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Abstract

The Euclidean distance between error probability density functions (EDEP) has been used as a performance criterion for
supervised adaptive signal processing in impulsive noise environments. One of the drawbacks of the EDEP algorithm is a
heavy computational complexity due to the double summation operations at each iteration time. In this paper, a recursive
method to reduce its computational burden in the estimation of the EDEP and its gradient is proposed. For the data block

size N, the computational complexity for the estimation of the EDEP and its gradient can be reduced to O(N) by the

proposed method, while the conventional estimation method has O(N *). In the performance test, the proposed EDEP and
its gradient estimation yield the same estimation results in the steady state as the conventional block—processing method.
The simulation results indicates that the proposed method can be effective in practical adaptive signal processing.

Keywords : Computational complexity, Error distribution, Euclidian distance, Gradient, Impulsive noise

I. INTRODUCTION process that attempts to produce desired output

signal through adjusting system weights to process

Adaptive signal processing is a computation the input signal according to the reference signal (the
desired signal to be produced) in an iterative manner.

C A AAdsta e AR EA TR The input signal to be processed can be signals from
(Division of Electronic, Information and receptors like sensors and receivers'. Commonly the
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input signal suffers time-varying distortions so that

(1810)



2014 88 XS =ts
nformation Engineers

Journal of The Institute of Electronics and |

and transform it into the desired output signal. The
adaptive algorithms employed to the adaptive filter
determine how the weights are adjusted from one
time instant to the next. The adaptive algorithm is
derived as a form of optimization procedure that
a chosen performance

minimizes or maximizes

criterion”.

Among many performance criteria, the mean
squared error (MSE) measures the average of the
squares of the error signal. The error signal is the
difference between the reference signal and the
output produced by the adaptive filter™. For Gaussian
noise cases, averaging squared error samples taken
from different time instants discards the effects of
the Gaussian noise, but a single large, impulsive
noise sample can dominate these sums and defeat the
averaging.

Unlike the MSE-type the

information-theoretic learning (ITL) method is based

learning methods,

on the information potential concept defined based on
the assumption that data samples in a space interact
with each other like physical particles in a potential
field”. The of
probability density functions (PDFs) constructed by
the
Gaussian kernel”

The ITL method has given birth to many different
performance criteria such as Kullback-Leibler (KL)

information potential  consists

kernel density estimation method with the

divergence to estimate mutual information, and

(ED) between two PDFs to
[6~71

Euclidian distance

measure their similarity. . By minimizing the ED

between PDFs obtained from real biomedical data

sets, supervised training methods for medical

diagnosis have been developedm.

In the work [8] the researchers proposed to
minimize the ED of error PDFs (EDEP) for FIR
adaptive filter structures and derived adaptive
algorithms adjusting the weights so that the error
PDF matches a delta function. This algorithm based
on the minimization of the EDEP has shown superior
in impulsive noise

learning performance even
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. [9]
environments .

Some of the difficulties of the EDEP algorithm
include a heavy computational complexity due to the
double summation operations at each iteration time
for the estimation of the EDEP or weight adjustment,
being considered inappropriate to practical signal
processing. To the best of our knowledge any efforts
to reduce the computational complexity of the
EDEP-type algon'thms[&g] have not been reported in
the scientific literature.

In this paper, a recursive approach to the EDEP
and its gradient estimation for the weight update of
the EDEP algorithm is proposed in order to reduce
the computational complexity. For that purpose, the
relationship between the current components of the
EDEP and the next time components is investigated
to see if their estimation can be done recursively.
Through

impulsive noise environment, it will be shown that

simulations 1in equalization under an
the proposed method of recursive estimation of the
EDEP and its gradient yields the same results with
significantly reduced computations compared to the
conventional EDEP method presented in [8].

