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POLARIZATION AND UNCONDITIONAL CONSTANTS
OF P(2dy(1, w)?)

SunGg GUEN KiMm

ABSTRACT. We explicitly calculate the polarization and unconditional
constants of P(?dx(1,w)?).

1. Introduction

According to the Krein-Milman Theorem, every nonempty convex set in a
Banach space is fully described by the set of its extreme points. We recall that
if C' is a convex set in a Banach space, a point e € C' is said to be extreme if
z,y € C and e = Ax + (1 — Ny for some 0 < A < 1 implies that x = y = e.
Let n € N. We write Bg for the closed unit ball of a real Banach space F.
We denote by extBpg the sets of all the extreme points of Bg. We denote by
L("E) the Banach space of all continuous n-linear forms on E endowed with
the norm ||T|| = SUD)||3, || =1 |T(x1,...,25)|. A n-linear form T is symmetric if
T(x1,...,2n) = T(2o(1),- -+ To(n)) for every permutation o on {1,2,...,n}.
We denote by Ls("E) the Banach space of all continuous symmetric n-linear
forms on E. A mapping P : F — R is a continuous n-homogeneous polynomial
if there exists a unique T' € L ("E) such that P(z) = T(z,...,z) for every
x € E. In this case it is convenient to write 7 = P. We denote by P("E)
the Banach space of all continuous n-homogeneous polynomials from E into R
endowed with the norm || P|| = sup, = |P(2)]. It is well-known that

. nm
1Pl < 1Pl < — [Pl (VP € P("E)).

For more details about the theory of multilinear mappings and polynomials on
a Banach space, we refer to [7].

We will denote by T'((z1,y1), (z2,y2)) = axi122 + by1ys + c(z1y2 + T2y1)
and P(z,y) = az?+ by? + cxy a symmetric bilinear form and a 2-homogeneous
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polynomial on a real Banach space of dimension 2, respectively. We denote the
predual of two dimensional real Lorentz sequence space with a positive weight
0<w<1by

|+
4.1 w)? 1= {(2,) € B ¢ (@, 9) o, = maxflel, 1y, 22y

In [22] the nth polarization constant of E is defined by

Cpol(” :E) =inf{M > 0: ||P|| < M||P|| for every P € P("E)}.
Let X® denote the monomial z{" - - - z&m, where X = (21,...,Z;,) € R™ and

a = (on,...,00) with a € NU{O}, 1 <k <m. If P(X) =3, <, aaX”
is a polynomial of degree n on R™, we define its modulus |P| by |P|(X) =
> laj<n [aa| X . We define the nth unconditional constant of d. (1, w)? by

cunc(n : do(1,w)?)=inf{M > 0: |||P]|| < M||P|| for every P € P("d.(1,w)?)}.

Gamez-Merino et al. [9] classify the extreme points of the unit ball of P(20)
and, using its extreme points, compute the polarization and unconditional con-
stants of P(?00), where [J is the unit square of vertices (0,0), (0,1), (1,0),
(1,1). The author [14] characterized the extreme points of the unit ball of
P(%d.(1,w)?). Recently, the author [16] calculated the norm of symmetric bi-
linear form of Ls(?d.(1,w)?) and classified the extreme points of the unit ball
of Ls(?d.(1,w)?). We refer to ([1-6], [8-22]) and references therein for some
recent work about extremal properties of multilinear mappings and homoge-
neous polynomials on some classical Banach spaces. By the Krein-Milman
Theorem, a convex function (like a polynomial norm, for instance) defined on
a convex set (like the unit ball of a finite dimensional polynomial space) attains
its maximum at one extreme point of the convex set. In this paper, using the
results of [14] and [16] with the Krein-Milman Theorem, we explicitly calculate
cp01(2 : di(1,w)?) and cunc(2 : du(1,w)?) as follows:

(a) Ifw< \/5 — 1, then cp01(2 . d*(l,w)Q) _ 2((;%;)22);
(b) If w > /2 — 1, then cp01(2 cdo(1,w)?) = 1+ w?
(c) If w < V2 — 1, then cunc(2 : ds(1,w)?) = 1“”(+1+—j§§+“f>;
2 2)2 1 44,2
(d) If w > 2 — 1, then cunc(2 : da (1, w)?) = TtV IEwDTEte?

2. The results

Theorem 2.1 ([16]). Let T((z1,v1), (w2,y2)) = (a,b,c,c) € Ls(*de(1,w)?)
with |b] < a, ¢>0. Then:

Casel:b>0

Subcase 1 : ¢ > a

Ifw < <=4, then ||T|| = (a+ b)w + ¢(1 + w?).

Ifw> <%, then ||T|| = bw?® + 2cw + a.

