4)). The exponential generating function for S 4(n) is given
by

) 1— qn+le(n+1)t

N~ i
(1.22) ZS’W(H)H :qut: T
=0

k=0
In particular, we have

S 1, fork=0
1.23 So.q(n) =D ¢ = ———, Skq(0)=1"
(1.23) 0.9(n) ;q 1—gq ka(0) {0, for k € ZT.

Let w be any positive integer. By using (1.20) (when N = 1) and (1.22), we
see

wf, ¢eftdu(z) =t oo "
1.24 e N — 11t _ IS _pE iy 5
( ) fZP qwze“’z’fdu(z) ; qge I;O k,q (w )k| (q , c )
(see [8, 15]).

In this paper, by using the N-fold iterated Volkenborn integral, we derive
several identities of symmetry related to the g-extension power sums and the
higher order g-Bernoulli polynomials. It should be noted that Tuenter’s [32]
and other authors’ results on identities of symmetry [8, 14, 15, 16, 18, 33, 34]
are all special cases of the identities given in this paper when N € Z* or ¢ — 1
(see Remark 6.4).

Our paper is organized as follows:

In Section 2, we prove four kinds of quotient type identities for the N-fold
iterated Volkenborn integral.
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In Sections 3-6, we shall generalize D. S. Kim’s idea in [8] to prove the cor-
responding identities of symmetry in three variables related to the g-extension
power sums and the higher order ¢g-Bernoulli polynomials by using each kind
of quotient type identities for the IN-fold iterated Volkenborn integral given in
Section 2, respectively.

2. IMN)(AL,)-type for i = 0,1,2,3

Let w1, we and w3 be positive integers. In this section, we will introduce four
kinds of quotient type identities for the N-fold iterated Volkenborn integrals
on Zy, or ZZZ)V by building symmetries of wy, ws, ws from three fundamental
identities.

From the definition (1.11) of the Volkenborn integral on Z,, we have

Wwiwoz wlwgztd
w e
2.1) fz “( Z 1wl gwrwalt
: f qwlewzewlewztdu

wiwot)k
= Zskvquz (w — 1)(1T|2)
k=0 ’

The p-adic integral expression for the generating function of higher order
g-Bernoulli numbers Br(nN)(q‘*’) can be derived from the expansion as

(22) IéN)(w,t) _ /ZN qw(21Jr""‘rZN)6(21+"'+ZN)th(E)

_ (wlogg+1t N
- qwetil
= t
=Y BWM(¢*)—
m=0

Then we get the following p-adic integral expression for the generating function
of higher order ¢-Bernoulli polynomials B(N)(x q“) as follows (see (1.19)):

m

(2.3) I (w,2,t) = IV (w, t)e Z BW t

From (2.1), (2.2), and (2.3), we have the four kinds of identity symmetry in
w1,ws,ws as follows:

(2.4) T (Aby) = I (wows, wowst)
X I(EN) (W1W3, W1W3t)
X I(EN) (W1WQ, wlwgt)

ewlewg(Ele I]‘)t

X )
(IZ qwlwgwgzewlwgwgztd’u(z))z
P
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which is equivalent to
(25) 1™ (Aby)

B (w1w2w3)2N_i(1og q+ t)3N—iew1wzw3 (Z?:l Ij)t(qwlwgwg ewiwawst _ 1)i

B (q(JJQUJSeUJQUJSt _ 1>N (qwleewluk:,t _ 1)N (qUJ1L/J26w1WQt _ 1)N

Remark 2.1. From (2.3) and (2.4), we see that the expressions (M) (Aj,), for
each i = 0,1, 2,3, are invariant under any permutation of wi,ws,ws. So, we
can obtain identities of symmetry in three variables wy, w2, w3 related to the
g-extension power sums and the higher order g-Bernoulli polynomials.

2.1. I (AY,)-type

From (2.2), (2.3), and (2.4), we have the (™) (AY,)-type identity for the
higher order g-Bernoulli polynomials as follows:

(a) IMN(A3y) = 1Y) (waws, wpwst e 71t

% I(gN) (w1w3, wlw;J,t)@wZZTwlwst

X ISN)(wlwg,wlwgt)e“’sxg'“’l“’zt
N
= IN) (waws, w1, wawst)
X ISN) (w1W3, W29, wlwgt)

X ISN) (CU1WQ, w33, w1w2t).
2.2. IMN)(AL,)-type

From (2.4), we have the T™)(AL;)-type identity for the higher order ¢-
Bernoulli polynomials as follows:

](N)(AO )
T(ALY = 23 :
(b) ( 23) J‘ZP qwlwzwgzewlwzwsztdﬂ(z)

From (2.3), we also have

IéN)(w1w2,w3$3,w1w2t) _ A(N=1)
fZ qwlwgzewle,ztdu(z) g
P

(2.6)

(wiws, waws, wiwat).

