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INEQUALITIES FOR THE NON-TANGENTIAL DERIVATIVE

AT THE BOUNDARY FOR HOLOMORPHIC FUNCTION

Bülent Nafi Örnek

Abstract. In this paper, we present some inequalities for the non-tan-
gential derivative of f(z). For the function f(z) = z + bp+1z

p+1 +

bp+2z
p+2 + · · · defined in the unit disc, with ℜ

(

f
′(z)

λf ′(z)+1−λ

)

> β,

0 ≤ β < 1, 0 ≤ λ < 1, we estimate a module of a second non-tangential
derivative of f(z) function at the boundary point ξ, by taking into ac-
count their first nonzero two Maclaurin coefficients. The sharpness of
these estimates is also proved.

1. Introduction

Let f be a holomorphic function in the unit disc D = {z : |z| < 1}, f(0) = 0
and |f(z)| < 1 for |z| < 1. In accordance with the classical Schwarz lemma,
for any point z in the disc D, we have |f(z)| ≤ |z| and |f ′(0)| ≤ 1. Equality in
these inequalities (in the first one, for z 6= 0) occurs only if f(z) = cz, |c| = 1
([4], p. 329).

Let f(z) = z + bp+1z
p+1 + bp+2z

p+2 + · · · be a holomorphic function in the

unit disc D such that ℜ
(

f ′(z)
λf ′(z)+1−λ

)

> β, 0 ≤ β < 1, 0 ≤ λ < 1.

Consider the function

g(z) =

f ′(z)
λf ′(z)+1−λ

− β

1− β
= 1 + apz

p + · · ·

g(z) is a holomorphic function and ℜg(z) > 0 for |z| < 1 and hence

(1.1) φ(z) =
1− g(z)

1 + g(z)
= cpz

p + · · ·

is a holomorphic function in the unit disc D, φ(0) = 0 and since ℜ
(

f ′(z)
λf ′(z)+1−λ

)

> β, it also follows that |φ(z)| < 1 for |z| < 1. Therefore, from the Schwarz
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lemma, we obtain

(1.2) |f ′(z)| ≤
(1− λ) (1 + (1 − 2β) |z|

p
)

1− λ− (1 + (1− 2β)λ) |z|
p

and

(1.3) |bp+1| ≤
2(1− β)

(1− λ) (1 + p)
.

Equality is achieved in (1.2) (for some nonzero z ∈ D) or in (1.3) if and only if
f(z) is the function of the form

f(z) =

∫ z

0

(1− λ)
(
1− (1 − 2β)tpeiθ

)

1− λ+ (1 + (1− 2β)λ) tpeiθ
dt,

where θ is a real number.
H. Unkelbach and R. Osserman have given the inequalities which are called

the boundary Schwarz lemma. They have first showed that

(1.4) |f ′(ξ)| ≥
2

1 + |f ′(0)|

and

(1.5) |f ′(ξ)| ≥ 1

under the assumption f(0) = 0, where f is a holomorphic function mapping the
unit disc into itself and ξ is a boundary point to which f extends continuously.
Moreover, the equality in (1.4) holds if and only if f is of the form

f(z) = zeiθ
z − a

1− az
,

where θ ∈ R and a ∈ D satisfies arg a = arg ξ. Also, the equality in (1.5) holds
if and only if f(z) = zeiθ, θ ∈ R.

One does not need to assume that f extends continuously to ξ. For example,
if f has a radial limit f(ξ) at ξ, with |f(ξ)| = 1, and if f has a radial derivative
at ξ, then that derivative also satisfies the inequalities (1.4) and (1.5). Accord-
ingly, using the Möbius transformation, they have generalized the inequality
on the case of f(0) 6= 0 (see [7], [9]).

If, in addition, the function f has an angular limit f(ξ) at ξ ∈ ∂D, |f(ξ)| = 1,
then by the Julia-Wolff lemma the angular derivative f ′(ξ) exists and 1 ≤
|f ′(ξ)| ≤ ∞ (see [8]).

