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ON 2-ABSORBING PRIMARY IDEALS IN
COMMUTATIVE RINGS

AyMAN BaDAWI, UNSAL TEKIR, AND ECE YETKIN

ABSTRACT. Let R be a commutative ring with 1 # 0. In this paper, we
introduce the concept of 2-absorbing primary ideal which is a general-
ization of primary ideal. A proper ideal I of R is called a 2-absorbing
primary ideal of R if whenever a,b,c € R and abc € I, then ab € I or
ac € VT or be € v/I. A number of results concerning 2-absorbing primary
ideals and examples of 2-absorbing primary ideals are given.

1. Introduction

We assume throughout this paper that all rings are commutative with 1 # 0.
Let R be a commutative ring. An ideal I of R is said to be proper if I # R.
Let I be a proper ideal of R. Then Z;(R) = {r € R | rs € I for some
s € R\ I}. The concept of 2-absorbing ideal, which is a generalization of prime
ideal, was introduced by Badawi in [3] and studied in [2], [8], and [4]. Various
generalizations of prime ideals are also studied in [1] and [5]. Recall that a
proper ideal I of R is called a 2-absorbing ideal of R if whenever a,b,c € R
and abc € I, then ab € I or ac € I or bc € I. In this paper, we introduce
the concept of 2-absorbing primary ideal which is a generalization of primary
ideal. A proper ideal I of R is said to be a 2-absorbing primary ideal of R if
whenever a,b, ¢ € R with abe € I, then ab € I or ac € /T or be € V1.

Note that a 2-absorbing ideal of a commutative ring R is a 2-absorbing
primary ideal of R. However, these are different concepts. For instance, consider
the ideal I = (12) of Z. Since 2-2-3 €I, but 2-2¢ I and 2-3 ¢ I, I is not
a 2-absorbing ideal of Z. However, it is clear that I is a 2-absorbing primary
ideal of Z. It is also clear that every primary ideal of a ring R is a 2-absorbing
primary ideal of R. However, the converse is not true. For example, (6) is a
2-absorbing primary ideal of Z, but it is not a primary ideal of Z.

Among many results in this paper, it is shown (Theorem 2.2) that the radical
of a 2-absorbing primary ideal of a ring R is a 2-absorbing ideal of R. It is
shown (Theorem 2.4) that if I is a Pj-primary ideal of R for some prime ideal
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P, of R and I5 is a Py-primary ideal of R for some prime ideal P; of R, then
LIy and I; N Iy are 2-absorbing primary ideals of R. It is shown (Theorem
2.8) that if T is a proper ideal of a ring R such that VT is a prime ideal of
R, then I is a 2-absorbing primary ideal of R. It is shown (Theorem 2.10)
that every proper ideal of a divided ring is a 2-absorbing primary ideal. It is
shown (Theorem 2.11) that a Noetherian domain R is a Dedekind domain if
and only if a nonzero 2-absorbing primary ideal of R is either M* for some
maximal ideal M of R and some positive integer k& > 1 or MFM3 for some
distinct maximal ideals M7, Ms of R and some positive integers k,n > 1. It
is shown (Theorem 2.19) that a proper ideal I of R is a 2-absorbing primary
ideal if and only if whenever I;IsI3 C I for some ideals I, Is, I3 of R, then
Iilo C 1T or I1I3 C VI or I,I; C VI. Let R = Ry x Ry, where Ry, Ry are
commutative rings with 1 # 0. It is shown (Theorem 2.23) that a proper ideal
J of R is a 2-absorbing primary ideal of R if and only if either J = I; X R for
some 2-absorbing primary ideal I1 of Ry or J = Ry X Is for some 2-absorbing
primary ideal I of Ry or J = I; x I5 for some primary ideal I; of R; and some
primary ideal I of Rs.

2. Properties of 2-absorbing primary ideals

Definition 2.1. A proper ideal I of R is called a 2-absorbing primary ideal of
R if whenever a,b,c € R and abc € I, then ab € I or ac € /T or be € /1.

Theorem 2.2. If I is a 2-absorbing primary ideal of R, then I is a 2-
absorbing ideal of R.

