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Abstract: In this study, for the control of a single water tank system, a fuzzy-PID controller design technique 

based on a fuzzy model is investigated. For this purpose, a water tank system is linearized as a number of 

submodels depending on the operating point, and a fuzzy model is obtained by fuzzy combining. Each sub-

model is approximated as a first order time delay model, and a PID controller is designed using several exist-

ing tuning techniques. Then, through the fuzzy combination of this controller using the same method as that 

of the fuzzy model, a fuzzy-PID controller is designed. For the proposed technique, a simulation is performed 

using the fuzzy model of a water tank system, and the validity is examined by comparing its performance 

with that of a PID controller.

Keywords: Single tank level control system, Fuzzy model, First order time delay model, PID controller, fuzzy 

PID controller

1. Introduction

Recently, the most common control problem for 

the process of an industrial site is to control various 

variables such as the temperature, water level, and in-

ternal pressure of a tank and a chemical reactor [1]. 

Especially, for the process such as oil and chemical 

liquid, the most important element is to control the 

liquid level of a tank. The purpose of level control is 

to make the water level follow a given set value or 

to quickly restore a constant water level in case of 

disturbance. In general, a PID controller is widely 

used for level control; and the gains of the controller 

should be tuned so that the required performance of a 

controlled system can be satisfied. This tuned PID 

controller can satisfy the required performance of the 

controlled system when the operating environment of 

the controlled system is unchanged. However, if the 

parameters of the controlled system change due to the 

change in the operating environment of the controlled 

system, satisfactory control cannot be guaranteed unless 

the gains of the controller are artificially changed again.

For a level control system the parameters of the 

system change significantly depending on the operat-

ing point as mentioned above, and thus, the required 

control performance cannot be guaranteed using one 

controller. However, in most studies on level control 

[2]-[5], a linear model was obtained from one operat-

ing point, and then, a controller was designed at the 

operating point. 

Therefore, in this study, to resolve this problem, a 

following two-stage design process is proposed. First, 

submodels that model the water level of a tank (i.e., 

controlled system) by dividing it into several sections 

are considered. In this regard, the time constant and 
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gain of each submodel are obtained through an 

experiment. A fuzzy model that is made by the fuzzy 

combination of the submodels obtained through the 

above process is regarded as the non-linear model of 

the water tank system. Then, to control each sub-

model, a sub-PID controller is designed. Through the 

fuzzy combination of the sub-PID controller, a fuz-

zy-PID controller that enables flexible and appropriate 

level control even when the water level changes is 

designed.

The validity of the proposed method is verified 

based on a simulation through the application to the 

non-linear fuzzy model of the level control system.

2. Level Control System

For the modeling of a level control system, a sin-

gle water tank system shown in Figure 1 is 

considered. 

Qi
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dH

H

A
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Figure 1: Single water tank system

  [㎤/s],  [㎤/s], H [cm], and A [cm2] represent 

the inflow rate of the water tank, the outflow rate, 

the water level, and the cross sectional area of the 

tank, respectively.

If the inflow rate of the water tank,  , and the 

outflow rate of the tank outlet, , are equal, the wa-

ter level of the water tank, H, maintains a constant 

equilibrium state. In this regard, the water tank sys-

tem can be modeled as a single-input single-output 

(SISO) system regarding the relation between the in-

put,  , and the output, H.

For the water level in an equilibrium state shown 

in Figure 1, the water level changes when the inflow 

rate or the outflow rate changes, and the rate of level 

change can be expressed as follows.




 


          (1)

Based on Bernoulli’s equation, the speed at the water 

tank outlet is expressed as     [㎝/s]; and a 

flow rate [㎤/s] can be obtained when this speed is 

multiplied by the cross sectional area of the water 

tank outlet,  [cm2]. Therefore, the outlet flow rate, 

, can be expressed as follows, and also can be ex-

pressed using the fluid resistance at the water tank 

outlet, .

  
  


                        (2)

Based on Equations (1) and (2), the relation between 

the inflow of the water tank and the water level can 

be expressed as follows. 







                        (3)

The flow control valve, which determines the in-

flow of the water tank, generally has a high reduction 

gear ratio of the power transmission elements, and a 

high frictional resistance of the valve part. Thus, it 

can be regarded as a first order linear model as 

shown in Equation (4).




 


                         (4)

where u[v] is the input voltage of the control valve, 

[㎤/(s·V)] is the gain of the control valve, and 

[s] is the time constant of the control valve.