Subcase 2 : If ¢ < a, |T|| = bw? + 2cw + a.
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Case2:b<0

Subcase 1 : ¢ < b

Ifw < 3, then || T = max{bw? + 2cw + a, (a —b)w + (1 —w?)}.
If w> g, then |T| = max{a — bw?, (a —b)w + (1 —w?)}.
Subcase 2 : ¢ > |b]

Ifw< ‘—IC", then | T|| = max{bw? + 2cw + a, (a —b)w + ¢(1 — w?)}.

If w> ‘—il, then ||T|| = max{bw? + 2cw + a, (a + b)w + (1 + w?)}.
Theorem 2.2 ([14]). Let P € P(*d.(1,w)?) with P(x,y) = az* + by? + czy
for (x,y) € du(1,w)? with a > |b| >0, ¢ > 0. Then

Case1:0<c<2|b|

Subcase 1 : b <0
(a) If sty < w, then

2
1Pl =a+ o
(b) If 575 > w, then

| P|| = bw? + cw + a.
Subcase 2 : If b > 0, then

|P|| = bw? + cw + a.
Case 2 : If 2|b| < ¢ < 2a, then

| P|| = bw? + cw + a.

Case 3:2a <c

(a) If =22 < w, then

1P| = bw? + cw + a.

(b) If% > w, then

(c? — 4ab)(1 + w)? .

121 = 4(c—a—0b)

Theorem 2.3 ([14]).
exth@d*(Lwy)

= {:l:l'27 :l:y27 + ($2+y2)7 T —

1+ w?

£ [1a® - ") £2V1(1 - zy) (75

. 2H[2+2~/1—t2(1+w)4 ](ogtgl_—w)}.
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Form now on we will use the following notations for the extreme points of
BP(2d*(1,’UJ)2) .
1
_ 2 _ 2
Py(z,y) = £[t(x" —y7) £2/t(1 — t)xy] (1+—w2 <t<1),

Qulary) = tls(@? —y?) 4 VIS AH T g oo Low

(1 —|—w) (1+w)(1+w?)
Ri(z,y) = im(ﬂﬁiy)2,
RQ(xvy) = :l:l -:’LUQ (562 +y2)7
Rs(z,y) = +22,
Ry(z,y) = +y2.

Notice that if 0 < w < 1 and w* = }jr—fju, then 0 < w* < 1 and (w*)* = w.

Lemma 2.4. Let w* = ﬁ—;’j Then, there is an isometry ¢ : d.(l,w) —
d.(1,w*) such that
_(rty vy

Proof. By definition, the norms of (z,y) € d.(1,w) and (X,Y) € d.(1,w*) are

glven by
— X z y

|X|+IY|
XY = X .
8% x{| Rdhsl
Now, let (X,Y):¢(x,y):(fjg,f+ ) Then
+ Tl + |
rTy =Y +w +w
XY P
XY a. 1,0 = max ‘1+w" 1+w" 1+ w
_ 2| + y| |z +yl+ ]z =y
= max ,
1+w 2
= max { ZLE o, 1}
= H(xvy)Hd*(l,w)- O

Lemma 2.5. Let 0 < w < 1, w* = {72 Define @ : P(3d.(1,w)?) —
P(3d.(1,w*)?) by ®(P) = Po ¢, where ¢ is the isometry in Lemma 2.4.
Then @ is an isometrically isomorphism. Moreover, P € extBp(24,(1,w)?) if

and only if ®(P) € extBp2q, (1,w+)2)-
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Remark. Note that, for 1+ — <t<1,
2/t(1 —1t) 9 9 2 9
PP)(X,)Y)=—"——(X“-Y*) £ XY
Q.(X,Y) f ique 0<s< 1 —w
= Qs(X, or a unique 0<s < ,
! (L +w) (L + ("))
where w* = H_—“’ and X = fj_'g, Y =12

(2:do(1,w)?) = 2(14w?) |

Theorem 2.6. (a) If w < /2 — 1, then Cpol GEEmER

(b) If w > /2 —1, then cpol (21 du(l,w)?) =1+ w?.
Proof. By the Krein-Milman Theorem,

- < < 1
cpol(2 1 di(L,w)?) = max{|| P||, [|Qs]l, || Brll - Tre2 St<1
1—w
0<s<——  —  k=1,234}.
- T 14w 4 w?) }
Note that ||Ry| = 1 for k = 1,2,3,4. We claim that max{||P|| : HwQ <t<

1} = 1+w?. Note that P, ((x1,y1), (22, y2)) = tx120 — ty1y2 £ \/ t(1—t)(x1y1 +
a2y ) for <t < 1. Simple calculation shows that, for <t<1,

t < (1+ w)?
= 2(1 +w?)
Letg ) = 2wt + /t(1 —t)(1 — w?) for

<t <1 implies that ¢t = 2((11—:“322)-

1+2 1+2
& 2wt +/t(1 —t)(1 —w?) > (1 +w?)t.

<t < 1. Then g/(t) = 0 for

1
14+w?