Proof. Let a,b,¢c € R such that abe € VI, ac € VI and be ¢ /I. Since
abe € VI, there exists a positive integer n such that (abe)™ = a™b"c™ € 1.
Since I is 2-absorbing primary and ac ¢ v/I and be ¢ VI, we conclude that
a™b™ = (ab)" € I, and hence ab € v/I. Thus V/T is a 2-absorbing ideal of R. [

Theorem 2.3. Suppose that I is a 2-absorbing primary ideal of R. Then one
of the following statements must hold.
(1) VI = P is a prime ideal,
(2) VI = P, NPy, where Py and Py are the only distinct prime ideals of R
that are minimal over I.

Proof. Suppose that I is a 2-absorbing primary ideal of R. Then /T is a 2-

absorbing ideal by Theorem 2.2. Since v/+/I = V/I, the claim follows from [3,
Theorem 2.4]. O

Theorem 2.4. Let R be a commutative ring with 1 # 0. Suppose that I is a
P, -primary ideal of R for some prime ideal P, of R, and I is a Py-primary
ideal of R for some prime ideal P> of R. Then the following statements hold.
(1) I1 15 is a 2-absorbing primary ideal of R.
(2) I NIy is a 2-absorbing primary ideal of R.
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Proof. (1) Suppose that abc € I1Iy for some a,b,c € R, ac ¢ /1115, and
bC¢ \/11[2 = P1 ﬂPQ. Then a,b,c€ \/11[2 = P1 ﬂPQ. Since \/11[2 = P1 ﬂPQ,
we conclude that v/I1 I5 is a 2-absorbing ideal of R. Since /I I5 is a 2-absorbing
ideal of R and ac,bc & /1115, we have ab € /I;I,. We show that ab € I1 5.
Since ab € /111, C P, we may assume that a € P;. Since a ¢ /111> and
ab € V111, C Py, we conclude that a ¢ P, and b € P,. Since b € P, and
b & I1I, we have b ¢ P;. If a € I and b € I, then ab € [1I; and we
are done. Thus assume that a & I;. Since I is a P;-primary ideal of R and
a & I, we have bc € P;. Since b € P, and bc € Py, we have bc € v/I1 15, which
is a contradiction. Thus a € I;. Similarly, assume that b € I5. Since I is a
Ps-primary ideal of R and b € 15, we have ac € P,. Since ac € P> and a € P,
we have ac € v/I11, which is a contradiction. Thus b € Is. Hence ab € I 1.
(2)(Similar to the proof in (1)). Let H = I; N Is. Then VH = P, N Ps.
Suppose that abc € H for some a,b,¢ € R, ac ¢ VH, and bc ¢ vVH. Then
a,b,c ¢ VH=P NP Since vVH =P, NP is a 2-absorbing ideal of R and
ac,be ¢ VH, ab € vVH. We show that ab € H. Since ab € vVH C P;, we may
assume that a € P;. Since a ¢ VH and ab € VH C P,, we conclude that
a¢ Pyandbe P,. Sincebe Pyandb & VH,b ¢ Pi. If a € I and b € I», then
ab € H and we are done. Thus assume that a ¢ ;. Since [; is a Pj-primary
ideal of R and a ¢ I;, we have bc € P;. Since b € P, and bc € P;, we have
be € VH, which is a contradiction. Thus a € I;. Similarly, assume that b & I.
Since I5 is a P»-primary ideal of R and b & I3, we have ac € P». Since ac € P
and a € P;, we have ac € v H, which is a contradiction. Thus b € I,. Hence
abe H. [l

In view of Theorem 2.4, we have the following result.

Corollary 2.5. Let R be a commutative ring with 1 # 0, and let Py, Py be
prime ideals of R. If P* is a Pi-primary ideal of R for some positive integer
n > 1 and P3" is a Py-primary ideal of R for some positive integer m > 1, then
PI'P3* and P{* N Py are 2-absorbing primary ideals of R. In particular, Py P,
is a 2-absorbing primary ideal of R.

In the following example, we show that if Py, P, are prime ideals of a ring R
and n, m are positive integers, then P;* P;* need not be a 2-absorbing primary
ideal of R.