Thus combining (2.1), (2.2) with (b), we can write IV)(Al;) in following two
different ways:

(b‘l) I(N)(Aés) = SN)(w2w3,w1$1,w2w3t)
X I(EN) (w1W3, W29, wlwgt)
X IéNil) (W1WQ,CU31'3,W1WQt)

> (CLJ1WQt)l

1
X — S) e -1
ws ; l,g*1 2(W3 ) l'
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and
(b-2) I(N) (A%g) = IlgN) (wgwg,wlxl,w2w3t)
X ISN) (wlwg, W22, W1W3t)

N-1
X I(g )(W1WQ,w3$3,wlw2t)

L/.)371

X — E qwlwzlewlwgtl-
w3

=0

2.3. IMN(AZ,)-type

From (2.4), we have the I™)(A3,)-type identity for the higher order ¢-
Bernoulli polynomials as follows:

TN (AS,)
5.
(pr qwlewgzewlwgwgztdﬂ(z))

Form (2.1), (2.6), (a), and (c), I®™)(AZ;) can be written in the following
three different ways:

(c) IMN(A3,) =

(c-1) IM(A3y) = Iq(N) (waws, w121, wawst)
X I(N_l)(wlw&wﬂz,wlwst)

(W1W3t)k

X — Z Skgeres (wo — 1)
k 0

X I(N 1)(w1w2, Ww3x3, wlwgt)

oo
wlwgt)m
Z m,q1e2 (W3 — 1)(77
0

(C—2) I(N) (A%g) = ISN) (CUQCLJg,wlSCl,CLJQujgt)

wo—1

X i E qw1w3m€w1w3tm
w
2 m=0
N—-1
x IV D (wiws, wazs, wiwst)
X I(N_l)(wlwg,ngg,wlwgt)

1 > (W1WQt)l
X Gy 2 S (oa — )L,
=0

(C—3) I(N) (A%g) = IéN) (WQCU3,CU1£L'1,&J2(U3t)
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wa—1

§ UJ1UJ3l wlwstl
E ww.sz w1thm

m=0
I(N )(w1w3,w2x2,w1w3t)
I(N D (wiwg, wams, wiwat).
2.4. I™)(A3,)-type

From (2.1), (2.4), (a), and (2.6), we have the IN)(A3,)-type identity for the
higher order g-Bernoulli polynomials as follows:

IMN)(A33)
3
(IZP qwlwgwgzewlwgwgztdu(z))

= I(Nil) (CUQ(U3 w1, CLJQW3t>

X w—l ZSz qw2ws ((AJ1 — 1)

(d) I™(A3) =

(CLJQ(U3t)
7!

X I(N 1) (w1W3, W29, wlwgt)
(W1W3t)k

X — ZSk qw1ws ((AJQ — 1) %l
2 k=0 )

X I( ) (wlwg, w33, wlwgt)

X — Z Sm ,qe1w2 (W3 — 1)

mO

(wiwat)™
m!
3. Identities of symmetry in I() (A9;)-type

In this section, by using the N-fold iterated Volkenborn integral given in
Subsection 2.1, we will prove the corresponding identities of symmetry in three
variables wy, wo,ws related to the higher order g-Bernoulli polynomials.

3.1. I™(AY,)-type
From (2.3) and (a), we have
(3.1) TM(AS) = I(EN)(wQW3,W1.’L'1,wQW3f)
X I(EN)(CU1W3, W2, wiwst)

X I(EN) (w1WQ, w33, w1WQt)

> wowst)F
=5 B (i, qwm)(zT's)
k=0 ’
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X i B™ (was, qwm)i(ngt)l
1=0
X 7;) Ban) (w3, q¥“?) (W1;u’l2!t_)m
Then by (3.1), we obtain
(3.2)
I(N)(AgB) = i( Z (k 7m) B,(CN) (W1$1,qw2w3)Bl(N) (wama, ¢“19%)
n=0 “k+l+m=n >

tn
N wiw I4+m, k+m k41
X B,(n )(wgscg,q 192301 M wg T M wg >ﬁ’

where the inner sum is taken over all nonnegative integers k, [, m with k+Il+m =

n, and
n _on!
El,m/)  Elm!

Fori=0,1,2,3, the I(N)( {4)-type for N-fold iterated Volkenborn integrals
is invariant under any permutation of wy,ws,ws. So the corresponding expres-
sions in (3.2) are also invariant under any permutation of wi,ws,ws. Thus our
results concerning identities of symmetry immediately follow from this obser-
vation.

Theorem 3.1. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

n
Z ( )BéN)(wlel, quwz)Bl(N) (WQZL'Q, qwl“’S)B,(nN) (W3$37 qwlwz)

k,l,m
k+l4+m=n
X wll+mw§+mw§+l
n N N
= > (kz ! m)Bl(c Nwizr, ¢2) BN (s, ¢*7) BEY) (was, ¢1%)
k+l4+m=n o

I+m, k+m, k+I
le w3 CLJ2

n
Z ( )BIEN)(WQZ'L qw1w3)Bl(N) (wll'g, qwwa)B,SLN) (W3$37 qwlwz)

k,l,m
k+l4+m=n
X wé+mwlf+mw§+l
n
= Z (kz I m) Bz(cN)(wﬂl,QWIWB)BZ(N)(WBJE%qwlwz)B&N)(wlSCB,qwm)
k+l4+m=n o

I4+m k+m k41
Xw2 w3 wl
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n
= Z ( )B;(CN)(wsxl,qmm)Bl(N) (W1$2’qw2w3)37(nN) (me3,q°"1“’3)

k,l,m
k+l4+m=n
I4+m, k+m, 6 k+I
X wy "wi T we
n (N) w1w (N) W1w: N Waw:s
= E (k I m)Bk (w3z1,q"?) B (wax2, ¢1%) B (w13, ¢2**)
k+l4+m=n o
I4+m, k+m, 6 k+lI
X ws Mwy T Wy

Remark 3.2. Letting further N =1 in Theorem 3.1, we get Theorem 4.1 in [§].

4. Identities of symmetry in I(Y) (A33)-type

In this section, by using quotient type identities for the N-fold iterated
Volkenborn integral given in Subsection 2.2, we prove the corresponding iden-
tities of symmetry in three variables related to the g-extension power sums and
the higher order ¢-Bernoulli polynomials.

4.1. Symmetric identities from (b-1)
From (2.1), (2.3), and (b-1), we have

(Wngt)i
i!