This paper is organized as follows. Section II
presents the definition of MSE criterion. The EDEP
cost function is explained in Section III, and the
recursive estimation of the EDEP is introduced in
Section 1V.
calculation method based on the recursive EDEP

estimation is proposed. Section VI presents simulation

In Section V a recursive gradient

results and discussions. Finally, concluding remarks

are given in Section VIL

II. SUPERVISED MSE CRITERION FOR
ADAPTIVE SIGNAL PROCESSING

If we define 9% and Y+ as a desired signal and

the output of the adaptive system at time k&,

respectively, the error signal is calculated as

€, =d, — Y, The most widely used criterion, MSE
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1s statistical average of error power expressed

MSE = Ele;]

Instead of estimating the expected

value of error power, we can use the instant squared

2
error ISE=¢€; a5 a cost function for practical

implementation. Assuming the structure of a linear

combiner with the nput vector X,
— T .

=[x XX ] and system  weight Wi
=[ ]T . .
=IWoo Wi Wioikl  is employed, the output is

¥e = W/X,  For minimization of the ISE, we adopt

oe;
the steepest descent method using the gradient awy .

This method leads to the well known least mean

square (LMS) algorithm with convergence parameter

Hims [2].
oe?
W =W, — s ﬁ
=W, +2pu,,56,X, @)

It is noticeable in (1) that large error samples due
to impulsive noise can make the weight adjustment
of the LMS algorithm unstable.

II. EUCLIDEAN DISTANCE OF ERROR PDFS
AND ITS ESTIMATION

Error PDFs can be constructed non—parametrically

by way of the kernel density estimation method with

Gaussian kernel and a block of N error samples
{ek 5€ 15 €Ny } Bl

5 X el

N, Suo

_(e_ei)2

20°

Sfe(e)=

] (2)

The Euclidean distance of error PDFs (EDEP)
proposed in [8] is defined as EDEP[f:(e),5(e)] the

distance between the PDF of error signal Jfe(@) and

2EE AZle ME2 7187 FEY
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a Dirac-delta function O(€). By minimizing

EDEP[ f;(e),0(e)], the PDF of system error f;(€)

forms an impulse shape located at the origin.

EDEP(f,(e),6()]= [[fy(@)da~[ s(@)] da

= [ f(@)da+[5 (@)da-2[ f,(@)5(@)da 3)

2
The term _[ s ()da i (3) is not related with
the weights of the adaptive system so that it can be

treated as a constantc. Then
EDEPLf,(e),5(e)]= [ £ (a)da +c =2 f,(a)5(a)da
4)

Substituting (2) into (4), each term of (4) can be

expressed as

j fi(@)da

k k 1 —(e —e)
5
i= kz]\/ﬂ/ k—N+1 26\/_ exp[ ] ( )
D SR —(0—¢)’
[ fe(@)s(a)da N 2 o ]
©)

Defining 4 I [z (@)da and

[fr@d@)da  respectively, EDEPLfz(0).6(0)]; 4t

time k becomes

and B

EDEP|[f.(e),0(e)], =4, +c—-2B, (7)

One of the basic ideas of the ITL method is that

each data sample is considered as a physical particle.

e

That is, the error samples € and €/ in (5) are

treated as particles containing information of their

Since the Gaussian kernel

—(e,-¢)’
207 expl 45 ] functions an exponential

locations.
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decay of the distance between the two particles, it
can treated as a potential field with interaction
among the information particles.

k

)

Jj=k—N+1

—(e;—e)

Then >
O

exp[

1
26\/; .
corresponding to the sum of interactions on the i-th
particle, and the Eq. (5) is the sum of interactions
between all error sample pairs. This concept of
overall potential energy is referred to as information

potential (IP) and the EDEP (4) can be regarded as a
combination of TPs’". Then A, =J. fi(@)da is the

IP of the pars of emror samples and

B, zjfE(a)5(a)da is the IP of the pairs of the
origin and error samples. When a new error sample

€,,, comes into the combination of IPs (7) at time
k+1, the old error samplee,_,.,leaves the combined

field, and A4,,, and B, are estimated for

EDEP[f;(e),0(e)],,;. Thate, ., leaves  the
combined field indicates that the interactions between

€,_y. and the other samples are discarded. The

event that €,,,comes into the combination of IPs

implies that the new interactions between €., and
the others are counted in. From observing this

process we can come up with the idea that A4,,, and

B,,, might be calculated just by adding new

interactions related with e,,; and subtracting old
interactions related with e,_,,, from the curent

information potentials A, and B, . That is, a more

estimation—efficient method for EDEP[ f,(e),o(e)]
than the

processing method for (5) and (6) at each iteration

can be possible conventional  block

time.