Example 2.6. Let R = Z[Y] + 3XZ[Y,X]. Then P, = YR and P, =
3XZ|Y, X] are prime ideals of R. Let I = PyPj. Then 3X2-Y -3 =9X%Y €1
and 3X2 .Y = 3X%Y ¢ I. Clearly 3X2 -3 = 9X2 ¢ /I = PN P, and
Y -3=3Y ¢ I =P NP, . Hence I is not a 2-absorbing primary ideal of R.

In the following example, we show that if I C J such that [ is a 2-absorbing
primary ideal of R and v/I = v/J, then J need not be a 2-absorbing ideal of R.

Example 2.7. Let R =7Z[X,Y,Z]. Then P, = X R, P» = YR are prime ideals
of R, and I = P PJ is a 2-absorbing primary ideal of R by Corollary 2.5. Let
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J=(XYZ, Y3 X)R. Then I C Jand VI =+vJ =P NP, = (XY)R. We
show that J is not a 2-absorbing ideal of R. For X - Y - Z = XY Z € J, but
X Y=XY¢&J, X - Z=XZgJ,andY  -Z=YZ¢&+/J. Thus J is not a
2-absorbing ideal of R.

Let I be a proper ideal of a ring R. It is known that if /T is a maximal
ideal of R, then [ is a primary ideal of R. In the following result, we show that
if v/T is a prime ideal of R, then I is a 2-absorbing primary ideal of R.

Theorem 2.8. Let I be an ideal of R. If /I is a prime ideal of R, then I is a
2-absorbing primary ideal of R. In particular, if P is a prime ideal of R, then
P" is a 2-absorbing primary ideal of R for every positive integer n > 1.

Proof. Suppose that abc € I and ab ¢ I. Since (ac)(bc) = abc® € I € /T and
VIisa prime ideal of R, we have bc € VToraceI. Hence I 'is a 2-absorbing
primary ideal of R. (|

In view of Theorem 2.2, Theorem 2.3, and Theorem 2.8, the following is an
example of an ideal J of a ring R where v/.J is a 2-absorbing ideal of R, but .J
is not a 2-absorbing primary ideal of R.

Example 2.9. Let R = Z[X,Y, Z] and let J = (XY Z,Y? X?)R. Then v/.J =
Y RN XR is a 2-absorbing ideal of R, but J is not a 2-absorbing primary ideal
of R by Example 2.7. Also, see Example 2.6.

Recall that a commutative ring R with 1 = 0 is called a divided ring if for
every prime ideal P of R, we have P C xR for every « € R\ P. Every chained
ring is a divided ring (recall that a commutative ring R with 1 # 0 is called a
chained ring, if x | y(inR) or y | x(inR) for every z,y € R). It is known that
the prime ideals of a divided ring are linearly ordered; i.e., if Py, P, are prime
ideals of R, then P, C P, or P, C P;. We have the following result.

Theorem 2.10. Let R be a commutative divided ring with 1 # 0. Then every
proper ideal of R is a 2-absorbing primary ideal of R. In particular, every
proper ideal of a chained ring is a 2-absorbing primary ideal.

Proof. Let I be a proper ideal of R. Since the prime ideals of a divided ring
are linearly ordered, we conclude that v/T is a prime ideal of R. Hence I is a
2-absorbing primary ideal of R by Theorem 2.8. O

Let R be an integral domain with 1 # 0, and let K be the quotient field
of R. If I is a nonzero proper ideal of R, then ™! = {x € K | zI € R}.
An integral domain R is said to be a Dedekind domain if 1! = R for every
nonzero proper ideal I of R.

Theorem 2.11. Let R be a Noetherian integral domain with 1 # 0 that is not
a field. Then the following statements are equivalent.

(1) R is a Dedekind domain.
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(2) A nonzero proper ideal I of R is a 2-absorbing primary ideal of R if
and only if either I = M™ for some mazximal ideal M of R and some
positive integer n > 1 or I = M M3" for some mazimal ideals My, My
of R and some positive integers n,m > 1.

(3) If I is a nonzero proper 2-absorbing primary ideal of R, then either
I = M™ for some mazimal ideal M of R and some positive integer
n>1orl=M"MJ for some mazimal ideals My, Ms of R and some
positive integers n,m > 1.

(4) A nonzero proper ideal I of R is a 2-absorbing primary ideal of R if and
only if either I = P™ for some prime ideal P of R and some positive
integer n > 1 or I = P{"Py* for some prime ideals P1, P> of R and
some positive integers n,m > 1.

