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GENERATING SETS OF STRICTLY ORDER-PRESERVING
TRANSFORMATION SEMIGROUPS ON A FINITE SET

HAYRULLAH AYIK AND LEYLA BuGAy

ABSTRACT. Let Oy and PO,, denote the order-preserving transformation
and the partial order-preserving transformation semigroups on the set

Xn ={1,...,n}, respectively. Then the strictly partial order-preserving
transformation semigroup SPOy on the set X,, under its natural or-
der, is defined by SPO, = PO, \ On. In this paper we find necessary
and sufficient conditions for any subset of SPO(n,r) to be a (minimal)
generating set of SPO(n,r) for 2 <r <n—1.

1. Introduction

The partial transformation semigroup Py and the full transformation semi-
group Ty on a set X', the semigroups analogue of the symmetric group Sy,
have been much studied over the last fifty years, for both finite and infinite X
Here we are concerned solely with the case where X = X, = {1,...,n}, and
we write respectively P,, T,, and S, rather than Px_, T, and Sx,. Among
recent contributions are [1, 2, 6, 10, 11]. The domain, image, height and kernel
of a € P, are defined by

dom (o) = {x € X,, : there exists y € X,, such that za = y},
a) ={y € X,, : there exists x € X,, such that xa = y},

={(z,y) € X, x X;, : (z,y € dom () and za = ya) or
(z,y ¢ dom ()},

respectively. Notice that ker(a) is an equivalence relation on X,, and the equiv-
alence classes of ker(«) are all of the pre-image sets of elements in im (a) to-
gether with X, \ dom (). Then, the set kp (o) = {ya™! : y € im (a)} is called
the kernel partition of o and the ordered pair ks (a) = (kp (@), X,, \ dom («))
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is called the kernel structure of a. For any «, 8 € P, notice that

ks(@) =ks(8) & kp(a) =kp(5)
< ker(a) = ker(8) and dom (a) = dom (8).

Moreover, for any «, in P, it is well known that dom (af) C dom (),
ker(a) C ker(af), im(af) C im(8) and that a € P, is an idempotent if
and only if xza = z for all z € im (o). We denote the set of all idempotents
in any subset U of any semigroup by E(U). (See [3, 7] for other terms in
semigroup theory which are not explained here.)

The order-preserving transformation semigroup O, and the partial order-
preserving transformation semigroup PO, on X,, under its natural order, are
defined by

Op={aeT,\Sn:2<y=za<ya Vr,y € X,,)}, and
PO, =0, U{ae€ P,\T, :z <y=za<ya (Vr,y € dom(a))},

respectively. Since dom («83) C dom (), for all a, 8 € PO,,, SPO,, = PO,\ O,
is a subsemigroup of PO,, which is called the strictly partial order-preserving
transformation semigroup on X,, and

SPO(n,r) = {a € SPO,, : |im (a)| < r}

is (under usual composition) a subsemigroup of SPO,, for 1 < r < n—1. Notice
that SPO(n,n — 1) = SPO,.

Let A= {A;,..., A} be a partition of a set Y C X,,. Then A is called an
ordered partition, and we write A = (Ay,..., Ag), if x < y for all € A; and
y € Aiy1 (1 < i < k—1) (the idea of ordering a family of sets appeared on
p335 of [8]). Moreover, a set {a1,...,ar}, such that [{a1,...,ar} N A4;| =1 for
each 1 < ¢ <k, is called a transversal (or a cross-section) of A. For a € PO,
with height k, we have the order on the kernel classes Aq,..., Ay of kp («) as
defined above and ker(a) = Ufill (A; x A;), where ) # Agyq = X, \ dom ().
Without loos of generality, if (A;,...,Ag) is an ordered partition of dom (),
then Aja < - -+ < Apa, and moreover, o can be written in the following tabular
forms:

o= A1 Ay oo A Arna ora— A Ay o A
“\ Aja Asa - Apo — “\ Al Asa - Ao )

For any «, 8 in SPO(n,r), it is easy to show by using the definitions of the
Green’s equivalences that

(, f) e L < im(a)=im(p), (a, ) e R & ks(a)=ks(B),
(,8) €D < h(a)=h(p) and (,f)eH & a=p