For the block diagram of the water tank system 

(i.e., controlled system), the transfer function of the 



Yun-Hyung Lee․  Gang-Gyoo Jin․  Myung-Ok

Journal of the Korean Society of Marine Engineering, Vol. 38, No. 5, 2014. 6                               552

output, H(s), for the input, U(s), can be obtained as 

shown in Equation (5).




···
 · 

·
      (5)

In this study, the water tank was modeled as sum-

marized in Table 1 through an experiment when the 

steady state water level was 4[cm], 8[cm], and 

12[cm], respectively. These three models are defined as 

submodels, and are expressed as sub-MDi (i=1, 2, and 3).

  

Table 1: The transfer functions of tank system

sub-MDi Transfer function Gp(s) water level

sub-MD1 
s s


4[cm]

sub-MD2 
s s


8[cm]

sub-MD3 
s s


12[cm]

3. Design of the controller

2.1 PID controller

A standard PID controller is implemented by the 

parallel combination of proportional action, integral 

action, and derivative action; and is expressed using a 

transfer function as shown in Equation (6). 

  


                     (6)

where   and  represent the proportional gain, 

the integral time, and the derivative time, 

respectively. Proportional action reduces the rise  

time by amplifying the current error, but a steady 

state error exists when the controlled system is “0” 

type. Integrative action can eliminate a steady state 

error by amplifying the cumulative error from the 

past to the present, but transient response could dete-

riorate if the gain is wrongly adjusted. Derivative ac-

tion amplifies the rate of change of an error. Thus, if 

derivative action is added to a PI-type controller and 

is properly used, overshoot can be decreased, and 

transient response can be improved. Therefore, the 

design of a desirable PID controller comes down to 

the problem of adjusting the parameters of the con-

troller so that the output can follow the change in the 

set value.

Figure 2 shows the control system, where the con-

trolled system and the PID controller have been 

combined. The error, E(s), can be expressed using the 

set value, R(s), and the disturbance, D(s), as shown 

in Equation (7).

  s


s

 
              (7)

where    . 

R(s)

D(s)

Y(s)
)s(Gc )s(Gp

E(s)

Figure 2 : Unit feedback PID control system

As mentioned earlier, a PID controller is widely 

used to improve set value following performance or 

disturbance suppression performance. The existing 

tuning methods of a PID controller include the Z-N 

method [6], the C-C method [7], the IMC method 

[8], and the Lopez method [9]. On the other hand, 

Kim et al. [10] proposed a model-based tuning rule 

using RCGA, and showed that its performance is su-

perior to that of the existing method.

The tuning method mentioned above requires a 

process in which a high order controlled system is 

approximated as a first order plus time delay(FOPTD) 

model. In this study, the submodels are approximated 

as FOPTD models using least square method (LSM), 

and the estimated models are summarized in Table 2.
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Original system FOPTD model

sub-MD1  




sub-MD2  




sub-MD3  




Table 2: The FOPTD models obtained from LSE

For each FOPTD model, a sub-PID controller can 

be designed using the existing tuning methods, as 

summarized in Table 3. As the parameters of each 

submodel change depending on the water level, the 

sub-PID controller also varies.

Especially, for IMC, =0.25 was used [8]; and 

L-ITAE represents the result of Lopez et al.

Table 3: The parameters of sub-PID controllers

sub-MDi

tuning 

rules

sub-PID parameters 
Kp Ti Td

sub-MD1

Z-N 11.372 13.820 3.455
IMC 7.978 69.465 3.283
L-ITAE 6.5190 87.585 2.506
GA-IAE 7.275 89.328 2.750

sub-MD2

Z-N 10.108  15.140  3.785
IMC 6.948 125.385 3.671

L-ITAE 5.359 160.025 4.062
GA-IAE 5.904 162.768 3.034

sub-MD3

Z-N 9.733 15.680  3.920
IMC 6.632 180.820  3.835
L-ITAE 4.904 231.998 5.570
GA-IAE 5.357 235.692 3.152

2.2 Fuzzy modeling

The submodels in Table 1 can be expressed in the 

form of the Takagi-Sugeno model using fuzzy rule as 

shown in Equation (8).

                  (8)

where    and   i      represent the system 

matrix and input vector of the corresponding operat-

ing point, respectively, and y represents the water 

level of the water tank. Also, for the antecedent fuz-

zy set,   (i=1,2,3), sigmoid type and Gaussian type 

were used as shown in Equation (9).    represents 

LO (Low),    represents MD (Medium), and    

represents HI (High).

     exp  


      (9a)

   exp





 

  


                (9b)

Figure 3 shows the antecedent fuzzy membership 

functions depending on the change in y using 

Equation (9).