(4.1) I™M(Ay) = ZBz'(N)(le,qus)
i=0

= wiwst)?
% 37 BN (wgiry, geres) (125

Al
i=0 J:
> _ wiwat)k
S5 B g 2228
k=0
1 > (CLJ1WQt)l
X — S} jerw —1) =7
w3 ; b= 2(&]3 ) l'
Then we obtain
(4.2)
M (AL) N no\ pv waway (V) i
I (A23) - Z( Z (Z,j,k/,l)Bl (wlxlaq d})B_] (CUQZCQ,q 3)
n=0 “i+j+k+l=n
_ : ) L\t
X B,(CN 1)(w3z3, q“1?) S gerwn (W3 — 1)w{+k+lw§+k+lw§” 1> ok

where the inner sum is taken over all nonnegative integers ¢, j, k, [ with ¢ 4+ j +

k+1=mn, and
n B n!
i,5. k1) iGN
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Theorem 4.1. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, and we obtain the
following sixz symmetries

n
> (z ik Z)Bi(N)(wlzl,qu:")B;('N)(wziEz,qmwg)
i+j+k+l=n »Jo P
« BéN_l)(wgscg, G12) ) goren (w3 — 1)w{+k+lw§'+k+lw§'+jfl
n .
= > (z ik Z)Bi(N)(wlwlaQWQ“)BJ(*N)(WW%QWM)
i+j+k+l=n I 1
% Bl(cNfl) (WQ.’L'3,qw1w3)Sl7qw1W3 (w2 _ 1)w{+k+lwg+k+lw;+j—1
n
= > ( )BEN)(szl,qm“‘”')B](-N)(wlwz,qwm)

1,7, k,1
itjtkti=n yJs s

(N-1) wiw Gkt itk4l, i+i—1
X By (w33, ¢“19?) S gurws (W3 — 1wy wi ws

n )
= > (z ik Z)Bi(N)(wﬂlaQWM)BJ(*N)(WW%QWM)
i+j+k+l=n »Jr B
X B,(cNfl)(wlxg, q“?“%) S quaws (W1 — 1)w%+k+lw§+k+lwiﬂ_1
n
= Z (’L ik l) Bi(N)(w31'15qWIWQ)B]('N)(w1z25qWQWB)
i+j+k+l=n 2o s
X B,iN_l)(ngg, q*“1%) S gerws (W2 — 1)w§+k+lwi+k+lw;ﬂ71
n ;
= > (z ik Z)Bi(N)(wswl,qmm)Bg(*N)(wﬂ%qu“")
i+j+k+l=n »Jr B
« Bl(cNfl) (w1x3,qw2w3)‘s’l7qw2w3 (Wl _ 1)wg+k+lwg+k+lwi+j—1.
Letting v3 = 0 and N =1 in Theorem 4.1. Since

1 ifk=0
4.3 B0, q) =
(4.3) w(0,q) {0 i

we get the following corollary. This has also been obtained in [8, Theorem 4.2].

Corollary 4.2. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

n i+l il -1
Z ) Bi(wimy, ¢92%8) B (wama, ¢ S) qerws (w3 — Vw] T wiMwy™
- i, J,1

i+j+l=n

n i+ il =1
= § ) Bi(wimy, ¢92%) By (wsma, ¢U1?) S) geres (w2 — Dw] T whiwy ™
- i, J,1
i+j+l=n
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Bi(waz1, ¢¥*?)Bj(wi 22, ¢¥2*?) S goiw2 (ws — 1)wd g+ H'l HJ !

Bi(w3$17qwlw2)Bj(w1x2’q )quwws(wgfl) y+l z+l H—J 1

= ( n l) Bi(w2x17QWIW3)Bj (W3932,q )Sl qw2ws (w1 — 1) I+ Z+l Z+3 1
. Z7]7
J+l

n
= Z (Z ‘l>Bi(w3$1’qwlwz)Bj(MQvaqwlws)Sl qwzws(wlfl)w;'l i+l l+] L
ititi=n N0

Letting w3 = 1 in Corollary 4.2, we get Corollary 4.3 in [§8] and ws = w3 =1
in Corollary 4.2, we get Corollary 4.4 in [8].
4.2. Symmetric identities from (b-2)

From (2.1), (2.3), and (b-2), we have

- N waw (QJQWgt)i
(4.4) 1M (Ay) =3~ B (i, ¢o20) =2
i=0
x ZB (ag, g 2288)
222, ¢ —
4!
1 L/.)371
X — qw1w2l6w1w2tl
— o (N—1 1o (W1wat)”
30 B D g, gereny 222
k=0
Here we write (V) (AL;) in two different ways:
(4.5)
w3z—1
(N)(Al _ Z(Z qw1wzl Z ( Zk>B( )(OJLT quwg)
i+j+k=n
_ e i\ B
x B (wawa, ¢*190) BN (waws + 1, ¢ Jwd i gt 1>m
and
(4.6)
w3z—1
[(N) A1 — Z(Z qwlwzl Z < Zk>B( )(wlw qwzws)

i+j+k=n
n
(N) w2 (N-1) j+k itk itj—1)1t
< B; W2$2+w—317qw1w3 By (wsms, ¢V )y " wy M wg o
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The corresponding expressions in (4.5) and (4.6) are invariant under any per-
mutation of w1, we,ws. Thus our results concerning identities of symmetry im-
mediately follow from this observation.

From (4.5), we obtain the following result.

