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THE PRICING OF QUANTO OPTIONS IN THE DOUBLE
SQUARE ROOT STOCHASTIC VOLATILITY MODEL

YOUNGROK LEE AND JAESUNG LEE

ABSTRACT. We drive a closed-form expression for the price of a European
quanto call option in the double square root stochastic volatility model.

1. Introduction

A quanto is a type of financial derivative whose pay-out currency differs from
the natural denomination of its underlying financial variable, which allows that
investors are to obtain exposure to foreign assets without the corresponding
foreign exchange risk. A quanto option has both the strike price and the
underlying asset price denominated in foreign currency. At exercise, the value
of the option is calculated as the option’s intrinsic value in the foreign currency,
which is then converted to the domestic currency at the fixed exchange rate.

Pricing options based on the classical Black-Scholes model, on which most
of the research on quanto options has focused, has a problem of assuming a
constant volatility which leads to smiles and skews in the implied volatility
of the underlying asset. For that reason, in valuing quanto option, it is nat-
ural to consider a stochastic volatility model. Stochastic volatility models,
such as Hull-White model [4], Stein-Stein model [8] and Heston model [3], are
frequently used in pricing various kinds of European options. Despite its im-
portance, very few researches have been done on pricing quanto option using a
stochastic volatility model primarily due to the sophisticated stochastic process
for underlying assets and volatilities as well as the difficulty of finding analytic
form of the option price.

To mention some of the work on pricing quanto options with stochastic
volatilities, F. Antonelli et al. [1] used a method of expanding and approximat-
ing with respect to correlation parameters to find analytic formula of exchange
options with stochastic volatilities. Using the technique developed in [1], J.
Park et al. [6] got an analytic approximation value for a quanto option price in
the Hull-White stochastic volatility model. A. Giese [2] provided a closed-form
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expression for the price of quanto option in the Stein-Stein stochastic volatility
model, which was influenced by the previous work of R. Schébel and J. Zhu
[7].

On the other hand, extending to a general equilibrium framework of the
Cox-Ingersoll-Ross process, F. A. Longstaff [5] introduced a double square root
model of stochastic interest rates to describe nonlinear term structures observed
in yield curves. Later, J. Zhu [9], [10] presented an innovative modification of
stochastic volatility models specified as a double square root stochastic process
with the restriction of parameters.

In this paper, motivated by A. Giese [2] and J. Zhu [10], we drive a closed-
form expression for the price of a quanto call option in the double square root
stochastic volatility model. Here, we use the double square root stochastic
process with the restriction of parameters introduced in [10] to get the main
theorem.

We introduce preliminary materials on a quanto and the double square root
stochastic volatility model, and specify dynamics of the processes of underlying
asset and its volatility under the quanto measure in Section 2. Then, in Section
3, we drive a closed-form expression of a quanto option price under the model
specified in Section 2. Theorem 3.3 is the main result of the paper.

2. Model specification

For a non-dividend paying asset, the process of the asset price S; may be
assumed to be denominated in foreign currency X and to have the following
dynamics:

(1) dS; = rX Sydt + /0;5:dBY
(2) dvy = (0 — /i) dt + E/ird W

under the risk-neutral probability measure Q¥ , where BtQX and WtQX are two
standard Brownian motions, ¥ is the foreign riskless rate and v; follows the
stochastic volatility process of S; with constant parameters x, 6 and £. Since
there are two square root terms in (2), it is referred to as the double square
root process, whose basic features are described in Chapter 3.4 of [10]. To give
a closed-form expression, we should add a restriction of parameters so that
4k0 = €2, which is the strong condition to be able to analytically calculate
some special conditional expectation included v;. This particular meaning is
explained in [5] minutely. Furthermore, we assume an investor whose domestic
currency is Y and who wishes to obtain exposure to the asset price S; without
carrying the corresponding foreign exchange risk. For the rest of Section 2, we
mostly follow the notations of [2].

