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COMMON n-TUPLED FIXED POINT FOR HYBRID PAIR OF
MAPPINGS UNDER NEW CONTRACTIVE CONDITION

BHAVANA DESHPANDE ®* AND AMRISH HANDAP

ABSTRACT. We establish a common n-tupled fixed point theorem for hybrid pair of
mappings under new contractive condition. It is to be noted that to find n-tupled
coincidence point, we do not use the condition of continuity of any mapping involved.
An example supporting to our result has also been cited. We improve, extend and
generalize several known results.

1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space and CB(X) be the set of all nonempty closed
bounded subsets of X. Let D(z, A) denote the distance from = to A C X and H
denote the Hausdorff metric induced by d, that is,

D(z,A) = ;ggd(x,a)

and H(A,B) = max {sup D(a, B), sup D(b, A)} for all A,B € CB(X).
acA beB

The study of fixed points for multivalued contractions and non-expansive mappings
using the Hausdorff metric was initiated by Markin [10]. The existence of fixed points
for various multivalued contractive mappings has been studied by many authors
under different conditions. For details, we refer the reader to [3, 4, 6, 7, 12] and the
reference therein. The theory of multivalued mappings has application in control
theory, convex optimization, differential inclusions and economics.

In [1], Bhaskar and Lakshmikantham established some coupled fixed point the-

orems and apply these results to study the existence and uniqueness of solution
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for periodic boundary value problems. Lakshmikantham and Ciric [9] proved cou-
pled coincidence and common coupled fixed point theorems for nonlinear contractive
mappings in partially ordered complete metric spaces, extended and generalized the
results of Bhaskar and Lakshmikantham [1].

Chandok, Sintunavarat and Kumam [2] established some coupled coincidence
point and coupled common fixed point theorems for a pair of mappings having
a mixed g-monotone property in partially ordered G-metric spaces. Kumam et
al. [8] proved some tripled fixed point theorems in fuzzy normed spaces. Rahimi,
Radenovic, Soleimani Rad [11] introduced some new definitions about quadrupled
fixed point and obtained some new quadrupled fixed point results in abstract metric
spaces.

Imdad, Soliman, Choudhury and Das [5] introduced the concept of n—tupled fixed
point, n—tupled coincidence point and proved some n—tupled coincidence point and
n—tupled fixed point results for single valued mapping.

These concepts was extended by Deshpande and Handa [4] to multivalued map-
pings and obtained n—tupled coincidence points and common n—tupled fixed point
theorems involving hybrid pair of mappings under generalized Mizoguchi-Takahashi
contraction. In [4], Deshpande and Handa introduced the following for multivalued
mappings:

Definition 1.1. Let X be a nonempty set, F' : X" — 2% (a collection of all
nonempty subsets of X) and g be a self-mapping on X. An element (z!, 22, ...,
z") € X" is called

(1) an r—tupled fized point of F if z* € F(z!, 22, ..., 2"), 2% € F(2?, ..., 2", ), ...,

" € F(z", ot ..., 2" 1),

(2) an r—tupled coincidence point of hybrid pair {F, g} if g(x!) € F(z!, 22, ..., 27),

g(x?) e F(2?, ..., 2", x), ..., g(z") € F(a", 2, ..., 2"~ 1).

(3) a common r—tupled fized point of hybrid pair {F, g} if 2 = g(a!) € F(z!, 22,

v x), 22 =g(a?) € F(2?, ..., 2", z1), ..., 2" = g(a") € F(2", 2!, ..., 2" 1).

We denote the set of r—tupled coincidence points of mappings F' and g by C{F,
g}. Note that if (2!, 22, ..., ") € C{F, g}, then (2%, ..., 2", 2!), ..., (2", 2!, ..., 2" 1)
are also in C{F, g}.

Definition 1.2. Let F : X" — 2% be a multivalued mapping and g be a self-
mapping on X. The hybrid pair {F, g} is called w—compatible if g(F(z', 22, ...,
x")) C F(g(zh), g(x?), ..., g(z")) whenever (z!, 22, ..., 2") € C{F, g}.
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Definition 1.3. Let F : X" — 2% be a multivalued mapping and g be a self-
mapping on X. The mapping g is called F— weakly commuting at some point (z!,
2%, ., 2") € XTif g*(al) € F(g(a'), g(2?), ..., g(2")), g*(2*) € F(g(a?), ..., g(a"),
g(@h), .., g*(a") € F(g(a"), g(a'), ..., g(a"™1)).