Theorem 4.3. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

wgfl
wiwal n (N) Wo w3
I Y

1=0 i+j+k=n

X BJ(N) (waxg, ¢¥1¥3 )B,iN_l) (wsxs + 1, ¢*1+2 )w{+kw§+kw§-”71

wzfl
_ wiwsl n (N) wow
= Z qeres Z (i,j,kz)Bi (wimy, q“2*®)

1=0 i+j+k=n

X BJ(N) (wsxa, q“le)B,iN_l) (woxs + 1, ¢g*1*? )w{Jrkwé*kw;”*l

wz—1
_ wiwal n (N) w1 ws
= Z q Z (i,j, kz) B, (w21, )

1=0 i+j+k=n

X B](.N) (w12, q‘”2“’3)B,(cN71) (wsxs + 1, qwl‘”?)wg%wi*kwgﬂ_l

w1—1
_ wowsl n (N) W1 ws3
BRI (ak)B an )

=0 i+j+k=n
X B](-N) (w32, qwlwz)Bz(cNil) (w1 + 1, g2 wd Praithoi
wzfl n
= et 5 () B )
1=0 i+j+k=n »Js
X BJ(N) (w12, q“’z“’S)B,iN_l) (woxs + 1, ¢*1+® )w?kw?kw;ﬂ*l
wlfl n
= Z g2t Z (z .k)Bi(N)(wg:m,qwlwz)
1=0 itithe=n \b

x B (wyz, ¢ BT (wimg + 1, g2 Jud Mgt
From (4.6), we obtain the following result.

Theorem 4.4. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, and we obtain the
following sixz symmetries

wgfl
n
Z g2t Z <z j k>B§N)(w1x17qw2w3)

1=0 i+j+k=n
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N w2 . (N-1) J+k, itk itj—1
X BJ(- ) (ougxg + w—gl,qwl“’d) By (w33, ¢ )wiws ws

wo—1
_ wiwsl n (N) Waw:
S eI A AR

l_><0 Bj(-N) (:J;k—_i—ni—zl, q“”‘*’z) B,(cNfl)(ngg, q“’l“’g)w{+kw§+kw;ﬂ_1
ez (L

1=0 itjtk=n N’

X B](N) (wlscg + Z—;l, q“’2‘*’3) B,iN_l)(ngg, q“’l“’z)w%Jrkwi""kwéﬂ*l
Fem 3 () e

1=0 itjtk=n

X B](N) (wgscg + Z—jl, q“’l“’z) B,iN_l)(wlxg, q“’2“’3)w%+kw§-+kwiﬂfl

1=0 itjtk=n 777

w1—1
waw3sl n (N) wiw
O I e

1=0 i+j+k=n

N w2 . N-1 . i+k itk i+j—1
x BN (w2x2 + w—ll,qw“‘“) BV (wiwg, 2 o e Rwi

Letting z3 = 0 and N = 1 in Theorem 4.4, by (4.3), we get the following
corollary. This has also been obtained in [8, Theorem 4.5].

Corollary 4.5. Let wi,ws be any positive integers. Then

w3z—1

Z gt Z ( )B (wiz1,¢**)B; (wzl“z + El,qwlw) wiwhwit !
1+j=n w3
wo—1
= Z gerest Z ( >B (wiz1,¢**“*)B; (UJg.TQ + El,q“’l“’2> wlwiwiti
i+j=n ’ w2
w3z—1

Z qwlwzl Z ( )B (ngl qwlws)B, <w1I2 —+ ﬂl’qwzws) w2w1w§+J 1
1,) w3

1+j=n
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w1 — 1
w .
E gexst ) ( >B (w21, q*"*) B; <w3w2+ w—i’l,q““z)w wywy
’

i+j=n
wo—1
w1 :
= Z gt ( )B (wsz1,¢*1*?) B, (wll“z + w—l,qus) whwiwyt ™!
1+j=n 2
w1 — 1
w2 1
= Z ge2st Z ( >B (wsz1,¢*'“?)B; (wga:g + w—l,qwl“"") w3w2wi+] ,
i+j=n 1

where the inner sum is taken over all nonnegative integers i,j with i + j = n,

ny n!
i.5) il

5. Identities of symmetry in T(V) (A2,)-type

and

In this section, by using quotient type identities for the N-fold iterated
Volkenborn integral given in subsection 2.3, we prove the corresponding identi-
ties of symmetry in three variables related to the g-extension power sums and
the higher order ¢-Bernoulli polynomials.

5.1. Symmetric identities from (c-1)
From (2.1), (2.3), and (c-1), we have

t 7

(5.1) 1) (A2,) ZB( w1x1,q“2“3)%
_ (wiwst

xZW“mmwm#%i

1 > (w1w3t)k
3 Skl -l

> _ wiwat)!
X ZBZ(N 1)(w3z3,qw1wz)7( 11'2 )
1=0 ’

1 & wiwsat)™
« ™ Z Spn.gerton (ws — 1)&
m=0

m!

Then we obtain
(5.2)

- n wow
IM(AZ) = Z( > (z Jok,l m)Bi(N)(wlzl’q )

n=0 Yitjt+k+i+m=n
X B](‘Nil)(wzzz, g1 %) Sy qerws (wo — 1)B;N71)(W3x37 qr)
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X Sm7qw1w2 (W3 — 1)

n

. _ 0 oiwink—1\ t
w{+k+l+mw;+l+m 1w§+J+k ) -
n!

where the inner sum is taken over all nonnegative integers i, 7, k,l,m with
i+7+k+14+m=n,and

nooy__n
i, g,k l,m)  dllklm!

Therefore, we get the following theorem.

