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THE ¢g-DEFORMED GAMMA FUNCTION AND
g¢-DEFORMED POLYGAMMA FUNCTION
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ABSTRACT. In this paper, we rederive the identity I'q(z)[q(l — z) =

Tq
sing (mqx)
and study representation of g-oscillator algebra in terms of the g-factorial
polynomials.

Then, we give g-analogue of Gauss’ multiplication formula

1. Introduction

In the last decades, the g-calculus served as a bridge between mathematics
and physics. The majority of researchers around the world who use g-calculus
are physicists. This field has expanded explosively, due to the fact that the
basic hypergeometric series served several subjects of combinatorics, quantum
theory, number theory, statistical mechanics.

From now on we will restrict our concern to the case that the deformation
parameter ¢ is real and 0 < ¢ < 1. The g-analogue of Gamma function (or
g-deformed Gamma function), a g-analogue of Euler’s gamma function, was
introduced by Thomae [17] and later by Jackson [5, 6] as the infinite product

. > 1 _ qn+1
Ty(z) =(1—-¢q) H T
n=0

Askey [2] pointed out that this function satisfies I'g(x+1) = [z]T(x), Ty(1) =1

and j—; logT'y(z+1) > 0 for all z > 0, where [z] is a Jackson’s g-number defined
by [z] = [z]q = %. Recently, several authors have studied many properties
of g-gamma functions I'y(x) in the area of physics and applied mathematics
(see [1, 3, 8, 7,9, 10]). In this paper, we are interested on g-deformed Gamma
and polygamma functions. The aim of this paper is to rederive the identity
Ly(x)Ty(1—2) = mﬂﬁ At the end, we give g-analogue of Gauss’ multipli-
cation formula and study representation of g-oscillator algebra in terms of the

g-factorial polynomials.

Received September 19, 2013; Revised January 22, 2014.
2010 Mathematics Subject Classification. 11B68, 33D05, 11B65.
Key words and phrases. g-gamma function, ¢g-polygamma function.

(©2014 Korean Mathematical Society

1155



1156 W. S. CHUNG, T. KIM, AND T. MANSOUR

2. New properties concerning the g-deformed Gamma function and
g-deformed polygamma function

The g-deformed Gamma function can be rewritten in the following form;

(1) Iy(z) = lim [ntn)® )
n—oo [z][x + 1][z + 2] [z + n]

where the g-factorial is defined by [n]! = [n][n — 1] ---[2][1]. For an integer N,
we have I'((N) = [N — 1]! The proof is as follows.

I,(N) = lim [t
n—oo [N][N 4+ 1][N +2]--- [N + n]
= [N —1]! lim [ =[N —1]!
n—oo [n+1]n+2]---[n+ N] ’
where we used lim,, ,o[n + k] = . Using (1), we obtain the duplication

1—q-
formula of the g-deformed Gamma function.

Proposition 2.1. The ¢g-Gamma function obeys

Ly(z)T, (z + %) =T, <%> ([2],9)' *T Jq(2x),

17 x
where [x] 5 = 1(77‘/\2.

Proof. Using (1), we have
N ([l 2o+ /2
Ta(@)Ty <5” * 5) QT o FSE BUR o | S | IRy ) DO P
Using [22] 7 = [2] s]7], we have
1\ (21 () (12)) 7 ([20] yq)
Fa(@)Tq (”” + 5) A 2a] g2z + 1] g --- 22 + 20] g + 20+ 1] 4
= A([2] )" *T jg(22).
Inserting x = 1/2, we derive A = [2] 5l (%), which completes the proof. [

Note that in [10] Mansour has also studied some properties of I'y(x) re-
lated to our Proposition 2.1. In order to compute I'; (%), let us introduce the
g-deformed exponential function. There exist two different g-deformed expo-
nential functions as follows:

> zk 0 qk(k—l)/2xk
%W:;m?%@zz_ﬁﬁf
=0 k=0

The following relations exist between the two types of the ¢-deformed expo-
nential functions;

eq(r) = Eg-1(x), eq(—x)Eq(x) = 1.
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For 0 < ¢ < 1, we have e;(—00) = 0, eq(ﬁ) = o0, Ey(— ) 0 and
E,(c0) = oo. Using the g-deformed exponential functions, we get the well
known integral expression for the g-deformed Gamma function (see [6]):

@) L) = [ B gy,
0
Therefore, we can state the following result.

Proposition 2.2. For 0 < ¢ <1,

r, <%> = V1= 4E, (q_%) cald?(1 - q)).