Lemma 1.1. Let (X, d) be a metric space. Then, for each a € X and B € CB(X),
there is by € B such that D(a, B) = d(a, bg), where D(a, B) = infycp d(a, b).

In this paper, we establish a common n—tupled fixed point theorem for hybrid
pair of mappings satisfying new contractive condition. It is to be noted that to
find n—tupled coincidence point, we do not use the condition of continuity of any
mapping involved. Our result improves, extend, and generalize the results of Bhaskar
and Lakshmikantham [1] and Lakshmikantham and Ciric [9]. An example is also

given to validate our result.

2. MAIN RESULTS

Let ® denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying
(i) @ is non-decreasing,
(ity) @(t) <t for all t > 0,
(itig,) lim,q o(r) <t forallt >0
and U denote the set of all functions 1) : [0, +00) — [0, +00) which satisfies
(iy) 1 is continuous,
(idy) ¥(t) < t, for all t > 0.
Note that, by (i) and (7i,) we have that ¢(t) = 0 if and only if ¢t = 0.

For simplicity, we define the following:
(A)M (xl,...,xT,yl,...,yT)

([ D(gat, F(2',....2")),D(gy", F(y*, ..., y")),
x?"

. "'7D(ng7F(xr7"'7 71))7D(gyr7F(yr7"'7y/r71))7
= min D(gz',F(y',...y"))+D(gy*,F(z!,...a"))

)

2
D(ga", F(y",...y" "))+ D(gy" F(a",....2"~ 1))
2

\ s
(B)m (371, TR ')
(D@ F(z!,...,2"), D(y", F(y', ..y")),

. "'aD(wer(lm:--'7xT71))7D(yT7F(yr7"-7yr71))7
= min D(a'F(y",..y”)) +D(y" F(a' ,..ca”))

2
D(a",F(y",...y" ")+ D", F(a”,....2" 1))
ey 5

Theorem 2.1. Let (X, d) be a metric space. Assume F : X" — CB(X) and
g: X — X be two mappings satisfying
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H(F(xl, x2, ez, F(yl, yz, s y")
(2.1) < ¢ [max{d(gz', gy"),d(g92*, gy*), ....d(gz", gy") }]
+Q]Z) [M(l'l’l'Q? "'7$T7y17y27 "'?y’r‘)] )

for all 2b, 22, ..., 2", y', 4%, ..., y" € X, where ¢ € ® and ¢p € V. Furthermore
assume that F(X") C g(X) and g(X) is a complete subset of X. Then F and g have
an r—tupled coincidence point. Moreover, F' and g have a common r—tupled fixed
point, if one of the following conditions holds:

(a) F and g are w—compatible. lim; . ¢! = y', lim; oo g'z? = 92, ..., lim; o g'2"
=", for some (2%, 22, ..., 2") € C{F, g} and for some y*, y?, ..., y" € X and g is
continuous at y*, y%, ..., y".

r

(b) g is F—weakly commuting for some (zt, 22, ..., ") € C{F, g}, gx', g2?, ..., gx

are fized points of g, that is, g’z' = gx', g?x? = g2, ..., ¢°2" = ga”.

(c) g is continuous at x', x2, ..., 2". lim; . gy’ = 2!, lim;_oo g'y? = 22, ...,
lim; .o g'y" = 2" for some (2%, 22, ..., 2") € C{F, g} and for some y', y?, ...,
y" e X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

Proof. Let z}, 23, ..., 2}, € X be arbitrary. Then F(z}, 23, ..., z%), ..., F(}, 2§, ...,

ngl) are well defined. Choose gz} € F(z{, 23, ..., 23), ..., gz} € F(a}, 2}, ..., ngl)

because F(X") C ¢g(X). Since F : X" — CB(X), therefore by Lemma 1.1, there

exist 2! € F(z}, 23, ..., o), ..., 2" € F(a}, 1, .., xrl’_l) such that
d(gzi,2") < H(F(xg, a8, ..., xp), F(z1, 21, .. 1)),

d(g{B%, 22) H(F(JJ%, s l’g,xé),F(fL’%, ---;1'71‘7-%%)),

wnd(gxi,2") < H(F(x(r),x(l), ...,ngl), F(x{,x%, o xfl)).