Theorem 5.1. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

n _
<i j kol m) B§N)(w1$1,qw2w3)B§N 1)(wa2,q“’1“’3)Sk_’qw1W3 (wg — 1)
itjtk+l+m=n N7

M j+k+l+m il 1 ddjtk—1
XBl( )(wgm,quz)Sm,qu? (w3 — 1)t it
" N 5\ p(N—1 ]
= Z <Z kol m) Bl( )(wll’l, qwzws)Bj( )(w3x2, qwlwz)sk"quz ((U3 _ 1)
itjtbtipmen N5
N-1 T P
x BN (was, 614) Sy g (e — 1w Mgttm T
" N 5\ (N —1
= Z (Z Y m) BE )(wzl'17 quwS)BJ(_ )(wlm27 qw2w3)sk,qwzws (wl _ 1)
i+j+k+l+m=n yJs Ry by
" jHhtltm ibltm—1 itj+h—1
XBZ( )(W3$37QW1W2)Sm7qwlw2 (Cu'g — 1)(,0% "LWTF +m w.f,) j
" N 5\ (N —1
— Z (Z kel m) Bz( )(W21'17 qwlws)BJ(_ )(wgibg, qwle)Sk’qw1w2 (w3 _ 1)
i+j+k+l+m=n WAL
o jHhHl4m itltm—1 itjtk—1
XBZ( )(W1x3, qw2w3)57n7qw2w3 (wl — 1)(,0% mw§+ +m wi j
" N N-1
= Z (Z Y m) BE )(W31'17 qw1w2)BJ(_ )(wlm27 qwzwg)sk’q%% (wl . 1)
itjtbtipmen \D Db
N-1 j+k+l4+m i+l 1 itjrk—1
><Bl( )(WQ$37 qwlw3)Sm,qmlw3 (w2 — 1)w{J’> mwi+ +m wé j
" N N-1
= Z <Z kel m) B§ )(W31’1, qw1w2)Bj( )(w2x2’ QW1WS)Sk,qW1w3 (w2 _ 1)
itjthtipmen N0
o ‘ ket ltm itlbm—1 itk
x BN (w123, ¢¥24%) Sy geaes (w1 — 1w} Mwgtttmelt )

Letting 2o = x3 = 0 and N = 1 in Theorem 5.1, by (4.3), we get the
following corollary. This has also been obtained in [8, Theorem 4.8].

Corollary 5.2. Let wi,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, and we obtain the
following three symmetries

n
E ( )Bi(bdlxl,qwzws)Sk7qw1w3 (CUQ — 1)Sm,qw1WQ (W3 — 1)
) i, k,m
i+k+m=n
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k+m i4+m—1 i+k—1

X wl w2 CLJ3
Z n .
= X Bi(LUQZCh qwlwd)Skﬂwzws (CU1 — 1)Sm,qw1w2 (W3 — 1)
) i, k,m
i+k+m=n
X wl2c+m +m—1 z+k 1
n
= E . Bi(w;glﬂl, qwlwz)Skﬂwzws (CU1 — 1)Sm,qw1w3 (W2 — 1)
) i, k,m
i+k+m=n
% wngrm +m—1 z+k 1

Letting wy = w3 = 1 in Corollary 5.2, we have the following corollary. This
has also been obtained in [14, (2.22)] and [8, Corollary 4.10].

Corollary 5.3. Let w1 be any positive integer. Then
n w i—
Butorna) = X (1) )Bilon ) Sglon = e
i+k=n
5.2. Symmetric identities from (c-2)
From (2.1), (2.3), and (c-2), we have

(QJQCLJgt)i

(5.3) I (A3y) = D B (@i, )=

=0

wo—1

X — E qwlwgm wiwstm
=0

t)7
XZB( w To qWWS)M

xZBéN*”wgzg,quw—( -

wiwat
~ _ZSI gz (w3 — 1)%

=0

Here we write I(N)(A2,) in two different ways. From (5.3), we obtain
wo—1
(N)(A2 w1wsm n
(5.4) I'"W(A35) = Z ( Z g Z (i,j, k. Z)
i+j+k+l=n
X Bi(N) (wlxl + ﬂm, q“’2“}3)
w2
% Bj(.Nfl) (WQ.TQ, qwlwg)Bl(cNfl) (WBZES’ qwle)

n
Gkl idtktl—1, itj—1\1t
X Sl7qW1W2 (W3 — 1)w1 Wy CU3 )E
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and

(5.5)  I™M(AZ) Z(miqwm 2 (unkl)

i+j+k+l=n

X Bi(N)(wlxla qus)Bj(_Nfl)(me’ qres)

N-1 w3
X B,(c ) (ngg + —m,q“’l‘”)
w2
okt iki—1 -1\ 1
1 i
X Sy ge1e2 (w3 — 1wy §+ + wy '’ =
n!

where the inner sum is taken over all nonnegative integers ¢, 7, k, [ with ¢ 4+ j +
k+1l=n.
From (5.4), we get the following theorem.