(5) If I is a monzero proper 2-absorbing primary ideal of R, then either
I = P" for some prime ideal P of R and some positive integer n > 1
or I = Pl'Py" for some prime ideals Py, Po» of R and some positive
integers n,m > 1.

Proof. (1) = (2). Suppose that R is a Dedekind domain that is not a field.
Then every nonzero prime ideal of R is maximal. Let I be a nonzero proper
ideal of R. Then I = M{"'My?*---M;* for some distinct maximal ideals
My, ..., My of R and some positive integers ny,...,n; > 1. Suppose that
I is a 2-absorbing primary ideal of R. Since every nonzero prime ideal of R is
maximal and \/T is either a maximal ideal of R or I; N Iy for some maximal
ideals I;,I> of R by Theorem 2.3, we conclude that either I = M™ for some
maximal ideal M of R and some positive integer n > 1 or I = M{*MJ" for some
maximal ideals M7, Ms of R and some positive integers n,m > 1. Conversely,
suppose that I = M™ for some maximal ideal M of R and some positive integer
n>1or I = M{MJ" for some maximal ideals M7, M2 of R and some positive
integers n,m > 1. Then [ is a 2-absorbing primary ideal of R by Theorem 2.8
and Corollary 2.5.

(2) = (3). It is clear.

(2) = (4). It is clear.

(4) = (5). It is clear.

(3) = (5). It is clear.

(5) = (1). Let M be a maximal ideal of R. Since every ideal between M?
and M is an M-primary ideal, and hence a 2-absorbing primary ideal of R, the
hypothesis in (5) implies that there are no ideals properly between M? and M.
Hence R is a Dedekind domain by [6, Theorem 39.2, p. 470]. [

Since every principal ideal domain is a Dedekind domain, we have the fol-
lowing result as a consequence of Theorem 2.11.

Corollary 2.12. Let R be a principal ideal domain and I be a nonzero proper
ideal of R. Then I is a 2-absorbing primary ideal of R if and only if either
I = p*R for some prime element p of R and k > 1 or I = p}py*R for some
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distinct prime elements p1, p2 of R and some positive integers n,m > 1. In
particular, if R = Z or R = F[X] for some field F, then a proper ideal I of
R is a 2-absorbing primary ideal of R if and only if either I = p*R for some
prime element p of R and some positive integer k > 1 or I = pp5* R for some
distinct prime elements p1, p2 of R and some positive integers n,m > 1.

The following is an example of a unique factorization domain that contains
a 2-absorbing primary ideal not of the form P/* P3* for some prime ideals P, P,
of R and some positive integers n,m > 1.

Example 2.13. Let R = K [X,Y], where K is a field. Consider the ideal
I = (X,Y?) of R. Then I is a 2-absorbing primary ideal of R that is not of
the form P*Pj*, where P;, P, are prime ideals of R and n,m > 1.

Let R be a commutative Noetherian ring with 1 # 0. It is well-known that
every proper ideal of R has a primary decomposition. Since every primary ideal
is a 2-absorbing primary ideal, we conclude that every proper ideal of R has
a 2-absorbing primary decomposition. However, decomposition of an ideal of
R into 2-absorbing primary ideals need not be unique. We have the following
example.

Example 2.14. In light of Corollary 2.12, consider the ideal (60) of Z. Then
(60) =(3)N(4)N(5) =(3)N(20) = (4) N (15) = (5) N (12).
Hence (60) has four distinct 2-absorbing primary decompositions. The ideal
(210) of Z has exactly ten distinct 2-absorbing primary decompositions.
(210)=(2)NEB)NG)N(7) = (6)N(5) N (7) = (10) N (3) N (T)
=14HNB)NGB)=>15)N2)N((7)= (15N (14) = 21)Nn(2)N(5)
= (21)N(10) = (35) N (2) N (3) = (35) N (6).

Definition 2.15. Let I be a 2-absorbing primary ideal of R. Then P = /T is
a 2-absorbing ideal by Theorem 2.2. We say that [ is a P-2-absorbing primary
ideal of R.

Theorem 2.16. Let I1,1I5,...,1, be P-2-absorbing primary ideals of R for
some 2-absorbing ideal P of R. Then I = ﬂ?zl I; is a P-2-absorbing primary
ideal of R.