IN A

Since F(X7") C g(X), there exist z, 22, ..., 25 € X such that 2! = gad, 2% = ga3,
vy 2" = gay. Thus

d(ga1, g13) H(F (x4, 3, ... 2p), Fe1, 2%, .., 7)),

d(gat,gz3) < H(F(x3, ..., x5, ), F(af, ..., 27, 27)),

o d(gry, grh) < H(F(xy, 93(1), - 93671), F(x], az%, - 93’{71)).

IA

Continuing this process, we obtain sequences {z!} C X, {2?} C X, ..., {al} C X
such that for all i € N, we have z}, € F(z}, 22, ..., al), 22, | € F(z7, ..., z}, x}),
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oy @ € F(af, 2}, ..., 2771 such that

d(glev gxilJrl)

< H(F(zl 2?4, ...,20 ), F(z}, 22, ...,27))
< ¢ [max{d(gz}_,g2}), ..., d(ga]_, ga])}]
+1) [M(xil_l, :L'?_l, ey Ty xz-l, x?, e x:)]
< ¢ [max {d(gz}_y,g2}), ..., d(g2]_y, gz})}] .
Thus
d(gei, gxiy) < @ [max {d(gz;_y, 927), ... d(92]_y, 92})}] -
Similarly

d(gl‘zzagf’??ﬂ) < [max{d(gxil_l,g;v%), ---,d(gw§_1,9$§)}} )
wnd(gaf,giyy) < g [max {d(gziy,g2i), .., d(gz]_y, ga7) }] .

Combining them, we get

(22) max {d(glea gl’%—s—l)a d(g:EzZa gxz?—l—l)? sy d(g:z:f, gl’;&—l)}
< ¢ [max {d(gz|_y, g2}), d(g7_1, 927), ..., d(gz]_y, g2}) }] ,

which implies, by (i), that

max {d(glea gxil—i-l)a d(g$?, gxzz—l—l)v ceey d(gmg, gm;‘—i—l)}
< max {d(g$11_1, gle)a d(gm?—la gx?), ceey d(gm;—la gl’:)} .

This shows that the sequence {d;}°, defined by §; = max{d(gz;, g:L‘ilH), d(gz?,
gx2,1), -y d(gal, gal, 1)} is a decreasing sequence of positive numbers. Then there
exists 6 > 0 such that

(2.3) lim é; = lim max{d(gle,gx}_i_l),d(gm?,gxfﬂ), ...,d(gmg,g:ﬁf_i_l)} = 4.

71— 00 1—00
We shall prove that 6 = 0. Suppose that § > 0. Letting ¢ — oo in (2.2), by using
(2.3) and (diy,), we get
6 < lim @(0i11) = lim_ ¢(di+1) <6,
1—00 0it1—0+

which is a contradiction. Hence

(2.4) lim ¢; = lim max {d(ga:},gxilﬂ),d(gx%,gx?_i_l), o d(ga}, gzi 1)} = 0.

1—00 1—00
We now prove that {gz!}2,, {922}, .., {g77}22, are Cauchy sequences in (X,

d). Suppose, to the contrary, that one of the sequences is not a Cauchy sequence.
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Then there exists an € > 0 for which we can find subsequences {ga: } {gx } of
{gmi}izo, {g:ci(k)}, {ng(k)} of {gxf}izo, - {g:vi(k)}, {ng(k)} of {gazZ >0 Such that
(2.5) max {d(gacll(k),ngl-(k)), ...,d(ga;;f(k),gx;(k))} >ek=1,2,..

We can choose i(k) to be the smallest positive integer satisfying (2.5). Then

(2.6) max{d(ga:zl(k) gt J00))s o AT gy 1, 9T ))} <e.

By (2.5), (2.6) and triangle inequality, we have

e < rgp=max {d(gx%(k),g:v}(k)), s d(ga:;(k),gm;(k))}
< max {d(gx%(k), g:c%(k),l), “ee d(gx:(k)vgxg(k)fl)}
+ max {d(gm}(k)_l,gﬂfjl'(k))v ~-"d(9x:(k)—1’gx§(k))}
< max {d(gxg(k), g:r;il(k)fl), - d(gxz(k),gxz(k)fl)} +e.