Theorem 5.4. Let wi,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

wo—1
wiwszm n B(N) oz w1 waws
. ) + —m,
Z 1 Z (7/>J7kal) ! r w2 ¢

m=0 i+j+k+l=n
N-1 N-1 k+1 j—1
XBJ(- )(UJQIEQ,(]WINS)B](C )(wgl'g,QWIWQ)Sl qw1w2( 1) J+k+ z+k+l 1 z+]
w3z—1 n
N
= E g Z e B; ) (w o + —m , g2
m=0 i+j+k+l=n I R
N-1 N—-1 i 1 dtj—1
x BN (wgara, 1<) BN (was, 1) Sy geren (w — D] TP
ot n w
- N 2
= E g™ Z ikl B; ) (W2$1 + ;m’ qres
_ itjtk+ti=n s Jy Iy 1
N-1 k+1 k+1—-1, i+j—1
><B( )(wlx qwzwg) )(w3x37qw1LU2)Sl1q“’1“’2( 1) J+k+ z+ + 1+J
w3z—1 w
9 N 2
_ § qwuuzm ( k : Bz( ) (w2x1 + Zm, qwlws
7
m=0 z+]+k+l n ']’ w3
N-1 +k+l +k -1 1+'71
><BJ(- ) (wsms q‘*’M) (wlxg,qw2“3)sl ge2ws (w1 — 1w} Lkt J
wi;—1
_ § geresm ( B( )(w3x1+7m, w1w2)
m=0 z+]+k:+l n
(N=-1) N-1) j+k+H itk+l—1, itj—1
xB; ((,ul:c%qw?“’S)B,(c (w3, ¢13) S gerws (wo — Dwd T i1, F
wa—1 n w
N 3
= E gereem Z (z b l>B’§ ) (w;;xl + w—m,qwlw)
m=0 i+j+k+l=n 1D R 2

(N-1) : N-1) j+k+1 itkHl—1, iti—1
xB; ((,uQ:c%q“““’*)B,(c (wims, ¢2°%) ) gorws (W1 — D)wd ™ ws wi™T
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Letting 2o = x3 = 0 and N = 1 in Theorem 5.4, by (4.3), we get the
following corollary. This has also been obtained in [8, Theorem 4.11].

Corollary 5.5. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

wa—1
w1 1=1,,i-1
Z grresm Z < ) i (wlml + o q‘“z‘“) Sy gerwn (w3 — 1whwit 1wk
2
i+l=n
w3z—1 n
= Z g Z <z l) B; (wll‘l + —m, qwm> Stgeres (we — Dwhws™wi™!
m=0 itl=n N
wi—1 n
= @ Yy <z l) B; (wﬂ‘l + —m, qmm) St,geren (w3 — Dwpei ™ lwg™
m=0 itl=n N
w3z—1 n wo
= Z grrezm Z <z l) B; (wzml + w—m, q‘“l‘“) Sp,qwaws (W1 — 1)w2w§+l Lo w; -1
) 3
m=0 i+l=n ’
wi—1 n
= Z g Z <z l) B; <w39€1 + —m, w1w2> Stgnes (w2 — Dwhwi T twi™!
m=0 i+l=n !
wo—1 n
1-1,i-1
= Z gres™ Z (z l) B; <w3x1 +—m, qwl“’2> Sy gwaws (w1 — 1)whwit=1wi=t,
b

From (5.5), we get the following theorem.

Theorem 5.6. Let wi,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, and we obtain the
following sixz symmetries

onf
n N . N-1 :
Z qwm)dm Z (Z j k l) Bz( )(wlxlaquWJ)B](' )(w2x2,qw1wd)
itjtkHl=n N7
_ w . ) o
% B](CN 1) <W3:C3 + uT?’m,qwle) Sl7q“’1“’2 ((AJ3 . 1>w{+k+lw%+k+lflw§+J 1
2
-1
= wsz wiwam Z n B.(N)(w T wzwz)B(_N—l)(w o, q91?)
q ik ) 171,94 Fi 372,49
m=0 itjtk4l=n N7
_ w i
X B](CN b (WQ.CCg + W—Qm, qUJ1UJ3) Sl ,qw1ws ((AJQ — 1) gtk Z+k+l71w;+j !
3
-1
= wlz wawsm Z n B.(N)(w T wlwz)B(N—l)(w g, q¥249)
q ’LJ I{/’ l i 221,q j 1T2,4
m=0 i+jt+k+l=n N

N1 w3 4 _ 4 i
X B,(C ) (ngg + Zm, qwle) Spqerez (wg — 1)w%+k+lw§+k+l 1w§+]
w1
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wgfl
wiwam n (N) wiws3 (Nil) Wiw2
2. 2 (z]kl) B s, B (a 7)

m=0 i+j+k+l=n

N-1 w1 j4+k+1 g —1, it+j—1
X B,g ) (wlscg + . q“’2w3) Sp,qwaws (w1 — l)wgJr + w?‘k” wiﬂ
3

wlfl

wowszm n (N) wiw (N-1) wow
24 ) (i,j,k,l)Bi (w31, g*192) BT (wiwz, )
m=0 i+j+k+l=n

N-1 w2 j+k+1, itk+1—1 i+j—1
X B,g ) (wgscg + oM q“’lwz") Si,qe1es (we — 1)w§+ + witht wéﬂ
1

wzfl

Zqum Z < " >B§N)(w3z1,qwlw)BJ(»N_l)(wz:cz,qwm)

0,7, k,1
m=0 itithti=n NI

N-1 W1 . . . _ i1
% Bl(c ) (w1x3 + w_m, qwzws) Sl,q”2”3 (Wl — 1)w§+k+lw§+k+l 1wi+J )
2

Letting w3 = 1,29 = 23 = 0 and N = 1 in Theorem 5.6, by (4.3), we get the

following corollary. This has also been obtained in [8, Corollary 4.12].

Corollary 5.7. Let wy,ws be any positive integers. Then

n i
Z ( )Bi(ngl,q‘*’l)slqu (wl—l)wéwi 1

n .
= Z ( )Bi(w1$1,qw2)5'l,q“1(w2_1)Wl1w§ !

i+l=n Z’l
wp—1 n .
= X 3 () Bl et
m=0 i+k=n !
wo—1
— 22 wim Z " B;(wix1,¢*?)(w m)kwi_l
Oq ik (W11, q 1 2
m= i+k=n ’
wp—1
n 11 i
DI DY ( k z)Bim,qM)mkSl,qm (w2 — D=Lt
m=0 i+k+l=n 0
wo—1
n ] — ; _
= e S () Bl S e e - et
m=0 itk+l=n N7

Letting wy = 1 in Corollary 5.7, we have the following corollary.