Proof. First observe that /I = (., v/I; = P. Suppose that abc € I for some
a,b,c € R and ab € I. Then ab ¢ I; for some 1 < i < n. Hence bc € \/I; = P
or ac € \/I; = P. (I

If I, I, are 2-absorbing primary ideals of a ring R, then I; N I3 need not be
a 2-absorbing primary ideal of R. We have the following example.

Example 2.17. Let I; = 50Z and I = 75Z. Then I, 1> are 2-absorbing
primary ideals of Z by Corollary 2.12. Since /Iy N Is = 2Z N 3Z N 5Z = 30Z,
I; N Iy is not a 2-absorbing primary ideal of Z by Theorem 2.3.
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In the following result, we show that a proper ideal I of a ring R is a 2-
absorbing primary ideal of R if and only if whenever I IsI3 C I for some ideals
I, I, Iy of R, then I1 I, C I or I,I3 C /T or I; I3 C v/I. But first we have the
following lemma.

Lemma 2.18. Let I be a 2-absorbing primary ideal of a ring R and suppose
that abJ C I for some elements a,b € R and some ideal J of R. If ab & I,
then aJ C VI or bJ C V.

Proof. Suppose that aJ € /T and bJ € v/I. Then aj; ¢ /T and bj, & /T for
some j1,jo € J. Since abj; € I and ab & I and ajy & VI, we have bj, € V1.
Since abj, € I and ab & I and bjo & V1, we have ajo € VI. Now, since
ab(ji + j2) € I and ab & I, we have a(j; + j2) € VI or b(j1 + j2) € VI.
Suppose that a(ji 4 j2) = aji + ajs € V1. Since ajy € VI, we have aj; € V1,
a contradiction. Suppose that b(j; 4 j2) = bj1 + bjs € V1. Since bj; € V1, we
have bj, € \/T, a contradiction again. Thus aJ C VT or bJ - V. [l

Theorem 2.19. Let I be a proper ideal of R. Then I is a 2-absorbing primary
ideal if and only if whenever I1IsI3 C I for some ideals Iy, Iz, I3 of R, then
LI, CI or I,Is CVI or 1I; C V1.

Proof. Suppose that whenever I1I5I3 C I for some ideals I, I5, I3 of R, then
I, C1or IhI3 C VT or 1113 C V/I. Then clearly I is a 2-absorbing primary
ideal of R by definition.

Conversely, suppose that I is a 2-absorbing primary ideal of R and I I, 13 C I
for some ideals I, I5, Is5 of R, such that I1Io € I. We show that [1I5 C VI
or I,bI3 C V. Suppose that neither I; I3 C VT nor I3 C V/I. Then there
are ¢ € I; and g2 € I5 such that neither ¢;I35 C VT nor q213 C VI. Since
q19213 C I and neither ;I3 C VT nor q213 C \/f, we have q1q2 € I by Lemma
2.18.