Letting k — oo in the above inequality and using (2.4), we get

(2.7) lim r, = khm max {d(gx%(k),ga;}(k)), - d(gmf(k),gx;(k))} =ec.

k—o0

By triangle inequality, we have
rr = max {d(gxﬁ(k),gﬂf;(k)), -~-7d(9x:(k)=9x;(k))}
< max{ 97} k),gfvz(k 1) d(gﬁ(k)vgx;(k)ﬂ)}
+ max { d( gx k)+1’9x (k )+1)’ -.-,d(gxi(k>+1,9$§(k)+1)}

(
+ max {d gz k)+17g$g(k)) d(9$§(l§)+1,g$§(1¢))}
+9;

IN

Oi(k) T 0j(k) + max {d(gmi(k)+17gx}(k)+l)a S d(gx;(k)+17gx§(k)+l)} :

Thus
(2.8) 71k < Gk + 0y + max {d(gle(k)ﬂ,gﬂf}(k)H% . d(g$£(k)+1’gx;(k)+l)} .
Since gz i1 € F(x! ik Z(k ), . gxf‘( )+1 € F(x :(k) ey x”(—;) gxl(k)JrlE

P(a!

inequality, we have

Ty ](k)) o 9Ty 11 € F(a? Sk ( )) therefore by (2.1) and by triangle
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(921415 95 (1) 1)

< H P @iy @) (@50 Tiory)
< o {max {d(gﬂc}(k),gﬂf}(k)), ...,d(g:cf(k),gfﬂ;(k))}]
+ [M(m}(k), e fff(k)v xgl‘(kw xg(k))}
< o) + 0 [M(eh o 2l 2y s )]
Thus
QG415 9730 +1) S LK)+ | M (@, oo @y hitgs o 250 | -
Similarly

IN

d(gxzz(k)+17g$j2'(k)+1)
s 9Ty 415 9Ty 1) S () H U [M(xil(k), ...,xf(k),x]l(k), ...,x;f(k))} .
Combining them, we get
(2.9) max {d(gxil(k:)—i-l? 9T (1415 -+ AIT] gy 415 9$§(k)+1)}
< o(rg) + 9 [M(x%(k), ...,x;(k),le.(k), ...,xg(k))} :
By (2.8) and (2.9), we get
Pk < Gigey + 0j05) + P(rk) + 9 [ M@k, s 2y o )|

Letting k& — oo in the above inequality, by using (2.4), (2.7), (A), (iy), (iiy) and

(itiy,), we get

e<0+0+ lim e(rg) +0 < lim () <e,
—00

rE—E+
which is a contradiction. This shows that {gz}}%°,, {922}, ..., {gzl}3°, are
Cauchy sequences in g(X). Since g(X) is complete, thus there exist z!', 22, ...,

2" € X such that

(2.10)

im gz} = gzt lim gz? = g2?, ..., lim ga! = ga'.
1—00 1—00 1—00

)s v 9T € F(x], .., 21, therefore by using

]

: 1 1 r
Now, since gz;,, € F(xz;, ..., 2]

condition (2.1), we get
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Digely Fla! 2, ...a"))
< H(F(z}, 22, .., Z) (wl, "))
< [max {d, ga:z,gzr ) d(g$179$ ) d(ggsz’g"Er)}}

+@Z)[M{1:l, iy ,xz,x 2 , T }]

Letting ¢ — oo in the above inequality, by using (2.10), (A4), (iy), (iiy) and (idiy),

we get
D(gz*, F(zt,2%,...,2")) < Jim, o(t) +0=0+0=0.
Thus
D(gz', F(z', 2%, ...,2")) =0
Similarly

D(gz® F(z?,...,2",2")) =0, ..., D(g92", F(z", 2%, ...,2" 1)) = 0,
which implies that
grt € F(zt 2% ..., 2"),...,ga" € F(a", 2", ..., 2" 1),
that is, (2!, 22, ..., 2") is an r—tupled coincidence point of F and g.
Suppose now that (a) holds. Assume that for some (2!, 22, ..., 2") € C{F, g},

(2.11)  lim gifvl = yl, lim gz‘:v2 = y2, vy lim gixr = yrwhereyl,yg, Ly e X,
1—00 11— 00