3

(1813)
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IV. PROPOSED ESTIMATION OF EDEP

The summation operations can be divided into two

cases according to whether the buffer for the

summation is filled full (k>N) or not ISk<N),
. Al B! . .
Letting “% and £« be defined for the initial state

s
1<k<N, and 4, and Bks be for the steady state

k> N, we have

1 k k 1 _ (e- _ eA)2
1 J i
=7 ex ®)
k? ;; 20 L 4c° :
1 & 1 —e
Bl =— ex : 9)
D Dy et
1 k k 1 _ (e. —e )2
4 =— ex U
‘ N? i=/;v+1/=k71v+1 20'\/; L o’ |
(10)
¢ 1 & 1 —é?
B =— exp[—5] (11)
‘ N _isvnoN2m P 20
Firstly in the initial state 1<k< N, A and

B[

k+1

of EDEP[f;(€),6(e))i,1 are divided into

some terms related with€+1 and the remaining.

; _;kﬂkﬂ _(ej_ei)2
A"”_(k+1)2;;20\/; Pl
K+l (/ ei)Z
T (k+1)? kzh‘;za\/_e Pl
Z 0'\/_exp[ (, em) ]}
—(e;—¢)’

(k+1)k2{;,22\/_ el
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- (ek+1 _ ei)z
[ 4o° ]

k+1

2.

Jj=1

ZZ

i=l j=l

2
- (ej €i)

407 ]

1
exp[
20\/; P

1 exp ~ ]
2w 42

1 _(ek+1_ei)2
ex
Py pl 157 ]

(k+1)

k

2

i=1

L
(k+1)

k+1
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/=

2
B (ej B ekH)
40’

L
(k+1)?

1

ex
20\/; L

]

k

,Z:Zafe pt

2
—(e,—¢e)

4o ]

k2
(k41 A+ (k+1)2

( k+l e)
40°

]

k+1

1
+ €X
(k1) &0z

k

2

i=1

K 1

i (€ — e)
(k+1)2 et (k+1)*

4c°

1 ]
20'\/7 expt

(e ek+1)

]}

=exp[

Lol
[,2120'\/7

(ek+l ek+1)

40"

1
T lery

]

(12)

expf

1
+
20\/7

—\e — ei )2 (ez

2
—\& T ekH) ] I
4c° y Tkl

can be rewritten in the following recursive form.

Since

k

2

i=1

2
L ST —
(k+1) (k+1)

1 —(e. ¢ )2
20_\/; exp[ 40_2 ]
P S (13)

(k+1)* 207

€1 can be

Similarly, the terms related with

.. BI
divided from Pi+1 as

2

12]

k+1

1
k+1

1

25

k+1

2EE AZle ME2 7187 FEY
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1 k+1

k 1 —e.]
k+1 k i=1 O'\/
ko1& 1 —e’
B k+1[;,z=:‘ o227 eXp(ZO'Z)

1 1 k+1
+— €X
ko2n P( )]

k Iy 1
— B k+l
_k+1[ et \/—eXp( )]
ko, 1 1 ek |
= -B + . : 14
k1 Tk ovan p( ) 1
The Eq (13) and Eq. (14) show that

EDEP[f;(€),6(e)]is1 in the initial state can be
1
estimated with the current information potentials( Ak
B! e
and Lk ) and the next error sample k+1.
: A7 B}

Secondly in the steady state, “+1 and Pk+1 can
be divided into terms related with €+, the ones

related with €k-n+1, and the remaining.

k+1

1
i= k—ZN+2 j:l;\'+2 20\/; exp[

|: (ej _ei)2

40’ |
exp[
j=k—ZN+2 20'\/;

k+1

.

j=k-N+2

1 k+1 _ (8/ _ ei)2
. S ]

N2

S
A/(+l

4o

k k+1

22

i=k—N+1 j=k—N+2

20'\/7

2
- (ek+1 - e_,')
4c?