(see for the definitions of the Green’s equivalences [7, pages 45-47]). For each r
such that 1 <r < n—1, we denote Green’s D-class of all elements in SPO(n, r)
of height k£ by Dy for 1 <k <.
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Let II = (V(II), ﬁ(H)) be a digraph. For two vertices u,v € V(II) we say
u is connected to v in II if there exists a directed path from u to v, that is,
either (u,v) € E(H) or (u,wy),..., (Wi wit1),-.., (wy,v) € E(II) for some
wy,...,w, € V(IT). Moreover, we say Il is strongly connected if, for any two
vertices u,v € V(II), u is connected to v in II. Let X be a non-empty subset of
Green’s D-class D, of SPO(n,r) for 2 <r <n — 1. Then we define a digraph
I'x as follows:

e the vertex set of I'x, denoted by V =V (T'x), is X; and
e the directed edge set of I'x, denoted by E = E(T'x), is

ﬁ:{(a,ﬂ)EVXV:aﬂGDT}.

Let S be any semigroup, and let A be any non-empty subset of S. Then
the subsemigroup generated by A, that is, the smallest subsemigroup of §
containing A, is denoted by (A). The rank of a finitely generated semigroup
S, a semigroup generated by its a finite subset, is defined by

rank (S) = min{ |4] : (4) = S}.

Gomes and Howie pointed out that the semigroup SPO, is not idempotent
generated and the rank of SPO,, is 2n — 2 in [5]. Moreover, for 2 < r <
n — 2, Garba proved in [4] that the subsemigroup SPO(n,r) is generated by
idempotents of height r, and the rank of SPO(n,r) is Z;Tl ) (fj) .

The main goal of this paper is to find necessary and sufficient conditions
for any subset of SPO(n,r) to be a (minimal) generating set of SPO(n,r) for

2<r<n-—1.
2. Generating sets of SPO,,

For convenience we state and prove probably a well known proposition.

Proposition 1. Forn,k>2 and 1 <r <n-—1, let o, 3,a1,...,ar € D, in
SPO(n,r). Then,
(i) aB € D, if and only if im (afB) = im (B). In other words, im (a) is a
transversal of the kernel partition kp (8) of 5.
(ii) a1+ ag € D, if and only if a;ai11 € D, for each 1 <i <k —1.

Proof. The proof of (i) is clear. We prove (ii):

(=) This part of the proof is also clear.

(<) Suppose that ;41 € D, for each 1 <i < k—1. We use the inductive
hypothesis on k to complete the proof.

For k = 2 the claim is obviously true. Suppose that the claim holds for
kE—1>2 Ifim(ag-1) = {y1,---,yr}, then im (g - - ax—1) = {y1,--.,9r}
since im (@ - - ag—1) Cim (ag—1) and aq - - - ag—1, ag—1 € D,. Thus it follows
from (i) that

im (o - ap—10n) = {y10k, ..., yrag} = im (ar_104) = im (ag),

and so aq - - - ag—10y € D, as required. O



1058 H. AYIK AND L. BUGAY

For 0 < s <r < n recall the set
[r,s] = {a € PO, : |dom ()| = r and |im (a)| = s}

(defined in [5, p. 276]). It is indicated in [5] that the top Green’s D-class
D,_1 =[n—1,n—1] in SPO,, does not generate SPO,,, and that SPO,, is
not idempotent generated.

Suppose that A is a (minimal) generating set of SPO,,. Since there exist n
different Green’s L-classes and n different Green’s R-classes in D,,_1, A must
contain at least n elements from D,_;. Next notice that a typical element
a € [n—1,n—2] C D,_s has the form:

_ aq e Ap—1 _ _
a= ( by - by )E[n 1,nm —2],
where a1 < -+ < ap_1, b1 < -+ < by_1 and all but one of the inequalities
between the b’s are strict. Then « is called of kernel type i if b; = b;41, and
we write K («) = i, and so the possible values for K(a) are 1,2,...,n—2. It

is shown in [5] that AN [n —1,n — 2] must contain at least one element of each
of the n — 2 possible kernel types in [n — 1,n — 2]. For each i = 2,...,n let

(1) a; : Xp \ {i} > Xp \ {i — 1} and a1 : X, \ {1} = X, \ {n}

be the unique order-preserving (bijective) transformations. That is, let
denote the unique order-preserving (bijective) transformation from X, \ {1}
onto X,, \ {n} and, for each i € {2,...,n}, let o; denote the unique order-
preserving (bijective) transformation from X, \ {i} onto X,, \ {i —1}. For each
i=1,....,n—2, let

(2) Bi: Xn\{n} = X,
be the order-preserving transformation defined by

i+1 ifj=1
j otherwise.