The final output of the fuzzy model is inferred as 

shown in Equation (10) through weighted averaging.

   


  






  



  

               (10)

where (i=1,2,3) is the contribution of the i-th 

membership function, and    is the membership 

grade of the fuzzy set for the water level, y of the 

water tank.
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Figure 3 : Membership functions

 2.3 Fuzzy-PID controller

The fuzzy combination of the output of the 

sub-PIDi (i=1,2,3) controller designed earlier is per-

formed so that the parameters of the PID controller 

change depending on the change in the water level of 
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the water tank system. Therefore, these can also be 

combined using an If-then rule, and can be ex-

pressed using the Takagi-Sugeno model similar to the 

method for obtaining the fuzzy model, as follows.

        

   
  

 




   (11)

For the antecedent fuzzy set,   (i=1,2,3), the range 

of the water level is assumed to be from 4 [cm] to 

12 [cm], and the fuzzy partitioning of the input space 

is performed using the membership functions that are 

identical to Figure 3.   is the output of the 

sub-PIDi controller for the i-th rule. 
 , 


 

 
, and 

 
 ·

 are the proportional 

gain, integral gain, and derivative gain of the 

sub-PIDi controller for the i-th rule, respectively.

Therefore, the output of the fuzzy-PID controller, 

, is inferred as follows.

   


  






  



 

                         (12)

where (i=1,2,3) is the contribution of the i-th 

membership function.

 

4. Simulation

4.1 Verification of the FOPTD estimation model

Before examining the performance of the proposed 

controller, the response characteristics of each esti-

mated FOPTD model are verified. As shown in 

Figures 4~6, the estimated models are consistent with 

the submodels in the time domain and the frequency 

domain. In this regard, a slight disagreement is ob-

served near the origin due to the time delay term of 

the FOPTD model. 
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Figure 4: Response characteristics of sub-MD1 

0 200 400 600 800
0

0.5

1

1.5

2

Time[s]

O
ut

pu
ts

 

 

FOPTD model

Subsy stem

 
-0.5 0 0.5 1 1.5 2 2.5

-1

-0.5

0

0.5

Real axis

Im
ag

in
ar

y 
ax

is

 

 
FOPTD model

Subsy stem

    (a) Time domain      (b) Frequency domain

Figure 5: Response characteristics of sub-MD2
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Figure 6: Response characteristics of sub-MD3

4.2 PID controller 

Figures 7~9 show the results of the simulation 

which was performed using the PID controller that 

had been designed based on the Z-N method, the C-C 

method, the IMC method, and the Lopez method us-

ing each estimated FOPTD model. As expected, the 

sub-PID controller designed at each submodel gen-

erally shows good response results. Especially, the 

GA-IAE method shows the highest performance con-

sidering the overshoot and the settling time. 
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Figure 7: Responses using sub-PID1 controller 
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Figure 8: Responses using sub-PID2 controller 
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Figure 9: Responses using sub-PID3 controller 

4.3 Fuzzy-PID controller 

Figure 10 shows the output responses of the two 

controllers in the fuzzy model, in order to compare 

the performances of the fuzzy-PID (F-PID) controller 

and the sub-PID controller. In this regard, the 

sub-PID controller has been tuned at sub-MD1 using 

the GA-IAE method, and shows the most outstanding 

response characteristics among the above four con-

troller design methods.

As shown in the figure, the sub-PID controller 

shows outstanding performance at the operating point 

of 4 [cm] in the fuzzy model; but for the rest of the 

sections, satisfactory response is not obtained. 

However, the fuzzy-PID controller shows outstanding 

performance even in the fuzzy model where the pa-

rameters of the system change. 
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Figure 10: Comparison of the F-PID and sub-PID 

controller

5. Conclusion

In this study, a fuzzy-PID control technique for the 

level control of a single water tank system was 

proposed. In the proposed technique, for the water 

tank system, three linear submodels were obtained de-

pending on the change in the water level. Then, a 

fuzzy model was implemented by combining them us-

ing a fuzzy rule. For the three submodels, FOPTD 

models were estimated using the least square error 

method; and based on this, each sub-PID controller 

was designed. Then, a fuzzy-PID controller that is ca-

pable of stable and effective control, was designed by 

combining them using a fuzzy rule.

The proposed technique showed outstanding adapt-

ability and robustness when compared to the PID 

controller based on the simulation.
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