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VOLUME INTEGRAL MEANS OF HARMONIC FUNCTIONS
ON SMOOTH BOUNDARY DOMAINS

KYESOOK NAM AND INYOUNG PARK

ABSTRACT. We newly define the volume integral means of harmonic func-
tions to characterize the weighted harmonic Bergman spaces. It is based
on Xiao and Zhu’s results on holomorphic Bergman spaces [5].

1. Introduction

Let € be a bounded domain with C*°-boundary in R"™. For xz € , let
r(z) := dist(x,00). For € > 0, we define

Qe={yeQ:r(y) > €}

Due to the smoothness of the boundary OS2 there exists € > 0 only depending
on the shape of the region Q such that the projection map 7 : Q\ Q. — 9Q
is well defined and smooth. Additionally, for 0 < r < e, the restriction of the
projection map 7|aq, : 2\ Q2 = 9N is one to one and onto, and for all n € I,
can be written as

(1.1) n=m(n) + gy,
where n¢ denotes the inward unit normal to 9§ at { € 9. Furthermore, for
all 0 < r < e and for nonnegative continuous functions f on Q, \ Q,

(1.2) / PECLCE N F(C + sng)dsdS(0),

where dV denotes the Lebesque measure on 2 and dS denotes the surface
area measure on 0f2. Throughout our paper, ¢ denotes a positive real value
satisfying conditions we stated above and the subset D, is defined as

D, = Q. \ Q, 0<r<e
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Especially, D := Q\ Q..
For a > —1, 1 < p < 00, the weighted harmonic Bergman space b2 = b2 (Q)
is the set of all complex-valued harmonic functions f on 2 such that

/ F@)PdVa(z) < oo
Q

where dVy(x) = r*(x)dV (z). Since |f|P is subharmonic on €, the maximum
principle allows us to define another norm of p-harmonic Bergman space,

910 = [ If@Pda(a)
(1.3) = / /|f ¢+ sn¢)|Ps%dsdo(¢) < oo,

where do is normalized measure o(9Q) = 1 and ¢, = (a+1)/e*T! so that we
normalized the measure dv,.

For a = —1, b” | = h?(2) denote the p-harmonic Hardy space and by the
maximum modulus theorem it is natural that we define the norm of f in h?(Q2)
as

17112 = sup /6 ¢+ moPda(Q) < o

0<r<e
In this paper, we are going to extend the results of volume integral means of
holomorphic functions in [5] to those of harmonic Bergman functions in general
bounded smooth domains in R™. In [5] Xiao and Zhu define the volume integral
means of the holomorphic function f in the unit ball B,, in C™ such that

[m /TB |f(z)|PdVa(z)] 1/1)’ 0<r<l,

n

(1.4) M, o(f,7) =

where dV, is the weighted volume measure on B,,. They showed that My, o(f,7)
is strictly increasing as a function of r € [0,1) and they characterized Hardy
and Bergman spaces using M, (f,r) as an application. Now, we introduce
the volume mean integral on smooth boundary domains. Let f be a harmonic
function on £ in R™. For 1 < p < oo, the integral means of f are defined by

Mg(f,r):/69|f(§+rn<)|pda(C), 0<r<e
When p = oo, we define

Moo (f,7) zcse%%ﬂf(xﬂ cx=C+rn;, 0<r<e}.

Let a be any real number. The volume mean integral of f is defined by

ME10) = 5 [ @@, 0<r<e

Now, we will state our results analogue to the holomorphic version.
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Theorem 1.1. Let ) be a bounded domain with C*°-boundary in R™. Suppose
f is a mon-constant harmonic function in Q. Then for given 1 < p < oo,
a € R, M, .(f,7) is strictly increasing when r tends to 0.

With properties of M, o(f,r) in Theorem 1.1, we characterize the harmonic
Bergman spaces and the harmonic hardy spaces in smooth boundary domains
in R™.

Theorem 1.2. Let Q) be a bounded domain with C*°-boundary in R™. Suppose
p > 1 and f is a harmonic function on ) and there exists € > 0 satisfying
conditions (1.1) and (1.2).

(a) If a > —1, then
sup{Mp,o(f,7) : 0 <7 < €} = || f|p.a-
(b) If a < —1, then

sup{Mp,o(f,7) : 0 <7 < e} =|[flp-

In Section 2 we present some backgrounds and the proposition that we need
and in Section 3, we prove our main results. In the last section we will introduce
another kind of the volume mean integral on the upper half space in R™ and
also show that it has the same properties with the case of smooth boundary
domains.