Vladimir N. Dubinin has continued this line and has made a refinement
on the boundary Schwarz lemma under the assumption that f(z) = bpz

p +
bp+1z

p+1 + · · · , with a zero set {ak} (see [3]).
Some other types of strengthening inequalities are obtained in (see [1], [5],

[6]).
In the following theorems, if we know the second and the third coeffient in

the expansion of the function f(z) = z + bp+1z
p+1 + bp+2z

p+2 + · · · , then we
obtain more general results on the second non-tangential derivatives of certain
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classes of a holomorphic function in the unit disc at the boundary by taking
into account bp+1, bp+2 and critical points of f(z)− z function. The sharpness
of these inequalities is also proved.

Theorem 1.1. Let f(z) = z+ bp+1z
p+1+ bp+2z

p+2+ · · · , bp+1 6= 0, p ≥ 1 be a

holomorphic function in the unit disc D and ℜ
(

f ′(z)
λf ′(z)+1−λ

)

> β, 0 ≤ β < 1,

0 ≤ λ < 1 for |z| < 1. Suppose that, for some ξ ∈ ∂D, f ′ has a non-tangential

limit f ′(ξ) at ξ and f ′(ξ) = β(1−λ)
(1−βλ) . Then f has the second non-tangential

derivative at ξ and

|f ′′(ξ)| ≥
(1− β) (1− λ)

2 (1− βλ)
2 (p

(1.6)

+
2 [2(1− β)− (1− λ)(1 + p) |bp+1|]

2

4(1−β)2−((1−λ)(1 + p) |bp+1|)
2−2(1−β)(1−λ)(2 + p) |bp+2|

)

.

The equality in (1.6) occurs for the function

f(z) =

∫ z

0

(1− λ) (1− (1− 2β)tp)

1− λ+ (1 + (1− 2β)λ) tp
dt.

Proof. Let φ(z) be defined as in (1.1). h(z) = zp is a holomorphic function in
D, |h(z)| < 1 for |z| < 1. By the maximum principle for each z ∈ D, we have

|φ(z)| ≤ |h(z)|. Therefore, p(z) = φ(z)
h(z) is a holomorphic function in D and

|p(z)| < 1 for |z| < 1. In particular, we have

(1.7) |p(0)| =
(1− λ) (p+ 1)

2 (1− β)
|bp+1| ≤ 1

and

|p′(0)| =
(1− λ) (p+ 2)

2 (1− β)
|bp+2| .

Moreover, since the expression ξφ′(ξ)
φ(ξ) is a real number greater than or equal to

1 ([2]) and f ′(ξ) = β(1−λ)
(1−βλ) yields |φ(ξ)| = 1, we get

ξφ′(ξ)

φ(ξ)
=

∣
∣
∣
∣

ξφ′(ξ)

φ(ξ)

∣
∣
∣
∣
= |φ′(ξ)| .

Also, since |φ(z)| ≤ |h(z)|, we take

1− |φ(z)|

1− |z|
>

1− |h(z)|

1− |z|
.

Passing to the non-tangential limit in the last inequality yield

|φ′(ξ)| ≥ |h′(ξ)| .
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Therefore, we obtain

ξφ′(ξ)

φ(ξ)
= |φ′(ξ)| ≥ |h′(ξ)| =

ξh′(ξ)

h(ξ)
.

The function

Θ(z) =
p(z)− p(0)

1− p(0)p(z)

is a holomorphic function in D, |Θ(z)| < 1 for |z| < 1, Θ(0) = 0 and |Θ(ξ)| = 1
for ξ ∈ ∂D. It can be easily shown a non-tangential derivative of Θ at ξ ∈ ∂D
(see, [8]). Therefore, the second non-tangential derivative of f at ξ is obtained.
From (1.4), we obtain

2

1 + |Θ′(0)|
≤ |Θ′(ξ)| =

1− |p(0)|
2

∣
∣
∣1− p(0)p(ξ)

∣
∣
∣

2 |p′(ξ)|

≤
1 + |p(0)|

1− |p(0)|

∣
∣
∣
∣
∣

φ′(ξ)h(ξ) − h′(ξ)φ(ξ)

(h(ξ))
2

∣
∣
∣
∣
∣

=
1 + |p(0)|

1− |p(0)|

∣
∣
∣
∣

φ(ξ)

ξh(ξ)

∣
∣
∣
∣

∣
∣
∣
∣

ξφ′(ξ)

φ(ξ)
−

ξh′(ξ)

h(ξ)

∣
∣
∣
∣

=
1 + |p(0)|

1− |p(0)|
{|φ′(ξ)| − |h′(ξ)|} .