Since I1Is € I, we have ab ¢ I for some a € I1, b € I5. Since abl3 C I and
ab & I, we have als C VT or bl; C VI by Lemma 2.18. We consider three
cases. Case one: Suppose that als C VI, but bls Z VI. Since q1bIs C I
and neither bl C VI nor ails C \/7, we conclude that ¢1b € I by Lemma
2.18. Since (a + q1)bI3 C I and alz C VI, but q1I3 Z VI, we conclude that
(a+q1)Is € V1. Since neither bI3 C /T nor (a + ¢1)I3 € VI, we conclude
that (a + ¢1)b € I by Lemma 2.18. Since (a + ¢1)b =ab+ ¢:b € I and ¢1b € I,
we conclude that ab € I, a contradiction. Case two: Suppose that bI3 C /1,
but als € VI. Since agals € I and neither als C /I nor gols C VI, we
conclude that ags € I. Since a(b+ g2)I3 C I and bl C VI, but q213 £ VI, we
conclude that (b + ¢2)I3 € V/I. Since neither al3 C /T nor (b+ g2)I5 C VI,
we conclude that a(b+ ¢2) € I by Lemma 2.18. Since a(b+ ¢q2) = ab+age € I
and ags € I, we conclude that ab € I, a contradiction. Case three: Suppose
that alz C VI and b3 C VI. Since b3 C VT and q21l3 £ \/7, we conclude
that (b + q2)I3 € V1. Since q1(b + g2)Is C I and neither 115 C VT nor
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(b+ g2)Is € VI, we conclude that q;(b+ ¢2) = q1b+ q1¢2 € I by Lemma 2.18.
Since q1g2 € I and q1b+q1¢2 € I, we conclude that bg; € I. Since als C /T and
q113 € /I, we conclude that (a+¢1)Is € V1. Since (a+4q1)g2I3 C I and neither
g2I3 C VT nor (a+q1)I5 C V1, we conclude that (a+q1)g2 = ag2+q1q2 € I by
Lemma 2.18. Since q1¢2 € I and aga+q1q2 € I, we conclude that ags € I. Now,
since (a+q1)(b+q2)Is C I and neither (a+q1)Is € V1 nor (b4 q2)I3 C VI, we
conclude that (a+q1)(b+q2) = ab+aga+bg1 +q1g2 € I by Lemma 2.18. Since
aq2,bq1,q1q2 € I, we have aga + bqy + q1q2 € I. Since ab+ aqa +bqr + q1q2 € 1
and aqe + bq1 + q1q2 € I, we conclude that ab € I, a contradiction. Hence
I3 C VI or LIs C VI O

Theorem 2.20. Let f : R — R’ be a homomorphism of commutative rings.
Then the following statements hold.
(1) If I is a 2-absorbing primary ideal of R', then f~1(I') is a 2-absorbing
primary ideal of R.
(2) If f is an epimorphism and I is a 2-absorbing primary ideal of R con-
taining Ker(f), then f(I) is a 2-absorbing primary ideal of R’.

Proof. (1) Let a,b,c € R such that abc € f~'(I"). Then f(abc) = f(a)f(b)f(c)
€ I'. Hence we have f(a)f(b) € I or f(b)f(c) € VI or f(a)f(c) € VT, and
thus ab € f~1(I") or be € f~Y(V/I') or ac € f~Y(/T'). By using the equality
fYWT) = /F~II7), we conclude that f~1(I') is a 2-absorbing primary ideal
of R.

(2) Let @/, b, ¢ € R and o'/’ € f(I). Then there exist a,b, ¢ € R such that
fla)=d, f(b) =V, f(c) =, and f(abc) = a'b'c’ € f(I). Since Ker f C I,
we have abe € I. Tt implies that ab € I or ac € VT or be € v/I. This means
that a't’ € f(I) or a'c € f(VI)C+/f(I)or¥'c € f(VI)C \/f(I). Thus f(I)

(I

is a 2-absorbing primary ideal of R’.

Corollary 2.21. Let R be a commutative ring with 1 # 0. Suppose that I, J
are distinct proper ideals of R. If J C I and I is a 2-absorbing primary ideal
of R, then I/J is a 2-absorbing primary ideal of R/J.

Proof. The proof is clear by Theorem 2.20(2). O

Theorem 2.22. Let R be a commutative ring with 1 # 0, S be a multiplica-
tively closed subset of R, and I be a proper ideal of R. Then the following
statements hold.
(1) IfI is a 2-absorbing primary ideal of R such that INS = &, then S™1
is a 2-absorbing primary ideal of ST'R.
(2) If S~ is a 2-absorbing primary ideal of ST'R and SN Z;(R) = @,
then I is a 2-absorbing primary ideal of R.

Proof. (1) Let a,b,c € R, s,t, k € S such that %%% € S~1I. Then there exists
u € S such that wabc € I. Since [ is a 2-absorbing primary ideal, we get
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b— uah c GO IF

ust

uab € I or be € VT or uac € VI. If uab € I, then 3
be € V1, then %% € ST =+/S-11. If uac € VI, then fe= e vVS—1I.
(2) Let a,b,c € R such that abc € I. Then %< = 222 ¢ §=1] Tt follows
4be S TorbeeVSor4ee VS If 42 =% € §71], then uab € I,
for some u € S. Since v € S and SN Z;(R) = @, we conclude ab € I. If
%% = % € VS—1I = S~'V/I, then there exists v € S and a positive integer
n such that (vbc)™ = v™b"c™ € I. Since v € S, we have v™ ¢ Zr(R). Thus
bre™ € I, and so be € VI. If $7 € VS~ then similarly we obtain ac € VI,
and it completes the proof. (I