Notation. In the rest of the paper, we use the notation A < B tomean A < CB
for some positive real number C' and A~ Bif A < B S A.

2. Backgrounds

In this section we present some basic facts which we need to prove our results.

2.1. Bounded smooth domains

It is easy to show that 0f),. is also smooth for any 0 < r < e. For each

1 € 09, we will find a neighborhood U,, and a real-valued function f defined
on U, such that

(1) f(z) =0o0n0Q, NU,,

(2) f(z) <0on Q. NU,,

(3) Vf(z) #0 on 0Q, NU,.
We know that projection 7w : D — 0 is well-defined and smooth. Since 02
is smooth there exist a neighborhood Uy, for n € D and defining function ¢
satisfying above (1), (2), and (3) on QN Uyr(,. Now, for fixed r € (0,¢] and
n on 09, we consider the translation t(z) := 2 + rn ) for x € QN Uyy.
Then we can easily check t(Q2 N Ux,) = Q- N U, is one to one and onto and
pot~!: Q,.NU, — R satisfied (1), (2) and (3). We refer to [2] for the geometric
backgrounds of domains with smooth boundaries.
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Proposition 2.1. Let f be a continuous function on 2. Then for fized 0 <
r < €, there exist constants Cy,Cy > 0 depending only on € such that

c / FC+mads©) < [ fmdsm) < / F(C 4 ro)dS(©).
oN onN

0.

Proof. Since m|aq, : 0, — 0Q is a bijection and smooth map defined by
mloa, (¢ +rn¢) = ¢, the determinant of the Jacobian J7~!|sq, ~ 1. Thus, the
proof is complete by the following equation,

f(n)dS(n) = (m(n) + rng(y))dS(n)
0, o0,

= [ 7(¢+ o) on,dS(Q
o0

~ / F(C+me)dS().
o0

2.2. Green identity

Let 2 be a bounded open subset with smooth boundary in R". For u,v €
C2(2) the Green’s formula states that

/ (uAv — vAu)dV = (uDp+v —vDy+u) dS,
Q a0

where n is the outward unit normal vector and (Dy+u)(¢) = Vu(¢) - nt(¢).
The details for the statements above can be found in [1].

2.3. Subharmonic functions

Let f be a real-valued continuous function on €. For each z € , if there
exists a closed ball B(z, R) C €2 such that

fz) < /5 f(z+1Q)do()

whenever 0 < r < R, then f is a subharmonic function on 2. Especially, when
f € C%(Q), f is subharmonic on € if and only if Af > 0 on €. As we mentioned
in the previous section, it is well known that subharmonic functions satisfy the
maximum principle on the connected regions.

3. Volume integral means

The following theorem is the harmonic extension of the classical integral
means of a holomorphic function in the unit ball in C”.

Theorem 3.1. Let Q) be a bounded domain with C*°-boundary in R™. Suppose
1 < p<ooand f is a non-constant harmonic function in Q. Then My(f,r) is
strictly decreasing for r over (0,€).
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Proof. Since | f] is subharmonic on €, the case p = oo is an consequence of the
maximum modulus principle. So we assume 1 < p < oco. First, we will estimate
the case 2 < p < oo. Since |f(z)|P € C? when p > 2, we obtain the following
equality by Green identity

3.1 A pdV D pdS

(3.1) /erfl /|f|<>

By Proposition 2.1, we have

(32) Dalf(n)PdS(n) < C / Dal £(C + o) PdS(C)
0, oN

for some positive constant C.
Since Dy f(( 4+ rne)P = —%|f(§ + sn¢)|P|s=r, we have

d
(3.3) / Dalf(¢+me)|PdS(¢) = f—/ |f(¢+rne)PdS(Q).
o0 dr Joo
Let f(x) = u(x) +iv(z) where u(x),v(z) are real valued functions on Q. Then
by a simple calculation, we have
Alf17 = p(p = 2)If P~ [uVu + vVof* + p| P72V £
> plfP2IV I
Thus, we obtain from (3.1)

d 1
(3.4) %/m|f(§+rn<)|pd8(§) ga/mp|f|p2|Vf|2dV(z).

Thus M,(f,r) is a non-increasing function over r when 2 < p < co. Now, we
consider the case 1 < p < 2. We should say that we follow the calculation in
[4, p.12]. First, we take the function (|f]? 4 §)?/2, 0 < § < 1 and apply Green
identity to get

(3.5) / Da(lf ()% + 6)/2dS () / A(f (@) + 8)P2dV ().