Corollary 5.8. Let wy be any positive integer. Then

n i—
Buerana) = Y () Bilonsa)Sugfen - 1™

1+l=n
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w1 —1
= Z qm Z (ink)Bi(xlaq )mkwi h

m=0 i+k=n ’

Remark 5.9. Corollary 5.8 is the multiplication formula for the g-Bernoulli
polynomials (see [14, Eq. (2.26)]) together with the identity mentioned in Corol-
lary 5.3.

5.3. Symmetric identities from (c-3)
From (2.1), (2.3), and (c-3), we have
(56) I(N) (A%g) == Ith) (WQCLJQ,, w11, WQ(U3t)

wo—1
X — E qUJ1UJ3l wlwstl

wg—l

x i E qw1meew1wztm

w
3 m=0

N-1

< IV D (wiws, wazs, wiwst)
N-1

X Ilg )(wlwg,w3m3,w1w2t).

From (5.6), we obtain

(5.7)
wo—1wsz—1
N)(A Z(Z Z qw1w3l+w1w2m Z <Z :’;k>
=0 m=0 i+j+k=n *

XBI(N) (wlml + ﬂl + ﬂm, q””“)
wa w3

_ — t"
x B (wawa, ¢*190) BN T (wsws, ¢ ] TRk gt 1>g,

where the inner sum is taken over all nonnegative integers i, j, k,[ with ¢ 4+ j +
k + 1 = n. Therefore, we get the following theorem.

Theorem 5.10. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

L/.)Q*lo.)gfl
wiwsl+wiwom n B(N) ﬂl ﬂ Wows
> Y O L

i
=0 m=0 i+j+k=n >
(N—1) (N—-1) itk itk—1 itj—1
x B; (waa, ¢“1%) By, (w3zs, ¢¥1“?)w] w%”' wy '’
wg—1wa—1 n w w
N 1 1
= § E QWIWQlerlwsm E (’L . /{3> Bz( ) (wll'l + w—l + w_mv qwzwg)
1=0 m=0 i+jth=n N0 3 2
( 1

N— N-1 .
x BN (waz, g2 BN (wams, g1 o Pk HE gt !
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wlfl wgfl
_ wowslt+wiwam n (N) w2 w2 1w
= E E g E ( ) k)Bi (wle + w_1l+ —=m,q s)

VA w
=0 m=0 itith=n \D 3

(N-1) wow (N-1) w w J+k i+k—1 i+j—1
X Bj (wl.’L'g q 2003 B ( B 2) Wi
L/.)371 wlfl w w
_ wiwalt+woswsm 2 2 wiw
_ E E g2 2w3 ( ) : (w2$1+w_l+w_m’q13)
=0 m=0 i+j+k=n 3 1
(N-1) w1w (N— wow Jt+k i+k—1 ZJrjfl
X B; (wwa, ¢“**?) By, (lei’nq 298wy wy
wi—1ws—1
_ E E qw2w3l+w1w3m § ' nk> B( ) (CLJgZL'l + —l+ ot qwlwz)
(3
1=0 m=0 itith=n DD w2

(N-1) 3y pg(N-1) j+k itk—1 z+e1
x B; (wixe, ¢“2“%) By, (wams, ¢ )wg "Wy !

wo—1w;—1 n w w
. ; N 3 3
Z Z qw1w3l+wzw3m Z (l . k> Bz( ) (CLJgZL'l + w_l + w_m7qw1w2)
1=0 m=0 itjth=n N0 2 !

(N—1) 2\ p(N—1) 3, ,Jtk, ji+k—1 itji—1
X B;" T (wama, ¢ ) By (wiws, ¢ )wy T wy T wy T

Letting 21 = 2,29 = 3 = 0 and N = 1 in Theorem 5.10, by (4.3), we get
the following corollary. This has also been obtained in [8, Theorem 4.14].

Corollary 5.11. Let wy,ws,ws be any positive integers. Then the following
expression is invariant under any permutation of wy,ws,ws, and we obtain the
following three symmetries

wo — 10.)37 w w
1 1
w2 —1 § : § qwlwglerlwgmB ww—i——l—l——m,q“’zwg
w2 w3
=0 m=0
wl71w37 w w
2 2
— wl —1 § : § qUszSlerlUJQmB WQ.’L'+ —l+ _m’qwlwg
w1 w3
=0 m=0

wlfl(Jsz
1wg 1 § : § qwgwglerlwgmB w3x+—l+—m qwlwg
w2
=0 m=0

Letting ws = 1 in Corollary 5.11, we have the following corollary. This has
also been obtained in [8, Corollary 4.15].

Corollary 5.12. Let wy,ws be any positive integers. Then

wo—1
—_ w1
wi ! wilp A wix 4+ —1,¢*2
2 Z q n 1 W q
UJ1— w
_ —1 wal 2 w1
= w B, | woxr + —1,
2 B (v )
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wlfl w271 1 1
R D DD D % (:c + o+ —m,q“’“”) :

w2
=0 m=0
Letting wy = 1 in Corollary 5.12, we get the following multiplication theorem
for the g-Bernoulli polynomials (cf. Corollary 5.3).

Corollary 5.13. Let w1 be any positive integer. Then we have

w1 —1
1
B, (wiz,q) = wy 1ZqB <x+w—ll,q“’1).