Since

Θ′(z) =
1− |p(0)|2

(

1− p(0)p(z)
)2 p

′(z)

and

|Θ′(0)| =
|p′(0)|

1− |p(0)|
2 =

(1−λ)(p+2)
2(1−β) |bp+2|

1−
(

(1−λ)(p+1)
2(1−β) |bp+1|

)2

=
2 (1− β) (1− λ) (p+ 2) |bp+2|

4 (1− β)
2
− ((1− λ) (p+ 1) |bp+1|)

2 ,

we take

2

1 +
2(1−β)(1−λ)(p+2)|bp+2|

4(1−β)2−((1−λ)(p+1)|bp+1|)
2

≤
1 + (1−λ)(p+1)

2(1−β) |bp+1|

1− (1−λ)(p+1)
2(1−β) |bp+1|

{

2 |g′(ξ)|

|1 + g(ξ)|
2 − p

}

.

Since

|1 + g(ξ)|2 =

∣
∣
∣
∣
∣
∣

1 +

f
′(ξ)

λf ′(ξ)+1−λ
− β

1− β

∣
∣
∣
∣
∣
∣

2



INEQUALITIES FOR THE NON-TANGENTIAL DERIVATIVE 443

=

∣
∣
∣
∣
∣
∣

1 +
1

1− β





β(1−λ)
(1−βλ)

λβ(1−λ)
(1−βλ) + 1− λ

− β





∣
∣
∣
∣
∣
∣

2

= 1

and

|g′(ξ)| =
1

1− β

(

(1− λ) |f ′′(ξ)|

|λf ′(ξ) + 1− λ|
2

)

=
1

1− β

(1− βλ)
2
|f ′′(ξ)|

(1− λ)
,

we get

|φ′(ξ)| =
2 |g′(ξ)|

|1 + g(ξ)|
2 =

2 (1− βλ)2 |f ′′(ξ)|

(1− β) (1 − λ)
.

So, we obtain the inequality (1.6).
To show that the inequality (1.6) is sharp, take the holomorphic function

f(z) =

∫ z

0

(1− λ) (1− (1− 2β)tp)

1− λ+ (1 + (1− 2β)λ) tp
dt.

Then

f ′(z) =
d

dz
f(z) =

(1− λ) (1− (1− 2β)zp)

1− λ+ (1 + (1− 2β)λ) zp

and

|f ′′(1)| =
(1− β) (1− λ)

2 (1− βλ)
2 p.

Since |bp+1| =
2(1−β)

(1−λ)(p+1) , (1.6) is satisfied with equality. �

Theorem 1.2. Let f(z) = z + bp+1z
p+1 + bp+2z

p+2 + · · · , bp+1 > 0, p ≥ 1 be

a holomorphic function in the unit disc D and f(z) − z has no critical point

in D except z = 0, and ℜ
(

f ′(z)
λf ′(z)+1−λ

)

> β, 0 ≤ β < 1, 0 ≤ λ < 1 for

|z| < 1. Suppose that, for some ξ ∈ ∂D, f ′ has a non-tangential limit f ′(ξ) at

ξ, f ′(ξ) = β(1−λ)
(1−βλ) . Then f has the second non-tangential derivative at ξ and

|f ′′(ξ)| ≥
(1− β) (1− λ)

2 (1− βλ)
2 (p(1.8)

−
2
[

ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)]2

(p+ 1) |bp+1|

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

(p+ 1) |bp+1| − (p+ 2) |bp+2|






and

(1.9) |bp+2| ≤
2

(p+ 2)

∣
∣
∣
∣
(p+ 1)bp+1 ln

(
(1− λ) (p+ 1)

2 (1− β)
|bp+1|

)∣
∣
∣
∣
.

Moreover, the equality in (1.8) occurs for the function

f(z) =

∫ z

0

(1− λ) (1− (1− 2β)tp)

1− λ+ (1 + (1− 2β)λ) tp
dt
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and the equality in (1.9) occurs for the function

f(z) =

∫ z

0

(1− λ)
(
1− (1 − 2β)tpeΥ

)

1− λ+ (1 + (1− 2β)λ) tpeΥ
dt,

where 0 < bp+1 < 1, ln
(

(1−λ)(p+1)
2(1−β) bp+1

)

< 0 and Υ = 1+t
1+t

ln
(

(1−λ)(p+1)
2(1−β) bp+1

)

.