JBi=
Then it is clear that {a1,...,a,} C[n—1,n—1] = Dy—1 and {B1,...,Bn-2} C
[n —1,n — 2] and it is showed in [5] that
(3) Z:{Oq,...,an}U{ﬁl,...,ﬁn_g}
is a minimal generating set of SPO,,. Thus rank (SPO,,) = 2n — 2. Although

SPO,, = SPO(n,n — 1) is not idempotent generated, it is shown in [4] that
SPO(n,r) is generated by the idempotents in D,, and that

rank (SPO(n,r)) = S (Z) (f - D

k=r
for2<r<n-—2.
Notice that if a, 8 € [r,r] € SPO(n,r) for 1 < r < n — 1, then it follows
from Proposition 1(i) that a8 € D, if and only if im («) = dom (3).
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Theorem 2. Let A be a subset of SPO,,, and let B=AN[n—1,n—1] and
C=AN[n—1,n—2]. Then A is a generating set of SPO,, if and only if

(i) there exists \; € B such that dom(\;) = X, \ {i} for each i =
1,2,...,n,
(ii) there exist v1 € B such that im (y1) = X, \ {n} and v; € B such that
im (y;) = X \ {i — 1} for each i=2,3,...,n,
(i) A; is connected to v; in the digraph T'p for each i =1,2,...,n; and
(iv) there exists at least one element of each of the n — 2 possible kernel
types in C.

Proof. (=) Suppose that A is a generating set of SPO,. Let «;, with i =
1,2,...,n, be the elements defined in (1). Since A is a generating set, there
exist A\(j1),---,A@i,k) € A such that

Qi = A1) AGk)

for each 7 € {1,...,n}. Since ker(A; 1)) C ker(a;), dom (a;) € dom (Mg 1)),
im (o) € im (A ) and a; € [n—1,n—1], it follows that dom (a;) = X, \{i} =
dom (Ag;,1y) for each @ = 1,2,...,n and that im (1) = X, \ {n} = im (X1 z))
and im (o) = X, \ {i — 1} = im (A ) for each i = 2,3,...,n. Then it
is clear that A¢1),...,Aar € B. Let A\; = A1) and v = A x). Hence,
the first two conditions hold. Moreover, it follows from Proposition 1(ii) that
A, j)Ai,j+1) € [n—1,n—1] for each 1 < j < k—1, and so there exists a directed
edge from A¢; jy to A¢; j41) in I'p for each 1 < j <k —1. Thus, A; is connected
to «y; in the digraph I'g. Therefore, the third condition holds as well. Since the
last condition follows from the result in [5, p. 280], the first part of the proof
is complete.

(<) For this part of the proof it is enough to show that the generating set
Z given in (3) is a subset of (A).

For any element «; defined in (1) it follows from the conditions that there
exist A;,v; € B such that dom ()\;) = dom (a;), im (v;) = im (a;) and A; is
connected to «; in the digraph I'g. Thus there exists a directed path from A;
to i, say

)\i:UlﬁUg*)"'*)O'kflﬁUk:’yi,

where 01, ...,0% € B, and hence, 0041 € [n—1,n—1]foreach 1 < j <k—1.
It follows from Proposition 1(ii) that 6 = o1 - - - 0% € [n—1,n—1]. Thus we have
im (0) = im (0f) = im(v;) = im(e;) and dom (§) = dom (o1) = dom (A;) =
dom (e;), and so oy = § € (B) C (A) since oy, 6 € [n — 1,n — 1] are order-
preserving bijections.