11— 00

Since g is continuous at y', y2, ..., y", we have, by (2.11), that y', 2, ..., y" are fixed
points of g, that is,
(2.12) 9y' =y 9y’ =70y =y
As F and g are w—compatible, so for all i > 1,

gzt e F(gilzl, g2, .., g la"),
(2.13) giz? € F(¢'2? .., ¢ ", g tah),

gzt e F(gla g tet, L gt e,

By using (2.1) and (2.13), we obtain
D(g'z', F(y',y%, s y"))
H( ( i—1 17gz 1x27 ’gz 1xr) F(yl,yQ,...,yT))
¢ [max {d(¢'z", gy"),d(g'z", 9y?), ..., d(g"2", 9y") }]
+ [M {g 2t g a? g YR Ly )

IN

IN
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On taking limit as ¢ — oo in the above inequality, by using (2.11), (2.12), (A), (iy),
(i1y) and (idiy,), we get

D(gy", F(y', %, ...y")) < Jim (1) +0=0+0=0,

which implies that
D(gy", F(y', y% ....y")) = 0.

Similarly

D(gy*, F(y?, ...y y")) =0,...D(gy", F(y",y", .. y™ 1)) = 0.

Thus

(2.14) gy1 e F(yl,yz, oY), gy € F(yr,yl7 ...,yr_l).

Thus, by (2.12) and (2.14), we get

v =gyt e Fy'v? oy, oy =gy € F(y",yt sy,

that is, (y', ¥2, ..., ") is a common r—tupled fixed point of F and g.
Suppose now that (b) holds. Assume that for some (2!, 22, ..., ") € C{F, g},
g is F—weakly commuting, that is, g?z! € F(ga!, g2?, ..., ga"), g?x® € F(ga2?,

r—l)

ey gz”y gxh), o, g?2" € F(ga”, gxt, ..., gx and ¢g?z! = gat', ¢?x? = g2?, ...,

L e F(gat, g2?, ..., g2"), g2 = ¢g*2® € F(g2?, ...,

g’z" = ga". Thus gz! = ¢’z
gx”, gxl), ..., gr" = g*a" € F(ga", gz, ..., g 1), that is, (¢!, ga?, ..., g2") is a
common 7—tupled fixed point of F' and g.

Suppose now that (c) holds. Assume that for some (z!, 22, ..., 27) € C{F, g} and
for some 3!, ¥%, ..., y" € X, lim; o0 ¢'y' = 2!, lim; oo g'y% = 22, ..., lim; o0 g'y" =
z". Since g is continuous at x', 22, ..., ". We have that z', 22, ..., 2" are fixed points
of g, that is, gr' = z', gz = 22, ..., g2" = 2". Since (2!, 22, ..., 2") € C{F, g},
therefore, we obtain z! = gx! € F(2!, 22, ..., 2"), 2% = ga? € F(2?, ..., 2", 21), ...,
2" =gz" € F(a", 2t ..., 2”71, that is, (2!, 22, ..., 2") is a common r—tupled fixed
point of F' and g.

Finally, suppose that (d) holds. Let g(C{F, g}) = {(«', 2!, ..., 21)}. Then
{2'} = {g2'} = F(2!, 2!, ..., 21). Hence (z!, 2%, ..., 2!) is a common r—tupled fixed

point of F' and g. O

Example 2.1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0,
+00) defined as d(z, y) = max{x, y} and d(z, x) =0 for all z, y € X. Let F: X" —
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CB(X) be defined as

1 .2 T\ __ {0}7 for xlaxza '-'7xr =1
st ){ [0, 3 Xy (@)?], for 2t 22, .., a" € [0,1)

n=1
and g : X — X be defined as
g(x) = 22, for all z € X.

Define ¢ : [0, +00) — [0, +00) by

2oyt 2 L ym € X with oty 22 2 gyt y? L YT €0,

Now, for all 2!,

1).
If ()2 + (222 + ... + (2")? = (y")? + ()% + ... + (y")?, then

H(F(‘Tla I2a ceey :Er)a F(yla y27 ayT))

_ 1 ny2
= 5 n:1(y)
< lelmaxw)?,(y”)?}
< iid(grﬂ’%ﬁy”)
2r —
< %max{d(gml,gyl),d(ng,ng),---,d(gx’”,gy’")}
< ¢ [max {d(gz', gy"), d(g2?, g9*), ..., d(ga", gy") }]