Proof. Let bp+1 > 0. Let p(z), φ(z) and h(z) be as in the proof of Theorem 1.1.
Having in mind inequality (1.7), we denote by ln p(z) the holomorphic branch
of the logarithm normed by the condition

ln p(0) = ln

(
(1− λ) (p+ 1)

2 (1− β)
bp+1

)

< 0.

The auxiliary function

Γ(z) =
ln p(z)− ln p(0)

ln p(z) + ln p(0)

is a holomorphic in D, |Γ(z)| < 1 for |z| < 1, |Γ(0)| = 0 and |Γ(ξ)| = 1 for
ξ ∈ ∂D. It can be easily shown a non-tangential derivative of Γ at ξ ∈ ∂D (see,
[8]). Thus, the second non-tangential derivative of f at ξ is obtained. From
(1.4), we obtain

2

1 + |Γ′(0)|
≤ |Γ′(ξ)|

=
|2 ln p(0)|

|ln p(ξ) + ln p(0)|
2

|p′(ξ)|

|p(ξ)|

=
−2 ln p(0)

ln2 p(0) + arg2 p(ξ)

∣
∣
∣
∣
∣

φ′(ξ)h(ξ)− h′(ξ)φ(ξ)

(h(ξ))
2

∣
∣
∣
∣
∣

=
−2 ln p(0)

ln2 p(0) + arg2 p(ξ)
{|φ′(ξ)| − |h′(ξ)|} .

Replacing arg2 p(ξ) by zero, then

1

1 + |Γ′(0)|
≤

−1

ln p(0)
{|φ′(ξ)| − |h′(ξ)|} .

Since

Γ′(z) =
2 ln p(0)

(ln p(z) + ln p(0))
2

p′(z)

p(z)
,

|Γ′(0)| =
1

2 |ln p(0)|

∣
∣
∣
∣

p′(0)

p(0)

∣
∣
∣
∣
= −

1

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

(1−λ)(p+2)
2(1−β) |bp+2|

(1−λ)(p+1)
2(1−β) |bp+1|

= −
1

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)
(p+ 2) |bp+2|

(p+ 1) |bp+1|
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and

|φ′(ξ)| =
2 |g′(ξ)|

|1 + g(ξ)|
2 =

2 (1− βλ)
2
|f ′′(ξ)|

(1− β) (1 − λ)
,

we take

1

1− 1

2 ln( (1−λ)(p+1)
2(1−β)

|bp+1|)
(p+2)|bp+2|

(p+1)|bp+1|

≤
−1

ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

{

2 (1− βλ)
2
|f ′′(ξ)|

(1− β) (1− λ)
− p

}

,

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

(p+ 1) |bp+1|

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

(p+ 1) |bp+1| − (p+ 2) |bp+2|

≤
−1

ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

{

2 (1− βλ)
2
|f ′′(ξ)|

(1− β) (1 − λ)
− p

}

and

p−
2
[

ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)]2

(p+ 1) |bp+1|

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

(p+ 1) |bp+1| − (p+ 2) |bp+2|

≤
2 (1− βλ)2 |f ′′(ξ)|

(1− β) (1 − λ)
.

Thus, we obtain the inequality (1.8) with an obvious equality case.
Similarly, Γ(z) function satisfies the assumptions of the Schwarz lemma, we

obtain

1 ≥ |Γ′(0)| =

∣
∣
∣
∣
∣

2 ln p(0)

(ln p(0) + ln p(0))
2

p′(0)

p(0)

∣
∣
∣
∣
∣
=

1

2 |ln p(0)|

∣
∣
∣
∣

p′(0)

p(0)

∣
∣
∣
∣

= −
1

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)
(p+ 2) |bp+2|

(p+ 1) |bp+1|

and

1 ≥ −
1

2 ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)
(p+ 2) |bp+2|

(p+ 1) |bp+1|
.

Therefore, we have

|bp+2| ≤
2

(p+ 2)

∣
∣
∣
∣
(p+ 1)bp+1 ln

(
(1− λ) (p+ 1)

2 (1− β)
|bp+1|

)∣
∣
∣
∣
.
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We shall show that the inequality (1.9) is sharp. Let

f(z) =

∫ z

0

(1− λ)
(
1− (1 − 2β)tpeΥ

)

1− λ+ (1 + (1− 2β)λ) tpeΥ
dt.