It follows from the last condition that, for each i = 1,2,...,n — 2, we may
choose and fix an element with the kernel type ¢ in C' and say 6;. Thus, we
have

ar - Qi1 Qi Qi1 Ai42  ccc Ap—1
9, = eC
! ( by - b1 b b; biv1 -+ bp_2 )
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for some a1 < -+ < anp_1 and by < -+ < b,_5 in X,. For any element [3;
(1 < i < n—2) defined in (2), consider two strictly partial order-preserving
transformations

1 2 -+ n-1
p; = (111 4 o ays )G[n—l,n—l] and
o by -+ b bi - byo
Vi = (1 U I N T n1)e["_2’"_2]'

From [5, Lemmas 3.4 and 3.12] we have that [r,r] C (B) forallr =1,...,n—1,
and so ¢;,Y; € (B) (1 <i<mn—2). Thus it follows from the fact

Bi = il

that 3; € (A) for alli =1,...,n — 2. Therefore, Z defined in (3) is a subset of
(A), and so SPO,, = (A). O

Since a generating set of SPO,, must contain at least n elements from [n —
1,n — 1] and at least n — 2 elements from [n — 1,n — 2], we have the following
corollary from Theorem 2:

Corollary 3. Let B be a subset of [n — 1,n — 1] with cardinality n and let C
be a subset of [n — 1,n — 2] with cardinality n — 2. Then B U C is a minimal
generating set of SPO,, if and only if

(i) there exists exactly one element \; € B such that dom (\;) = X,, \ {¢}
foreachi=1,...,n,

(ii) there exist exactly one element v1 € B such that im (v1) = X, \ {n}
and ezxactly one element v; € B such that im (v;) = X, \ {i — 1} for
each i =2,3,...,n,

(iii) A; is connected to v; in the digraph T'g fori=1,2,...,n; and

(iv) there exists exactly one element of each of the n — 2 possible kernel
types in C.

For example, consider SPO3, B = {01,02,03} C [n — 1,n — 1] with cardi-
nality 3, and C' = {0} C [n — 1,n — 2] with cardinality 1 where

(1 2 3 (1 2 3
g1 = _ 1 3 ) 02 = 1 _ ) )
(1 2 3 g (123
=\l23 - ) "=\L11 - )

First of all it is easy to see that B satisfies the first two conditions and C sat-
isfies the last condition of Corollary 3. Moreover, since im (o;) is a transversal
of the kernel partition kp (o;41), there exists a directed edge from o; to 041
for each 1 <4 < 3 (where o4 = 01) in the digraph I'g. Thus I'p is a Hamil-
tonian digraph. It follows from their definitions that Hamiltonian digraphs are
strongly connected (see [9, pages 88 and 148)]) the third condition of Corollary
3 is satisfied as well, and so A = B U C' is a minimal generating set of SPOs.
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Notice that if A C SPO,, is a (minimal) generating set of SPQO,,, then we
may use the paths in I'p to write each a; (for 1 < ¢ < n) defined in (1) as
a product of elements from B, where B = AN [n — 1,n — 1]. For example,
consider the minimal generating set A = {01, 02, 03,0} of SPO3 given above
and consider the transformation

1 2 3
=021 9

defined in (1). Since B = {01, 02,03}, dom (a1) = dom (1), im («1) = im (02)
and

o1 — 09
is a path in I'p, it follows that dom (o102) = dom (a) and im (0702) = im (1),
that is, o109 = ag.

3. Generating sets of SPO(n,r)

Now we consider the subsemigroups SPO(n,r) for all 2 < r < n — 2. Since
a € Dy (1 <k <) can not be written as a product of elements with height
smaller than k, and since SPO(n, r) is generated by its idempotents of height r,
it is enough to consider only the subsets of D, as a generating set of SPO(n,r).
Moreover, a subset X of D, is a generating set of SPO(n,r) if and only if
E(D,;) C(X)for2<r<n-2.

Theorem 4. Let X be a subset of Green’s D-class D, in SPO(n,r) for 2 <
r <n-—2. Then X is a generating set of SPO(n,r) if and only if, for each
idempotent & in E(D,), there exist a, § € X such that
(i) ks (@) = ks (E),
(ii) im(B) =1im (§), and
(iii) « is connected to B in the digraph T'x.

Proof. The proof is similar to the proof of Theorem 2. But it is much easier

since each SPO(n,r) (for 2 <r < n — 2) is idempotent generated. O
Similarly, since rank (SPO(n,r)) = Z;Tl (Z) (f:i) for 2 <r <n-—2, we

have the following corollary:

Corollary 5. For2 <r <n—2 let X be a subset of Green’s D-class D, with
cardinality ZZ;: ) (kil). Then X is a minimal generating set of SPO(n,r)

r—1
if and only if, for each idempotent & € E(D,.), there exist o, 3 € X such that
ks (o) = ks (€), im (8) = im (§) and « is connected to 5 in T'x. O
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