+1) [M(:Ul,:vQ, TR T ...,yr)] .
But If (z1)? + (22)2 + ... + (z")? < (y')2 + (¥%)® + ... + (y")?, then

H(F(a:l?mQa ”'7:1:1“)’ F(y17 y27 s yr))

T

1 n
= gnﬂ(y )?
< o > max{R )



COMMON n-TUPLED FIXED POINT 175

T

1

< _ n n
< anzld(gm L 9y™)
1 .
< 5 max {d(gz", gy"), d(g2?, gy?), ... d(g2", gy") }
< ¢ [max {d(gz', gy"),d(92? gy?),....d(92", gy") }]

+ [M(ml,a:Q, szt yt g, Y]

Similarly, we obtain the same result for (y')% + (y%)? + ... + (y")? < (21)? + (22)? +

..+ (2")2. Thus the contractive condition (2.1) is satisfied for all ', 22, ..., 2", y!,

y? Ly € X with oty 22, . 2"yl v?, ., y" €0, 1). Again, for all 2, 22, ..., a7,

vt o2, ., ym € X with 2t 22, ..., 2" € [0, 1) and ¢!, 92, ..., ¥" = 1, we have
H(F(z', 22, ....2"), F(y*, 4% ....y"))

T

1
- (xn)Z

2rn:1

1 . n\2 n\2
< g Dm0
< L3 dlgan 07
< % gz, gy

1 T '
< 5max{d(gxl,gyl),d(ng,gyz),---,d(gw’ 9y")}
< ¢ [max{d(gz', gy"),d(g2*, gy*), ....d(gz", gy") }]

+1) [M(:Ul,xQ, TR T ...,yr)] .
27 A xr’ y17 y27 A
y" € X with 2%, 22, ..., 2" € [0, 1) and y', y?, ..., " = 1. Similarly, we can see that

Thus the contractive condition (2.1) is satisfied for all z!, x

the contractive condition (2.1) is satisfied for all z!, 22, ..., 2", y!, v%, ..., y" € X
with 2!, 22, ..., 2", y', y?, ..., y" = 1. Hence, the hybrid pair {F, g} satisfy the
contractive condition (2.1), for all !, 2, ..., 2", ¢!, ¥2, ..., ¥" € X. In addition, all
the other conditions of Theorem 2.1 are satisfied and z = (0, 0, ..., 0) is a common

r—tupled fixed point of hybrid pair {F, g}. The function F': X" — CB(X) involved

in this example is not continuous on X".

Corollary 2.2. Let (X, d) be a metric space. Assume F : X" — CB(X) and
g: X — X be two mappings satisfying

H(F(m17$27 _“’:L'T)7F(y1’y27 "'7y7‘))
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1 r
< 1% lrzd(gxnagyn) +¢[M($17"'7$r7y17“'7yr)]7
n=1

for all 2b, 22, ..., 2", y', %, ..., y" € X, where ¢ € ® and p € V. Furthermore
assume that F(X") C g(X) and g(X) is a complete subset of X. Then F and g have
an r—tupled coincidence point. Moreover, F' and g have a common r—tupled fixed

point, if one of the following conditions holds:

(a) F and g are w—compatible. lim; .o g'z' = y', lim; o g’z = 92, ..., lim;_o0 g'2" =
y", for some (x, 22, ..., 2") € C{F, g} and for some y*, 3>, ..., y" € X and g is
continuous at y*, y%, .., y".
(b) g is F—weakly commuting for some (z*, 2, ..., ") € C{F, g}, ga*, g2?, ..., gx"
are fized points of g, that is, g’x' = gx', g*x* = g2, ..., g°2" = ga”.
(c) g is continuous at x', 2, ..., 2". lim; . gy’ = 2!, lim;_oo g'y? = 22, ...,
lim; o0 g'y" = " for some (2', 22, ..., 2") € C{F, g} and for some y', y?, ...,
y e X.
(d) g(C{F, g}) is a singleton subset of C{F, g}.
Proof. 1t suffices to remark that

1

- Zl d(gz", gy") < max {d(gz", gy"), d(g2°, 9y*), ..., d(gz", gy") } .