So, we get

f ′(z) =
(1− λ)

(
1− (1 − 2β)zpeΥ

)

1− λ+ (1 + (1− 2β)λ) zpeΥ

and

f ′(z) = 1 + zp̟(z),

where

̟(z) = −2 (1− β)
e

1+z
1−z

ln( (1−λ)(1+p)
2(1−β)

bp+1)

1− λ+ (1 + (1− 2β)λ) zpe
1+z

1−z
ln( (1−λ)(1+p)

2(1−β)
bp+1)

.

Then

̟(0) = (p+ 1) bp+1

and

̟′(0) = (p+ 2) bp+2.

Under the simple calculations, we obtain

(p+ 2) bp+2 = −2 (p+ 1) bp+1 ln

(
(1− λ)(p+ 1)

2(1− β)
bp+1

)

and

|bp+2| =
2

p+ 2

∣
∣
∣
∣
(p+ 1) bp+1 ln

(
(1− λ)(p+ 1)

2(1− β)
|bp+1|

)∣
∣
∣
∣
.

�

Theorem 1.3. Under the same assumptions as in Theorem 1.2, we have

(1.10) |f ′′(ξ)| ≥
(1− β) (1− λ)

2 (1− βλ)2

(

p−
1

2
ln

(
(1− λ) (p+ 1)

2 (1− β)
|bp+1|

))

.

The equality in (1.10) holds if and only if

f(z) =

∫ z

0

(1− λ)
(
1− (1 − 2β)tpeΥ

)

1− λ+ (1 + (1− 2β)λ) tpeΥ
dt,

where 0 < bp+1 < 1, ln
(

(1−λ)(p+1)
2(1−β) bp+1

)

< 0, Υ = 1+teiθ

1+teiθ
ln
(

(1−λ)(p+1)
2(1−β) bp+1

)

and θ is a real number.

Proof. The proof that f has the second non-tangential derivative at ξ is similar
to the proof of Theorem1.2. Let bp+1 > 0. Using the inequality (1.5) for the
function Γ(z), we obtain

1 ≤ |Γ′(ξ)| =
|2 ln p(0)|

|ln p(ξ)+ln p(0)|
2

|p′(ξ)|

|p(ξ)|
=

−2 ln p(0)

ln2 p(0) + arg2 p(ξ)
{|φ′(ξ)|−|h′(ξ)|} .
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Replacing arg2 p(ξ) by zero, then

1 ≤ |Γ′(ξ)| =
−2

ln p(0)

{

2 (1− βλ)
2
|f ′′(ξ)|

(1− β) (1− λ)
− p

}

and

(1.11) 1 ≤
−2

ln
(

(1−λ)(p+1)
2(1−β) |bp+1|

)

{

2 (1− βλ)2 |f ′′(ξ)|

(1− β) (1− λ)
− p

}

.

Therefore, we obtain the inequality (1.10).

If |f ′′(ξ)| = (1−β)(1−λ)

2(1−βλ)2

(

p− 1
2 ln

(
(1−λ)(p+1)

2(1−β) |bp+1|
))

from (1.11) and |Γ′(ξ)|

= 1, we obtain

f(z) =

∫ z

0

(1− λ)
(
1− (1 − 2β)tpeΥ

)

1− λ+ (1 + (1− 2β)λ) tpeΥ
dt.

�

Theorem 1.4. Let f(z) = z+ bp+1z
p+1+ bp+2z

p+2+ · · · , bp+1 6= 0, p ≥ 1 be a

holomorphic function in the unit disc D and ℜ
(

f ′(z)
λf ′(z)+1−λ

)

> β, 0 ≤ β < 1,

0 ≤ λ < 1 for |z| < 1. Suppose that, for some ξ ∈ ∂D, f ′ has a non-tangential

limit f ′(ξ) at ξ and f ′(ξ) = β(1−λ)
(1−βλ) . Let a1, a2, . . . , an be critical points of the

function f(z) − z in D that are different from zero. Then f has the second

non-tangential derivative at ξ and

|f ′′(ξ)| ≥
(1− β) (1− λ)

2 (1− βλ)
2

(

p+

n∑

k=1

1− |ak|
2

|ξ − ak|
2

(1.12)

+
2

[

2(1−β)
n
∏

k=1

|ak|−(1−λ)(p+1)|bp+1|

]2

(

2(1−β)
n
∏

k=1

|ak|

)2

−((1−λ)(p+1)|bp+1|)
2+2(1−β)

n
∏

k=1

|ak|(p+2)|bp+2|



 .