Let ZtY /X denote the price of one unit of currency Y in units of currency X

and we assume that ZtY /X follows the standard Black-Scholes type dynamics
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under Q¥ such as

dZtY/X = (TX - rY) ZY X dt + UZtY/XdBtQX

)

~ X
where B? is a standard Brownian motion under Q¥, r¥ is the domestic

riskless rate and o is the constant volatility of the foreign exchange rate Z;.
This model allows three constant correlations p, v and § satisfying

dBR aw " = pdt, dBR dBY" =vat, dawQ 4B = pdt.
Using the change of measure from Q¥ to the domestic risk-neutral proba-

bility measure Q¥ with the Radon-Nikodym derivative
Y/X
dQY Z, / (rY = %)t

1 2 QX
—_ 6750 t+a’Bt

b Y I e ,
dQX £ Z())f/x

. . . QY QY A Qy
the Girsanov’s Theorem implies that the processes B;* , W,~ and B,” de-
fined by

dBR" = dBY" — vodt,
AW = dw®" — Bodt,
dBR" = dBR" + sdt

are again standard Brownian motions under the domestic risk-neutral proba-
bility measure QY so called the quanto measure. Thus, the foreign exchange

rate ZtX /Y denoting the price in currency X per unit of the domestic currency
Y follows

Az = (0 =) 25V dt + 02XV dBR
Also, we obtain the following dynamics of S; and v, under QY:
X QY
(3) dSt = (T + VO'\/E) Stdf + \/’U_tStdBt 5
(4) dv, = i (0 — /o) dt + €/oraW,

with & = kK — fo& and 6= ,«ufgag' We notice that (4) maintains the same form
as (2) so that 4i0 = €2 also has to be satisfied.

3. A closed-form quanto option price

Here, using the model specified in previous section, we drive a closed-form
expression of a quanto option price. The following two lemmas are about some
special conditional expectations under the measure QY, both of which are
crucial ingredients to the main result of the paper.
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Lemma 3.1. Under the assumption of (4), together with constants my, ma
and ms, we get the following equality:

EQY {e— [T (mivs+may/vs)ds+msvr

]—‘t} — A(t) BOUFCD VT

where
A = - exp (03 —A2) (T —1) | (1278 — 287%) 73 (i - 1)
m 252712 252’}/11 Y4
2
sinh {9 (7 — ) {8297 = oo =23 + 3 (222}
+ )
2629714
B(t) = 271 2msinh{y (T'— 1)} +y2cosh {71 (T"— 1)}
&2 2ypcosh{y (T —t)} + yesinh{y (T —¢)}
and
2 sinh{@}
Ct = ——~ ~— 7
( ) 2717
Tr—t T—t
X | (A2 — 273) cosh 1 (T=1) +( 2871 = 2222 ) sinh n(T-t)
2 94! 2
with
V2mi €2 2 ma&?
n=-—g Yo =-—m3§s, 3= 5

va =cosh{y1 (T —t)} + 2772 sinh {1 (T —t)}.
1

Proof. Let us define

[67 ST (mivs+may/o5)ds+msvr

’y(t,’l}t) = EQY ft:| .

Then according to the Feynman-Ka¢ formula, y is the solution of the following
PDE:

& Py (s 9y 9y
3vw+f<¢(9—\/ﬂ)%—(mlv—i—mg\/ﬂ)y—i—azo

with the terminal condition

y (T,vr) = ™37,
Now, putting our solution as the following functional form:

y(t,vp) = A (t) eBOvHCOVo
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we have the following ODEs!:

ww=-SAamcm - SAnBH+EANCW,
B'(t) = —§B(t)2 +my,
C'(t) = —%B (t)C (t) + &B (t) + ma

with terminal conditions
A(T)=1, B(T)=m3, C(T)=0.
By solving these ODEs, we complete the proof of the lemma. O

Using the result obtained in Lemma 3.1, we can compute Eqy [St|F;] which
represents, from the risk-neutral valuation, the value of a quanto forward con-
tract.

Lemma 3.2. Under the assumptions of (3) and (4), we get the following
equality:

Bor [Sr| 5] = S 00— E{ntdT-0}pg, [o= I (crorsesymsteon

]:t:| )
where c1, co and c3 are constants with

¢l =—, C=—-V0o——, C3==.

2 3 3

Proof. Applying the It6 formula to (3) together with the tower property, we
get

(5)
Eqr [Sr| F] = Sterx(T_t)EQY [ew ST ods— [T veds+p [ JodW 2" ‘ ft} ,

where we may write BtQY as B?Y = thQY + /1 — p2W, with W; being a

Y
QY -standard Brownian motion independent of WtQ . From (4), we have

(6) /t \/ﬂdWSQY%{vTvt/%é(Tt)ﬂ%/t \/st}.