-

Then, we apply Theorem 2.1, since ¢ is non-decreasing. O

If we put g = I (the identity mapping) in the Theorem 2.1, we get the following

result:

Corollary 2.3. Let (X, d) be a complete metric space, F : X" — CB(X) be a
mapping satisfying
H(F(:L'17 $27 et J””‘)? F(y17 y2’ R y’r))
< p [max{d(azl,yl), ...,d(xr,yr)}] + [m(azl, T TR ...,yT)] ,
for all z%, 22, ..., z", y', y?, ..., y" € X, where p € ® and ¢ € . Then F has an
r—tupled fixed point.
If we put g = I (the identity mapping) in the Corollary 2.2, we get the following

result:

Corollary 2.4. Let (X, d) be a complete metric space, F : X" — CB(X) be a
mapping satisfying
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H(F(xl, 2, .., z"), F(yl, yz, o y")
1 I8
; Z d(l,n’ yn)
n=1
2

for all ', 22, ..., 2", y', v?, ..., y" € X, where ¢ € ® and 1 € V. Then F has an
r—tupled fixed point.

< ¥ +sz) [m(xl, "'7$T7y17 '--7y’r)} )

If we put ¢(t) = 0 in Theorem 2.1, we get the following result:

Corollary 2.5. Let (X, d) be a metric space. Assume F' : X" — CB(X) and
g: X — X be two mappings satisfying
H(F(z', 22, ....2"), F(y*, v% ..., y"))
< ¢ [max{d(gz', gy"),d(g2* gy*),....d(9z", gy")}] .
for all ', 22, ..., z", y*, v?, ..., y" € X, where ¢ € ®. Furthermore assume that

F(X") Cg(X) and g(X) is a complete subset of X. Then F' and g have an r—tupled

coincidence point. Moreover, F and g have a common r—tupled fized point, if one

2

of the following conditions holds:

(a) F and g are w—compatible. lim; . g'x' = yl, lim; o g2 = 92, ..., lim; o g'a"
=", for some (', 22, ..., 2") € C{F, g} and for some y*, y?, ..., y" € X and g is
continuous at y*, y2, ..., y".

(b) g is F—weakly commuting for some (zt, 22, ..., ") € C{F, g}, gx*, g2?, ..., ga"
are fized points of g, that is, g’z' = gz', ¢*x* = g2, ..., ¢°2" = ga.

(c) g is continuous at x', x2, ..., 2". lim; ..o g’y = 2!, lim; oo g'y? = 22, ...,
lim; oo g'y" = " for some (2%, 22, ..., 2") € C{F, g} and for some y', y?, ...,
y e X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

If we put ¢(t) = 0 in Corollary 2.2, we get the following result:
Corollary 2.6. Let (X, d) be a metric space. Assume F : X" — CB(X) and
g: X — X be two mappings satisfying

H(F(xl,x2, ez, F(yl,y2, Wy ) <

1 - n n
= d(gz", gy )]7
Tn:l

for all ', 22, ..., z", y*, v%, ..., y" € X, where ¢ € ®. Furthermore assume that
F(X") C g(X) and g(X) is a complete subset of X. Then F and g have an r—tupled

coincidence point. Moreover, F and g have a common r—tupled fized point, if one

2

of the following conditions holds:
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(a) F and g are w—compatible. lim; . g'z! = y' lim; .o g'2? = 92, ..., lim; o g'2" =
y", for some (z', 22, ..., ") € C{F, g} and for some y*, 3>, ..., y" € X and g is
continuous at y*, y2, ..., y .

(b) g is F—weakly commuting for some (x', 2%, ..., 2") € C{F, g}, gz', 922, ...,

gx” are fized points of g, that is, g*x' = gz', g?x? = g2, ..., ¢’°2" = ga.
(c) g is continuous at x', x2, ..., 2". lim; .o g'y' = 2!, lim; o0 gy® = 22, ...,
lim; oo g'y" = " for some (2%, 22, ..., 2") € C{F, g} and for some y', y?, ...,

y e X.
(d) g(C{F, g}) is a singleton subset of C{F, g}.

If we put g = I (the identity mapping) in the Corollary 2.5, we get the following
result:

Corollary 2.7. Let (X, d) be a complete metric space, F : X" — CB(X) be a
mapping satisfying
H(F(x17$27"'7xr)?F(y17y2?"'7yr))
< ¢ [max{d(a',y"),d(2%y?), ... d(=",y")}],

2

for all z*, 2%, ..., ", y', y%, ..., y" € X, where ¢ € ®. Then F has an r—tupled fized

point.