In addition, the equality in (1.12) occurs for the function

f(z) =

∫ z

0

(1− λ)

(

1− (1− 2β)tp
n∏

k=1

t−ak

1−akt

)

1− λ+ (1 + (1 − 2β)λ) tp
n∏

k=1

t−ak

1−akt

dt.

Proof. Let φ(z) be as in (1.1) and a1, a2, . . . , an be critical points of the func-
tion f(z) − z in D that are different from zero. B(z) = zp

∏n

k=1
z−ak

1−akz
is a

holomorphic function in the unit disc D and |B(z)| < 1 for |z| < 1. By the
maximum principle for each z ∈ D, we have |φ(z)| ≤ |B(z)|. Also, the function

ω(z) = φ(z)
B(z) is a holomorphic in D and |ω(z)| < 1 for |z| < 1. In particular, we
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have

|ω(0)| =
(1− λ) (p+ 1)

2 (1− β)
n∏

k=1

|ak|
|bp+1|

and

|ω′(0)| =
(1− λ) (p+ 2)

2 (1− β)
n∏

k=1

|ak|
|bp+2| .

Moreover, it can be seen that

ξφ′(ξ)

φ(ξ)
= |φ′(ξ)| ≥ |B′(ξ)| =

ξB′(ξ)

B(ξ)
.

It is obviously that

|B′(ξ)| =
ξB′(ξ)

B(ξ)
= p+

n∑

k=1

1− |ak|
2

|ξ − ak|
2 .

The composite function

Φ(z) =
ω(z)− ω(0)

1− ω(0)ω(z)

is a holomorphic in the unit disc D, |Φ(z)| < 1 for |z| < 1, Φ(0) = 0 and
|Φ(ξ)| = 1 for ξ ∈ ∂D. It can be easily shown a non-tangential derivative of
Φ at ξ ∈ ∂D (see, [8]). Thus, the second non-tangential derivative of f at ξ is
obtained. From (1.4), we obtain

2

1 + |Φ′(0)|
≤ |Φ′(ξ)| =

1− |ω(0)|2

∣
∣
∣1− ω(0)ω(ξ)

∣
∣
∣

2 |ω′(ξ)|

≤
1 + |ω(0)|

1− |ω(0)|

∣
∣
∣
∣
∣

φ′(ξ)B(ξ) −B′(ξ)φ(ξ)

(B(ξ))2

∣
∣
∣
∣
∣

=
1 + |ω(0)|

1− |ω(0)|
{|φ′(ξ)| − |B′(ξ)|} .

Since

Φ′(z) =
1− |ω(0)|

2

(

1− ω(0)ω(z)
)2ω

′(z)

and

|Φ′(0)| =
|ω′(0)|

1− |ω(0)|2
=

(1−λ)(p+2)

2(1−β)
n
∏

k=1

|ak|

|bp+2|

1−



 (1−λ)(p+1)

2(1−β)
n
∏

k=1

|ak|

|bp+1|





2
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=

2 (1− β)
n∏

k=1

|ak| (p+ 2) |bp+2|

(

2 (1− β)
n∏

k=1

|ak|

)2

− ((1− λ) (p+ 1) |bp+1|)
2

,

we may write

2

1 +
2(1−β)

n
∏

k=1

|ak|(p+2)|bp+2|

(

2(1−β)
n
∏

k=1

|ak|

)2

−((1−λ)(p+1)|bp+1|)
2

≤

1 + (1−λ)(p+1)

2(1−β)
n
∏

k=1

|ak|

|bp+1|

1− (1−λ)(p+1)

2(1−β)
n
∏

k=1

|ak|

|bp+1|

{

2 (1− βλ)
2
|f ′′(ξ)|

(1− β) (1− λ)
−

(

p+
n∑

k=1

1− |ak|
2

|ξ − ak|
2

)}

.

Thus, we obtain the inequality (1.12) with an obvious equality case. �

References
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