+

]

2
—(e iy — ej)

407

L expl ]
20'\/; P

k

B
( 1 ek+1) ]

1 k
:ﬁ_z

i=k—N+1

2
1 r_(ej _ei)

20 exPL 40’ |

G\/—ep[

expl —(& =€ yu )2 ]:|

4o

1
20'\/;
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(ek+1 —e j)2
4c°

k
Jj= kZNH 20\/7 ]

(ek+] ek+]) 1

exp[
20\/_
_ 1 exp[_(ek+1 _ek—N+1)2]
201 40?
_L Zk: 1 exp[_(ek—NH _e,-)z]
N® Jj=k—-N+1 20\/; 40°
+ 1 eXp[_ (ek—NH - ek+1)2 ]
207 4o?
1 —(e —e 2
_ 20_\/; exp[ ( k—Nz;.o-2 k—NH) ]:| (15)
—(e—e N+1) — (e — ek+1)2
Since exp[ 4 2 eXp[ 40_2 ]
in (15), A/il becomes
2 < —(e.—e,.,)’
AS+ AS [ i k+1 ]
o N Jj= ]Z;\/?l 26\/_ 62
2 : 1 - (ei _ ek—NH)z
-— ex
N? j:l;/-ﬂ 20'\/; p[ 40’ ]
2 1 — (i~ € na) 2 1
Voods T e M aeds
(16)

The Eq. (16) shows that a component AL of
EDEP [ fr(e),6(e)]i.1 can be estimated based on
the current value Aks and the interactions with €k+1
and €k-N+1.

Similarly, Bl can also be divided into the terms

related with €x+1 and €-wn+1, separately.

k+1

2,

tkN+2

1
B/ = expl

ar

3l =X M 51 A M 8=
Information Engineers
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Ly exp(—€§)+ ——
N . =..o\27 20 a\/ﬂ 207
*[1 kZNH > r eXP( \}gexp(_zizl

0\/_ exp( ‘i MOl =B;
+—[O_\/7T eXp( "”
‘i 0] (17)

- \/_ exp(

The Eq. (17) indicates that the other component
B’

k+1 can be estimated based on the current B and

the interactions with €+1 and €k-n+1.

In summary, the Eq. (13), (14), (16) and (17) are a
recursive estimation of EDEP[f;(e),5(e)], contrary
to the conventional block—processed calculation of it.

One of the merits of the proposed estimation method

is that its computational complexity is only O(N ),

which is compared apparently with O(N 2) of the
block-processed method in (5), (6) and (7).

V. THE GRADIENT OF EDEP FOR ADAPTIVE
ALGORITHMS

Adaptive algorithms developed to force error
to be at through

minimization of the criterion EDEP can be derived

samples concentrated Z€ro
utilizing the derivative of EDEP with respect to the
system weight. For that purpose, the gradient of the

criterion and the steepest descent method are used as

B o OEDEP [ f.(e), o (e)],
Wii=W,—u oW (18)
_ . 0(4,-2B,)
=W, —u p (19)

where H is the step-size for convergence control.
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When the gradient oW oW oW Is k 1 oW k+1 O.ﬁ xp
calculated by the block-processing method in (5) and
(6), we have ) elcﬂi)ikﬂ (23)
c
e —e) Similarly, in the steady state,
6“] 2N202 14(%—1 jJ(zN-ﬁ(—l
@) x x)) (20) ey S
. ex X -X, -
Py i 452 oW oW
k
2 eXp[ (l ek+1) ]
B __1 5 1 jmkHel 20*F
i — exp( ) eX. (21)
oW  &’N S o\2r 2(e

The weight update Eq. (19) with gradients (20)
and (21) has been proposed in the work® and will be
referred to as EDEP algorithm in this paper.

In this section, by using the similar approach to
the EDEP estimation introduced in the previous
section, a recursive estimation of the gradient (19) is
proposed.

aA/{ +1 aB l:+l
The gradients in the initial state gw and aw

can be obtained by directly differentiate (13) and (14)

with respect to the system weight.