Substituting (6) into (5), we obtain

EQY [ST| ]:t] _ Sterx(Tft)fg{thrl%é(Tft)}EQy |:€_ ftT (crvs+ca/vs)ds+cavr ]:ti|
with )
Clzp— 02:—1/0’—ﬁ C3:£.
2’ ¢’ ¢ -

IDue to the restriction that 420 = &2, the coefficient of % vanishes in the calculating

course.
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Using the results obtained in Lemma 3.1 and Lemma 3.2, we can obtain a
closed-form expression of the quanto option price. Here is the main theorem.

Theorem 3.3. Let us denote the log-asset price by xy = In Sy. Under the as-
sumptions of (3) and (4), the price of a European quanto call option in currency
Y with strike price K and maturity T is given by

Cq (t, St) = EQY [ST| .7:15] €_TY(T_t)P1 — KG_TY(T_t)PQ,
where Py, Py are defined by
11 [eE L (9)
Pi=—-+— Re | —2~-"|d
=ty ) Re| e
for 5 =1,2, in which
e(1+i¢)[TX(Tft)+xf,7§{vt+/%é(T7t)}]

= E — [T (m1vs+ma/T5)ds+mavr
fl EQY [ST| ]:t] QY |:6 ‘/'_'ti|
with
2 A~
mi =55 (14i0), ma =~ (1+i) <V0+p€—'i>, my = (1+i0)
and
ig[rX (T—t)+a.— 2 {vi+RO(T—1)}]
e 3 T
= E — JT (n1vs4na\/vs)ds+nzor
f2 (¢) EQY [ST| ft] QY |:€ t ]:ti|
with

2 A
m= ol na=—io (o B ), na=iok.

Proof. From the risk-neutral valuation, the price ¢, (¢, S;) of a European quanto
call option in currency Y with strike price K and maturity 7 is given by

¢ (t,8) = e T-DBqy [max (Sp — K,0)| F .

For a new risk-neutral probability measure QY the Radon-Nikodym derivative
of QY with respect to QY is defined by

dQY _ St
dQY  Eqv [Sr|F)
Thus, the price of a quanto call option can be rewritten as
Y
Cq (ﬁ, St) =e " (T_t)EQY [ST1{5T>K} — K]-{ST>K}‘ .7:15}
—Eqv [Sr|Fle” T9QY (5r > K) — Ke™ T9QY (Sp > K)

= EQY [ST| ]:t] €_TY(T_t)P1 — Ke_TY(T_t)Pg

with the risk-neutralized probabilities P; and P». Now, putting x; = In S, the
corresponding characteristic functions f; and fo can be represented as

f1(¢) =Eqv [€977| Fi]
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1
o EQy [ST| .7:15]

f2(9) = Eqr [T F] .
On the other hand, applying the It formula to (3), we have

1
dry = (TX +voyug — §Ut) dt + P\/EthQY + V1= p*VodWy.

From (6), we obtain

EQY |:e(1+i¢)1T

7,

o(1+id) [rX(T—t)+@,— 2 {v +RO(T—1) }]

= Eny | o= [ (mivetme i) ds+msvr
h Eqr [S7[Fi] Q [e ft}
with
2 A~
mi =5 (14i6), ma=—(1+i0) <W+p§—m>, my = £ (1+i0).
Similarly, we also obtain
ip[r™ (T—t)+ar— 2 {ve+20(T—1) }]
e € .
= E = [ (nmvetnayodstnsor | 7
f2 (¢) EQY [ST| ft] QY |:€ ti|
with

9 .
ny = Z¢%, ng = —i¢ (1/0' + Pg_l‘ﬁ) , N3 = Z¢§

Here, each value of risk-neutral expectation above was obtained in previous
Lemmas.

By having closed-form solutions for the characteristic functions f; and fo,
the Fourier inversion formula allows us to compute the probabilities P; and P

as follows: on K
11/ e fi (0)
Pi=—-4+- Re | ——21——=1|d
=37 7T/0 © [ i ¢
for j =1,2. O
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