Theorem 2.23. Let R = Ry X Ry, where Ry and Rs are commutative rings
with 1 # 0. Let J be a proper ideal of R. Then the following statements are
equivalent.
(1) J is a 2-absorbing primary ideal of R.
(2) Either J = I; X Ry for some 2-absorbing primary ideal Iy of Ry or
J = Ry x I for some 2-absorbing primary ideal I3 of Re or J = 11 x I
for some primary ideal Iy of R1 and some primary ideal Is of Ra.

Proof. (1) = (2). Assume that J is a 2-absorbing primary ideal of R. Then
J = I; x Is for some ideal I} of R; and some ideal I> of Ro. Suppose that

I, = Ry. Since J is a proper ideal of R, I} # R;. Let R = {0}% Then

J = {0}+RZ is a 2-absorbing primary ideal of R’ by Corollary 2.21. Since
R’ is ring-isomorphic to Ry and I; = J’, I; is a 2-absorbing primary ideal of
Ry. Suppose that I; = R;. Since J is a proper ideal of R, I # Ry. By a
similar argument as in the previous case, I is a 2-absorbing primary ideal of
R5. Hence assume that I; # Ry and I3 # Rs. Then VI = T X VI5. Suppose
that I is not a primary ideal of R;. Then there are a,b € Ry such that ab € I
but neither @ € I; nor b € /I;. Let x = (a,1),y = (1,0), and ¢ = (b,1).
Then zyc = (ab,0) € J but neither 2y = (a,0) € J nor xc = (ab,1) € v/.J nor
yc = (b,0) € V/J, which is a contradiction. Thus I; is a primary ideal of R;.
Suppose that I5 is not a primary ideal of Ry. Then there are d, e € Ry such that
de € Iy but neither d € Iy nor e € /I. Let x = (1,d),y = (0,1), and ¢ = (1, e).
Then zyc = (0,de) € J but neither zy = (0,d) € J nor zc = (1,de) € v/.J nor
yc=(0,e) € V/J, which is a contradiction. Thus I, is a primary ideal of Rj.
(2) = (1). If J = I; x Ry for some 2-absorbing primary ideal I; of Ry or
J = Ry X I for some 2-absorbing primary ideal I of R, then it is clear that
J is a 2-absorbing primary ideal of R. Hence assume that J = I} x Is for some
primary ideal I; of Ry and some primary ideal Iy of Ry. Then If = I X Ry
and I} = Ry x I are primary ideals of R. Hence I{1 NI, =11 x [ = J is a
2-absorbing primary ideal of R by Theorem 2.4. (I

Theorem 2.24. Let R = Ry X Ry X -+ X Ry, where 2 < n < oo, and
Ry, Rs, ..., R, are commutative rings with 1 # 0. Let J be a proper ideal
of R. Then the following statements are equivalent.
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(1) J is a 2-absorbing primary ideal of R.

(2) Either J = x7_ Iy such that for some k € {1,2,...,n}, I is a 2-
absorbing primary ideal of Ry, and I; = Ry for everyt € {1,2,...,n}\
{k} or J = x}_,I; such that for some k,m € {1,2,...,n}, I} is a
primary ideal of Ry, I, is a primary ideal of R,,, and I; = R; for
every t € {1,2,...,n}\ {k,m}.

Proof. We use induction on n. Assume that n = 2. Then the result is valid by
Theorem 2.23. Thus let 3 < n < oo and assume that the result is valid when
K =R; x---x R,—1. We prove the result when R = K x R,,. By Theorem
2.23, J is a 2-absorbing primary ideal of R if and only if either J = L x R,, for
some 2-absorbing primary ideal L of K or J = K x L,, for some 2-absorbing
primary ideal L,, of R,, or J = L X L,, for some primary ideal L of K and some
primary ideal L,, of R,. Observe that a proper ideal @) of K is a primary ideal
of K if and only if Q = x;:lllt such that for some k € {1,2,...,n— 1}, I} is
a primary ideal of Ry, and I; = R; for every t € {1,2,...,n — 1} \ {k}. Thus
the claim is now verified. (|
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