1+ TTw?
Case 1: w > V2 -1
2 2
Obviously, ﬁ < Utw)” g gpd @) o Sw— wl 1 4 w2, Tt follows

2(1+w?) 2 T+w?
that, by Theorem 2.1 (Case 2, Subcase 1),
- 1
B - <t<L1
max{| P 1 <t <1}
- 1 (14 w)? (14 w)?
= Pl : <t < ——F— P, ——<t<1
maX{maX{” tH 14w2 = = 2(1+ )} ma. {” t” ( +’LU2) =b = }}
1 (1 + w)?
— 2 2y .
= max{max{(1 + w”)t, 2wt + /t(1 — t)(1 — w) : T a? <t< 2(1+w2)}’
1 2
max{(1 + w?)t, 2wt + /E(1 —1)( %gtﬁl}}
_ 2 (1+w)?
= max{max{2wt + \/t(1 — ¢)(1 — w*) : a2 St< 2(1+w2)}’
1 2
max{(1 +w?)t : B 4o

2(14 w?)
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(1+w)? 2
= max{maX{g(l+w2),9(2(1+w2))},1+w }
3w— w3 (1+w)? 5
:max{lerQ, 5 14w}
=1+ w?
Case 2: w<+v2—1
. (1+w)? 1 . 1
Obviously, SIeE=TE < T3o7- Since 07 <t<l1,
1
max{ (1 + w?)t, 2wt + /t(1 — t)(1 — w?) : T a2 <t<1}
w
— PAVES _ 2
= max{(1+w )t. T §t§1}—1+w .
It follows that by Theorem 2.1 (Case 2, Subcase 1),
- 1
Pl:— <t<1
max{|P] {5y <¢< 1)
1
= max{(1 + w?)t, 2wt + /t(1 — t)(1 — w?) : T a? <t<1}
w
1
= max{(1+w?)t: T a2 <t<1}
= 14w’
2(1+w?)

We claim that max{||Q|| : 0 < s < (le)_d‘jrw%} = Titw? -
By Lemmas 2.4-5, Qs(z,y) = P:(X,Y) for some TL*)Q <t <1, where

w* = 1=% and X = £ Y = Z=¥_ By the above claim, it follows that

14w 14+w? 14w *
. 1—w
max{[|Qs : 0 < s < m}
= max{|| (X1, Y1), (X2,Y2))| : T (we)? <t <1} =14 (w*)?
214 w?)
(4w
Therefore,
2(1 + w?)
Cp01(2 : d*(l,w)Q) = max{l —+ ’LU27 m}
Since 28%5)22) >l+wiew<V2-— 1, we complete the proof. O

2
Theorem 2.7. (a) If w < /2 —1, then cune(2 : do(1,w)?) = M(J;Jr—vw;

w2 w2 2 w2
(b) If w > V2 — 1, then cunc(2 : di(1,w)?) = L (12+ g




POLARIZATION AND UNCONDITIONAL CONSTANTS OF P(%d.(1,w)?) 427

Proof. By the Krein-Milman Theorem,
1

cunc (2 + di(1,w)?) = max{|||P[], 1Qsl[l, N1 Bxll| : ——5 <t <1,
14+w
1—-w
0<s<—— 2 |=1,234).
- T (4wl +w?) }
Note that [||Rg|]| = 1 for k = 1,2,3,4. We claim that max{]||P||| : ﬁ <

t <1} = S EVORDPHE Note that [Py((21, 1), (22, y2)) = t22 + ty2 +

t(1 —t)xy for 1+ > <t <1 Let f(t) = (1 +w?)t+2w t(lft) for 1+ > <
1+w
t < 1. Then 0 = f (t) for 1+ —— <t <1 implies that t = 2 + oW T
1 1 1fw?
Clearly, 777 < 5+ N (e e < 1. It follows that, by Theorem 2.2 (Case

1, Subcase 2),
1

[P = mas{(1+w’)t + 20/iT 1) : g7 <1< 1)
— max{ (1), S, £ (5 + 5 (1:05;+4w2>}

= max{

J:LSw ] 1+ w? + \/(12+w2)2+4w2}

2

14w+ /(14 w?)? + dw?
= 5 ,

By Lemmas 2.4-5, Qs(z,y) = Pt(X Y) for some m < t < 1, where
w* = h’_—f}j and X = fj_'g, = {7Z. By the above claim, it follows that
1—w
max{[[[Q[] : 0 < s < Z——F——+}

(14 w)(1+w?)

= max{||| (X, V)]l : St<ip=1+ (")

1
1+ (w+)?
1+( * 2+\/1+ *)2)2+4(w*)2

C1+w? +\/W

(14 w)?

Therefore,

1+ w? 4 /( 1+w2 +4w2 1+ w?+ /2(1+ w?)

cunc(2 : di (1, w)?) =max{ (14 w)?

)y,

. 14-w? 2(1+w 14w? 1+w?)24+4w?
Since +w(4;+w§2+w)2 e (;w)er & w < V2 —1, we complete the

proof. O
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