Since (| f|>+6)P/? is a C'-function on © we obtain the following inequality from
(3.2) and (3.3)

lim [ Da(|f(n)I* +8)"/2dS(n) = [  Dalf(m)|"dS(n)
—9Joq, o0,

d
(3.6) S =g ) M CHmaPds(Q).

Since we have
A[(1f17 4 6)P7] = p(p = 2)(If 1>+ )P 22 |uVu+ vV >+ p|V f P (| £+ 6)7/>7"
> p(If12 + 6P [(p — V| f* + 5|V £I%,
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we obtain by Fatou’s Lemma

Jim | A(|f(@)]? + 6)P/2aV (z) > [ Tliggng(lf(x)IQ +8)P/2dV (w)

> / p(p — DI fP~2V f2dV ().

r

Therefore we have the following inequality from (3.5), (3.6)

FC+mPdSQ) <~ [ plp= DIPTSRV (@),

Consequently, (3.4) and (3.7) imply that MP(f,7) is non-decreasing as r
tends to 0. Moreover, if there exist some rg such that d%Mg(f, ro) = 0, then we
can notice V f must be 0 on §,, from (3.4) and (3.7). It induces a contradiction
for the assumption. Therefore the proof is complete. O

3.7 —
3.7 dr Jaq

Now, we will show the monotonicity of M, o(f,r) over r. To prove our
results, we follow the argument used in [5].

Theorem 3.2. Suppose 1 < p < oo, a € R and f is a non-constant harmonic
function in Q. Then My o(f,r) is strictly increasing when r tends to 0.

Proof. Applying the Fubini Theorem, we have

[ 1@l anoto) = [ [ 156+ mopee ar oo

= Ca,e/ Mg(f, 4)t* dt.
Since

(38) va(Dy) = 2 (e =0t

we obtain the similar form in [5] using integration by part,

(39)  MZ.(f.r) - MP(f.r) = % / [ng(f, t)] va(Dy) dt.

)

Vo (D dt
Also, we have the following equation
d re
%Mgaa(f’ T) = Ua(DT) [Mg,a(fa 7’) - Mg(fa 7’)]

Since the left-hand side of (3.9) is positive by Theorem 3.1, MP ,(f,7) is strictly
increasing when r tends to 0 unless f is constant. Thus the proof is complete.
O

Corollary 3.3. Suppose 1 < p < o0, a < —1, and f is a harmonic function
on . Then

3 p
R . |/ (@)|Pdva(z) < o0
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if and only if f is identically 0 on Q.

Proof. We first show that the integral is finite implies f = 0 on 2. Since
Vo(Dy) = +00 as r — 07 when o < —1, Theorem 3.2 and the assumption give
us MJ (f,r) = 0 for all 0 < 7 < e. Thus f must be a constant by Theorem
3.2. Moreover, the assumption implies that f is identically 0. The converse is
trivial. [l

Now, we induce the following applications naturally with our volume mean
integrals.

Theorem 3.4. Suppose 1 < p < oo and f is a harmonic function on Q.
(a) If a > —1, then
sup{Mp,a(f,7) : 0 <7 < e} = [|f|pa-
(b) If a < —1, then
sup{Mp,a(f,7) : 0 <7 <€} = || f|p.

Proof. We know that v, (D,) = v4(D) =1 as r — 07 when « > —1. Thus we
can obtain the result (a) by Theorem 3.2. For the proof of (b), we assume that
a < —1 and f is not identically zero. Then Corollary 3.3 implies

3 p _
Jim [ 7@ dva(w) = .

Thus Theorem 3.2 and L’Hospital’s rule give us that

1
0 MEo(fr) = lim o @)
= Lm - |f (¢ +rme)[Pdo(C)

= sup MP(f,r)=[fI}
0<r<e
as desired. 0

Corollary 3.5. Suppose a > —1,1 < p < o0 and [ is a non-constant harmonic
function in Q. Then || f|lp.« is strictly decreasing for .