If we put g = I (the identity mapping) in the Corollary 2.6, we get the following

result:

Corollary 2.8. Let (X, d) be a complete metric space, F : X" — CB(X) be a
mapping satisfying

H(F(z', 2% ., 2"), Fy', 9%, ..,y") < ¢

S y">] ,
n=1

forall x', 2%, ..., 2", y*, v%, ..., y" € X, where p € ®. Then F has an r—tupled fized

point.

If we put ¢(t) = kt where 0 < k < 1 in Corollary 2.5, we get the following result:
Corollary 2.9. Let (X, d) be a metric space. Assume F : X" — CB(X) and
g: X — X be two mappings satisfying

H(F(z' 2%, ..., 2"), F(y', o2, ...,y")
< kmax {d(gz',gy"),d(92% gy?), ..., d(gz", 9y") } ,
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for all z*, 22, ..., 2", y', y%, ..., y" € X, where 0 < k < 1. Furthermore assume that
F(X") C g(X) and g(X) is a complete subset of X. Then F' and g have an r—tupled
coincidence point. Moreover, F and g have a common r—tupled fized point, if one

of the following conditions holds:

(a) F and g are w—compatible. lim; . g'x! = y!, lim; oo g°2? = 92, ..., lim; oo g'2"
=", for some (', 22, ..., 2") € C{F, g} and for some y*, y?, ..., y" € X and g is
continuous at y*, y%, ..., y".

(b) g is F—weakly commuting for some (z', 22, ..., ") € C{F, g}, ga*, g2?, ..., ga"
are fired points of g, that is, g*x' = gx', g?x? = g2, ..., g%a" = gx’.

(c) g is continuous at x', x2, ..., x7. lim; o g'y' = 2!, lim; o g'y? = 22, ...,
lim; oo g'y" = " for some (2%, 22, ..., 2") € C{F, g} and for some y', y?, ...,
yr e X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.
If we put ¢(t) = kt where 0 < k < 1 in Corollary 2.6, we get the following result:

Corollary 2.10. Let (X, d) be a metric space. Assume F : X" — CB(X) and
g: X — X be two mappings satisfying

1 T
H(F(z', 2% ...2"), F(y', %, ...y") < k lrzd(gw”,gy")] :
n=1

2z yh v?, .,y € X, where 0 < k < 1. Furthermore assume that
F(X") C g(X) and g(X) is a complete subset of X. Then F and g have an r—tupled

coincidence point. Moreover, F and g have a common r—tupled fixed point, if one

for all z',

of the following conditions holds:

(a) F and g are w—compatible. lim; oo g'z' =y, lim; o0 g’2? = 92, ..., lim; oo g'x"
=", for some (2%, 22, ..., 2") € C{F, g} and for some y*, y?, ..., y" € X and g is
continuous at y*, y%, .., y".

(b) g is F—weakly commuting for some (z*, 2, ..., ") € C{F, g}, ga*, g2?, ..., gx"
are fized points of g, that is, g’x' = gx', g*x? = g2, ..., g°2" = ga”.

(c) g is continuous at x', 2, ..., 2". lim; . gy’ = 2!, lim;_oo g'y? = 22, ...,
lim; oo g'y" = " for some (2%, 22, ..., 2") € C{F, g} and for some y', y?, ...,
y e X.

(d) g(C{F, g}) is a singleton subset of C{F, g}.

If we put g = I (the identity mapping) in the Corollary 2.9, we get the following
result:
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Corollary 2.11. Let (X, d) be a complete metric space, F : X" — CB(X) be a
mapping satisfying

H(F(l'l?xQ? “_71‘7”)’ F(y17y27 R yr)) S kmax {d(x17y1)’ d($27y2)7 A d(xr7yr)} ?

for all z*, 22, ..., 2", y*, y?, ..., y" € X, where 0 < k < 1. Then F has an r—tupled
fized point.

If we put g = I (the identity mapping) in the Corollary 2.10, we get the following

result:

Corollary 2.12. Let (X, d) be a complete metric space, F : X" — CB(X) be a
mapping satisfying

r
n=1

'S T 1 . n n
H(F(2' 2, o), (5 o2 ")) < K [Zd@c y >] ,

for all z*, 2%, ..., z", y', y?, ..., y" € X, where 0 < k < 1. Then F has an r—tupled
fized point.
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