A, _ K oA
W (k+1) oW
2 & 1 0 —(e,.,—¢)
+ —exp[——————
(k+1)2;2m/2 ow P
]
(k+1)* OW

1 & 1 —(e,, —e)
+ e !
(k+1)° ,ZZI: 207 xpl 4c? ]

. (ek+l — ei)()z(kH — X[) (22)

o

B,k oB 11 8 s ,M
W  k+l OW k+l od2z oW P

—e,
Tkl)(xi _Xk+|)

2 S 1 — (¢ _ek—N+1)2
- X
N? z 20\/; ol 407 ]

j=k-N+1

2(e;—e;_y,1)
: 4(;2 Nl (Xi _Xk—NH)
2 1 — (e — ek—N+1)2
ery €X
N’ 207 L 40’ ]

.LW(XIM —Xivir) (24)
40

aBlerl _a;RS 1 1 0 e ek+l)
W OW N o\/ﬂ ow P
_ 1 0 k N+l
o2rx 8W p( )]
—ai_{_i ( ek+1) 1 ae/f+l
oW N 0\/ ;z 20 OW
( ek N+1) 1 aek N+1]
ow/ 207 OW
ai 1 xp( ek+1) €1 Xpa
oW N w/ o’

ek N+1) € N1 X N+l (95)

2
O

. r exp(

Adopting the gradient descent method of (19) for

the minimization of EDEP[fz(€),6(e)] and utilizing

the recursive gradient (24) and (25), we can update



20144 83 HAS 3

Journal of The Institute of Electronics and |

the system weights for supervised adaptive signal

processing.

For convenience, the Gaussian kernel

1 —(e; —e)

exp[ 5 . .
207 4o is treated as a function
1

value for (¢, =€) and ON?c3[7r s treated as a
constant, then the single summation contains

elements with 3 multiplications each in (24). The
remaining term also has 3 multiplications. So the
gradient calculation in (24) requires equation (5) and
(6) require 3N +3 multiplications. Similarly, the Eq.
(25) the
proposed gradient estimation requires only 3N +9
the Eq. (200 and (21)

demands 6 multiplications. Therefore

multiplications. However,

demand 3N’ and 3N, respectively, so that the

conventional method requires 3N’ +3N
multiplications.
As a result, the proposed algorithm requires only
0A4;

O(N) for recursive update of gw in (24) while the

04,
block-processed algorithm needs O(N ) for oW in
(20).

VI. RESULTS AND DISCUSSION

In this section simulation results in the same
environment of channel equalization as in [9] are
compared for the two methods of the conventional
block-processing the
estimation of the EDEP and its gradient. The symbol
points to be transmitted are {-3, -1, 1, 3}. The

multipath channel model with impulsive noise is

H,(2) =0.304+0.903z”" +0.304z The power of

and proposed  recursive

back ground white noise is O 12 =0.001 and the

variance of impulse noise plus back ground noise is

&} 22 =50.001  The impulse occurrence rate 1S

(1817)
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£=0.03. The number of weights is 11 and

data-block size N is 20. The parameters of the

step-size #, the kernel size O are 0.04 and 0.7,
respectively. These parameters are selected when the
EDEP algorithm yields the lowest steady-state MSE.

The trace of EDEP for the two methods is shown
1. The EDEP of the
block—processing method is obtained by (7), and that

in Fig. conventional
of the recursive estimation is by (13), (14), (16) and
(17). As the EDEP algorithm (19) converges, the
distance EDEP decreases rapidly with iterations. The
two methods yield the same EDEP estimation results

T T T T T T T T T
-0.05 E
EDEP
o040, | Conventional estimation 4
Proposed estimation
-0.15 4
& -0.201
[a)
w
0.25
-0.30 +
-0.35+ .
T T T T T T T T T
0 200 400 600 800 1000 1200 1400 1600 1800 2000
lterations (number of samples)
a8 1. 7|&E 2D A eket YhAlol EDEP FE 4t
Fig. 1. EDEP  estmaton for the  conventional

block—-processing method and the proposed one.