Proof. Assume that —1 < ag < a2 < 0o and || f||p,a; < 00. Then we have

€ d /
— — fpdva2> dr
/0 dr ( DT| |
::4,ca2¢ ‘ azfallz_ m/" P d
ol A U T

€
—Caz’ﬁ/ (ag—al)r”_al_l/ | f|Pdvg, dr.
0

Cal,e

1115,z

r
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From Theorem 3.4(a) we know that for any 0 < r <,

/ |f|pd’Ua1 < Vo (Dr)/ |f|pdvoz1'
D, D

Thus we obtain the following inequality

Cag,e € o — vy —
17, < Soxt / (a2 — on)r®>=*1 "y, (D)) / FPPdva, dr
0 D

COt1,€

_ P 6&216(0527051) /6 as—ar1—1/ a1+l _ o1+l d
R

= 113,01

as we desired. O

Remark 3.6. It is easy to check that we can take e = 1 when 2 is the unit ball in
B,,. Then the volume integral mean of the harmonic function f is represented
by

1

m/B |f(2)[Pdva (z),

where By, := D, = {z € B, : 2] <1 —r}. Thus, if we change the variable
1 —r to s, then we can notice that MP ,(f,s) is strictly increasing when s
increases to 1 by Theorem 3.2. Thus, using the definition of volume mean
integral with (1.4) under our assumptions, we can easily notice that the results
and their proofs are the same with the case of holomorphic functions in [5].
Accordingly, we will use the definition (1.4) for the following section.

My . (f,r) =

4. Further remark

In this section, we extend Remark 3.6 to the half-space setting. Because H
is a unbounded domain, V,,(H) is not finite even for oo > —1. Instead we have
(4.4) below as a substitute. We first introduce a modified Kelvin transform K
which connects B and H. Then the result for H follows from the result for B.

For a fixed positive integer n > 2, let H = R"~! x R be the upper half-
space where R denotes the set of all positive real numbers. We will write a
point z € H as z = (2, x,,) where 2’ € R""! and z,, € R.

The map @ : R*\ {—e} — R™\ {—e} is given by

(22,1 — |z]?)
(4.1) O(z) = o1 o2

)

where e = (0/,1) € H is the standard reference point. Then the map ® is a
Mébius transform taking B onto H and H onto B with ®(e) = 0 and ®(0) = e.
Also, ® is an involution, i.e., ® o ® is the identity map on R™ \ {—e}. The
following identities are easily computed as

4x,

(4.2) |®(z) +e| = = orep

21— ®(2)]?
e @ ()
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and the Jacobian determinant J® is

For z,y € B, the following identity comes from Lemma 2.2 in [3]

(4.3 B(0) - B0 = e

where [z,y] = /1 — 2z -y + |z[2[y[2.
A modified Kelvin transform K with respect to the point —e is defined by
_ D(x)
K _omn-2)2_fo @)
ne P
In case n = 2, note that K[f](z) = f o ®(z). Then K is its own inverse and
preserves harmonicity. That is, f is harmonic on H if and only if K[f] is
harmonic on B. See Chapter 7 in [1] for details.
The pseudohyperbolic distance between two points z,y € H is defined by

_ |z =yl

lz =7l
For 2 € H, and 0 < r < 1, let E,.(z) denote the pseudohyperbolic ball of radius
r centered at x.

Now, we define the volume integral mean on the upper half-space. If f is
harmonic on H and 1 < p < 0o, we define

p(x,y)

1 |z + e (n=2)p
@) Myonlfor) = s [l (B5) T duate)
b ta(Er(e)) JE, (e) 2
where the weighted measure du, () is

200+n .«
2 Ty

dpia () dV (z).

= _|.T T e|2(n+a)

Theorem 4.1. Suppose 1 < p < 0o, a € R and f is a non-constant har-
monic function on H. Then the volume integral mean M, o u(f,r) is strictly
increasing when r tends to 1.

Proof. Note that from (4.3), we have
[P(z) — 2(0)]
| (2) — @(0)]
for x € B,.. It means
®(B,) = E,(e).
Since f is a non-constant harmonic on H, K[f] is non-constant harmonic on
B. Using (4.2), we have

1 od p
MyoKIFL) = 555 . 2<“>/2%<1|x|2>a 4V (2)
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- 1 )P —|®(x)]?) x x
- Va(By) /Er(e) |(I)(:C)+e|(n*2)p(1 ®(x)[*)*JD(z) dV (x)

- m /E e <'z—;e')(“)p dpia(z).

Consequently, we get

(4.5) Mponu(f,r) = Mpa(K[f],7).
Thus the note above Remark 3.6 implies that M, o u(f, r) is strictly increasing
when r tends to 1. The proof is complete. ([

In case n = 2, this result gives us that the following integral mean on the
upper half-plane is strictly increasing when r tends to 1,

1 » .
Mpau(f,r)= m/&(e) [f(@)]? dpe(x).
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