Remark 5.14. Letting ¢ — 1. From Corollary 5.12, we have

wzfl wi— 1
n—1 n—1 w2
E B, —l E B, —1),
2 Wq (wlx + ) wq (ng + " )

1

where B, (z) is the nth Bernoulli polynomlals. When wy = 1, we have the
multiplication theorem for the Bernoulli polynomials as follows:

wi—1
1
n—1
E B, —I
wlsc wy <:c + o )
(see [15, Corollary 4] and [34, Eq. (1 3)])

6. Identities of symmetry in I(Y) (A3;)-type

In this section, by using quotient type identities for the N-fold iterated
Volkenborn integral given in Subsection 2.4, we prove the corresponding iden-
tities of symmetry in three variables related to the g-extension power sums and
the higher order ¢-Bernoulli polynomials.

From (2.3) and (d), we have

h
(6.1) 1) (AZ,) ZB wlxl’qus)%

(w2w3t)
7!

N S enen (w1 — 1
lez geaes (w1 — 1)

_ wrw wiwst)?
3 B D g, gy 20

1 > (W1W3t)k

QJ1QJ2t)l

X Z BZ(N_l)(wsts, qre?) ( il

L Z S v (wg — 1) 222

mO

m/!
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Then we obtain

(6.2) IMN)(A3,) = i( > (h,z‘,jj;,l,m)

n=0 “h+i+j+k+l4+m=n

x BN (wyy, ¢299) S guses (w1 — 1
h 171,49 )Si,qeaea (w1 )

% Bj(.Nil)(WQ.TQ, qw1w3)Sk,qw1w3 (W2 —1)

X Bl(Nil)(W3.T3, qwle)Smﬂmwz (W3 — 1)

n

. 1 ) _ g 1\ ¢
Xw{-ﬁ-k-i-l-i—m wg-i-z—i-l—i-m 1w§1+l+]+k ) -
n!

where the inner sum is taken over all nonnegative integers h, i, j, k,l, m with
h+i+j+k+1+m=n, and

n _ n!
h,i, i, k,l,m)  RElGEm!
Therefore, we get the following theorem.
Theorem 6.1. Let wy,ws,ws be any positive integers. Then the following

expression is invariant under any permutation of wy,ws,ws, and we obtain the
following sixz symmetries

n _
Z ( )B,&N 1)(w1$1,qw2w3)5i7qw2w3 (w1 —1)

Wit ohtmen Mo b kL m
XBJ('N_l)(WQ‘r?’qwlws)skyq“’l% (w2 — 1)BZ(N_1)(W3$37qwlwz)sm,qwlwz (w3 —1)

j+k-+l+m—1 i —1  h+itj+k—1
xw{"_ +i+m w£z+z+l+m 1w3+1+j+

n _
= > ( )B’EN D (wizr, ¢929) S gores (w1 — 1)

Wit ohtmen Mo b kL m
XBJ('N_l)(w?"r?’qwlw)skyq‘”“? (w3 — 1)BZ(N_1)(W2$37qwlwg)sm,qwlw (w2 —1)

j+k-+l+m—1 i —1  h+itj+k—1
xw{"_ +i+m w§z+z+l+m 1w2+1+j+

n _
— Z ( )B,(IN 1)(w2$1,qw1w3)5i,qw1ws (wo —1)

hitjohtmen Mo bk Lm
x BN (w1202, ¢9290) Sy, qoaes (w1 — 1B (w3, 4712) Sy geren (w3 — 1)

XW%JF’C*“FW*1w?+i+l+mflw§+z+J+k71

h,i,5,k,l,m
htitithtibm=n NI Fr b

xB§N71)(w3x2,q”1“’2)5kﬂqw1w2 (w3 — l)Bl(Nfl)(wlx&q”2“3)5m,qwm (w1 —1)

Xw%+k+l+m*1w§+i+l+mflw?+l+]+k*1
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n _
= Z ( )B;SN 1)(W3$1,qw1w2)5i,quz (w3 —1)

Wit ihitmen Mo bk Lm
XB§N71)(W1$27qwzws)Sk,qwzwg (w1 — l)Bl(Nfl)(ngg,q“1“3)Sm,qu3 (wy — 1)

Xw§+k+l+mf1w?+i+l+m71w§+z+J+k71

n —

. . h? i? .j7 k? l7 m
h+i+j+k+Il+m=n
xB§N71)(w2x2,qw1“3)5kﬂqu3 (wo — l)Bl(Nfl)(wlx&q”2“3)5m,qwm (w1 —1)
Xw§+k+l+mf1w§+i+l+m—1w;1+i+j+kfl.
Remark 6.2. Letting x1 = z2 = 3 = 0 and N = 1 in Theorem 6.1, it will
yield no identities of symmetry. However, when N > 2, we shall obtain new
identities of symmetry related to the g-extension power sums and the (higher

order) g-Bernoulli polynomials which are generalizations of the corresponding
identities of symmetry in three variables.

Now putting N = 2 and wy = w3 = 1, by (4.3), we get the following corollary.

Corollary 6.3. Let wy be any positive integer. Then

n ; _
) < )mazl,q)&,q(wl — 1)B; (w2, 4*") Bi(ws, ¢* ! 7!

. . h)i)j7k:
h+i+j+k=n
n _
= 5 () B B 85— DB g
htitjth=n N 0D
n i
= Z <h : .k)Bh(xlaqwl)Bz‘(z%qwl)Bi(W1$37Q)Sk,q(wl — Dyt
htitjth=n N0
Remark 6.4. Letting N = 1,2,... in our results, we get a new symmetric

identity which is a generalization of Tuenter’s [32] and other authors’ results
which were established in [8, 14, 15, 16, 18, 33, 34].
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