0.1 T T T T T T T T T

EDEP
Conventional estimation
Proposed estimation

0.0

EDEP

- s
034

100
Iterations (number of samples)

a8l 2. x=7| SHAolA EDEP F=XgF Bl
Fig. 2. The comparison of EDEP estimation in the

initial part of iteration.
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except a slight difference in the initial state. For

better observation, Fig. 2 is depicted focused in the
nitial part of iteration (I<k<N), Consequently the

two methods produce different estimation results
mitially but getting closer to each other until the

iteration number 20, and then in the steady state

(k= N) they vyield exactly the same estimation
results. It can be considered that the difference comes
according to the occupation state of the buffer for the
data block for the summation operation.

The trace of gradient is compared in Fig. 3
estimated by the two methods of the
block—processing method by (20) and (21), and the
recursive estimation by (22), (23), (24) and (25). For

fair comparison, convergence curves for all (L=11)
weight gradients are needed to be presented, but only
that of the center tap weight is compared just for the
limited space of this paper. Similar results are
observed in Fig. 3. As the EDEP algorithm
converges, fluctuations of the gradient decrease and
after about the iteration number 4000 the gradient
concentrates at about zero. When we compare Fig. 1
and 3, it can be observed that the EDEP and its

gradient converge accordingly except a slight

difference in the initial state (1 <4 <20),

Figure 4 shows the comparison of the two gradient

0.35 T T T T T T T T T

0.30 -
Gradient value
0254 N | - Conventional estimation T
Proposed estimation

0.20

Gradient value
o
>
|

0.05 -

0.00

-0.05 4

-0.10

T T T T T T T T T
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Iterations (number of samples)

a8 30 Y EA dUg flE 7Y FEu
3

Fig. Gradient estimation for the center weight update.

oN
ot
olo

estimation methods for the early stage of iteration for
better observation. As observed in EDEP estimation
in Fig. 2, the two methods produce the same gradient
estimation results in the steady state (k 220)
though slightly different traces are observed in the
initial stage (k <20)

On the other hand, letting the two constants

1 1 1 1

2N?6? 20+/z in (20) and 6*N o2z in (21) be

¢ and G, ,

respectively, the number of

multiplications for the conventional estimation of (20)

0.35 T T T T T T T T T

0.30 4 Gradient value .
fffffff Conventional estimation
Proposed estimation E

0.254

0.20 4 -
0.154

0.104

Gradient value

0.054

0.00 4

-0.05 -

-0.10 — 1
0 0 20 3 40 50 60 70 8 90 100
Iterations (number of samples)

a3 4. =7 SN 7127] "l
Fig. 4. Gradient comparison in the initial part of
iteration.
1300_ T T T T T T T T T T T T
1200 Multiplications / ]
1100 for the gradient estimation of EDEP 7 B

e Conventional estimation
Proposed estimation

Multiplications
B o (2] ~ o]
o o o o o
o o o o o
1 1 1 1 1

1

300 e -
200 - L B
100 - ’

0+ T T T T T T T T T T T

a3 5 olole 2% 37| Nofl cHsh M oAtk H(
Fig. 5. Comparison of the number of multiplications for
the data block size N.



2014 88 XS =ts
Journal of The Institute of Electronics and Information Engineers

and (21 3N?+3N .

2 1 1
N2 207 20% in (24) as a constant ¢ and

is Similarly, defining

1 1 1
N o+/27 ¢* in (25) as a constant C, the number

of multiplications for the proposed estimation of (24)
(25) 6N +9. The
multiplication numbers with respect to the data block

and becomes difference of

size N 1is depicted in Fig. 5. It is noticed that the
number of multiplications of the conventional method
increases cubically. It is a very rapid way of
growing. But that of the proposed method increases
simply linearly with a very low slope. When
N =20, the number of multiplications of the
129, while that of the

conventional method is 1260.

proposed method is

VII. CONCLUSIONS

The EDEP algorithm known to be robust to

impulsive noise has a heavy computational complexity

of O(N?) due to the double summation operations at
each iteration time. In this paper, the components of
the EDEP are shown to be estimated recursively.
Through this approach, the computational complexity
for the estimation of the EDEP and gradient can be
reduced to O(N). In the performance test, the
proposed EDEP and its gradient estimation that have
significantly reduced complexity yield the same
estimation results in the steady state as the
conventional block-processing method. From the
results, we can conclude that the proposed adaptive
method can be a great candidate for practical
adaptive signal processing under impulsive noise

environments.
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