Proof. By (2) we have

1
1 =
r, (5) :/ V2B, (—qx)dga
0

e n —1/2 n+1
nf_4 q
= Zq Eq(— )
n=0 1 q

1—g¢

=V1-q) ¢"?(1—-¢"F
n=0

e n/2

1— 1 _ qn—i-l Z q
=+v1—-qkE, (F) eqlq 1/2(1 -q)),

where (1 +a)2° is defined as [];5,(1 + ¢’a) and we used the formula

D= g")E = eg(¢* (1 - @) (1 - g)

n>0 O

The g-deformed Gamma function can be also expressed in the infinite prod-
uct form:

) e~ ﬁ LaEip ([l * H)

where [z]x = 1;‘5:. Using (3), we have
1
(4) Ly(@)(1 —2) =

[ TR [+ 7] [P 5]

By inserting # = 1/2, we obtain the g-analogue of Wallis formula:

1) _ 2lalle 4valdlve 66l
(Fq< )) =B @B BBl Bl
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If we define the g-deformed sine function as sing(z) = 5 (e4(i2) — eq(—iz)) and
the g-analogue of 7, 7, as

sing(mqx) = gy ﬁ[ —} {1—%Lka
k=1

then we have sing (5¢) = 1 and sing(nmy) = 0 for all n € Z. The g-analogue of
Wallis formula implies

1
(5) r, <§> = /T
By (4) and (5) we obtain the following result (see [4]).
Proposition 2.3. We have
Tq

Another definition of the ¢g-deformed Gamma function is given by g-analogue
of Weierstrass product formula:

Fql(:c) = el 1];[1 [1 * %L" e,
where the g-analogue of the Euler-Mascheroni constant v, is defined by
vg = lim (i-l-i—f—-'--i-i—ln[n]).
n—oe \[1] © [2] [n]

Now, let us extend our work to the g-deformed digamma function and
polygamma function. From (1), we have

n—00

InTy(x+1)= lim (ln[ '+ zlnn Zx—i—kz)
k=1

Then the digamma function Fy(z) is defined as follows:

dInT,(z 4 1) ¢“*Ing
®  Rw=DEED +Z (g e
If we insert 2 = 0 into (6), we have
l—quqklnq
Fq(0) = *%*Z 1— gk

It can be easily checked that
lim F,(0) = —y = —0.577216 - - - .

qg—1



THE ¢-DEFORMED GAMMA FUNCTION AND POLYGAMMA FUNCTION 1159

Differentiating the ¢-deformed digamma function repeatedly, we obtain the g¢-
deformed polygamma function as follows:

N A" nT gz +1) o zl | a ) gt (z+k)
Fq( )(ZL') = dxn-l-l Z _ m-i-k n+1l 7’

where al(n+1) = lal(") +(n—-1+ 2)&1(")1, 1=2,3,...,n—2, and agn) =a" =1.
Note that a} is the Eulerian number which is given by o] = Z;:O(fl)j =
3 (1) (see [16]).

3. Representation of g-oscillator algebra in terms of the g-factorial
polynomial

In this section, we discuss the representation of a g-oscillator algebra by
introducing g-factorial polynomials which are derived from the g-gamma func-
tion. Let us define the g-factorial polynomial as follows

n—1

_ Tylx+1) )
Pn(z) = T wti-n) E}[SC*J]-

The g-factorial polynomial behaves as ordinary monomials under the action of
the operators &' = ze =% and a = ¢~ 1(e% —1), where 9, = % is an ordinary
derivative. Indeed, @ and af are called step operators when they appear in the
g-deformed quantum theory.

Proposition 3.1. The step operators satisfy al ¢, (z) = ¢ni1(x) and ag, (z) =

qin[n]gbnfl (:L')

Proof. Acting a' on ¢, (x), we have

il pn ()= 2pp(x —1)=x f[[x —(j+1]== H[:c —j]=H[:c — 4= b1 ().

Acting a on ¢, (z), we have

in(x) = = ou(e + 1) — du@) = ¢ | [[l— G — 1) - [l 4]
7=0 j=0
— o et ) ﬂxf G- —lo— (-1 [l
j=1 =0

=M+ 1]~ — (2~ ) [ [ ]

ﬁ (& — 1] = " )1 (),
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which completes the proof. O

Moreover, the step operators satisfy the g-oscillator algebra:
aat —qlata=q7
Acting afa on the g-factorial polynomial ¢, (z) yields the difference equation

a'agn (z) = ¢~ " [n]dn(x),

which can be written as

(¢ "[n] +2q"")¢n(x) = 2¢" " Pn(x — 1).
Now let us investigate the eigenfunction and eigenvalue of the position oper-
ator defined by X = a+a'. If we denote the eigenfunction and eigenvalue of the
position operator by ¥ (x) and x, respectively, then we have X1 (x) = z¢(x) or

(7) [we™% + ¢~ (e% — 1)]y(z) = zv(a).

Then, (7) can be rewritten as

o+ 1) = (z) = 2g" (Y(z) — ¥z — 1),
If we set g(x) = ¥(z) —¢(z—1), we have g(z +1) = z¢*T1g(x). The transform
g(x) = "= TV/2h(z) gives h(z+1) = zh(z). Hence, h(z) = [[;2, (z—j). Then
the eigenfunction of the position operator satisfies the following recurrence
relation

(8) U(z) =z —1) = @2 (@ - j).

j=1

The solution of (8) is given by

N G LT e
Yla) =Y g ] (@ - k).
n=0

k=n
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