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LP-SOBOLEV REGULARITY FOR INTEGRAL
OPERATORS OVER CERTAIN HYPERSURFACES

YARYONG HEO, SUNGGEUM HONG, AND CHAN WOO YANG

ABSTRACT. In this paper we establish sharp LP-regularity estimates for
averaging operators with convolution kernel associated to hypersurfaces
in R4(d > 2) of the form y +— (y,~(y)) where y € R¥1 and ~(y) =
Sy with 2 <my < -0 <mgg.

1. Introduction

In this paper we consider averaging operators along hypersurfaces in R?
(d > 2) of the form y — (y,7(y)) where y € R™! and y(y) = 1, +[y,|™

with 2 =mg <mi < --- < mg_1 < mg = oo. For smooth functions f on R¢,
we consider averaging operators A defined by
(11) Af@) = [ 1= (2 o) do

where x is a smooth function with a compact support near the origin with
x(0) # 0. For @« > 0 and 1 < p < oo we denote by LZ(R?) the LP-Sobolev
space with the norm

~

(1.2) 111z eay = [T+ - P)EF Y]] Lo gay-

When d = 2 and m; = 2, the curve y1 — (y1,7(y1)) = (y1,%?) has nonvanishing
Gaussian curvature, and the operator A maps LP into LP, where o = a(p) =

[e'2)

1/p for 2 < p < oco. It is well-known that the value of a(p) = 1/p is optimal
for all p in this range. By duality if 1 < p < 2, the value for a is 1/p/,
where p’ is the Holder conjugate of p. The case of curves in R? with vanishing
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Gaussian curvature, that is, m; > 2 and v(y1) = y7'*, has been considered
by M. Christ in [1]. He proved that .A maps L? into L7 if either p # m; and
B <min(1/p,1/m), or p =my and 8 < min(1/p,1/m;). He also proved that
the results can not be improved in the sense that when p = my, strong estimates
for 8 = min(1/p,1/m;) is not available. Higher dimensional situations, that
is, the cases d > 3 have been investigated by Nagel, Seeger and Wainger in [4].
They obtained a sharp condition which leads to optimal LP-Sobolev estimates
for maximal operators associated with convex hypersurfaces of finite type on
the edges of 1/p near 0 and 1. We refer interested readers to results by Iosevich,
Sawyer and Seeger in [3] with hypersurfaces in R? satisfying ‘finite line type
conditions’.

The purpose of this paper is to develop tools for drawing complete pictures of
the sharp LP-Sobolev estimates for averaging operator A for d > 2. It is worthy
of pointing out that the surfaces we consider in this paper are not necessarily
convex because of the £ signs and one can easily see that the arguments are
independent of choices of signs. So in what follows we only consider the case
where y(y) = Zf;ll ly;|™. To state the main theorem we first let 2 < p < oo
and define v and «a(p) by

d—1
1

(1.3) ukzzm—j,kzzl,...,d—l; vy =0

j=k
and

d k—1

1.4 := mi ).
(1.4) a(p) rgl_ull(vwr 5 )

« is a piecewise linear function of 1/p whose linear piece can be written as
follows: for each k =1,...,d,

k—1 1 1 1
alp) =y, + —— if — < =<
p

mg P omE1
Figure 1 illustrates the graph of the function « in %a-plane when d = 4. We
note that the graph for 1/2 < 1/p < 1 is obtained by reflection about the

vertical line 1/p = 1/2.
In this paper we shall prove the following theorem:

Theorem 1.1. For 2 < p < oo and 2 < my < --- < mg_1, the operator A
maps LP to LE if and only if either p = m; and o < a(p), or p # m; and
a < a(p) where 1 <i<d—1 ford>2.

Remark 1.2. (1) The indicated range of parameters p and a can not be im-
proved in the sense of unboundedness of LP — L9 estimates under the appro-
priate affine transformation between the optimal domain of LP — L2 bounds
and that of L? — L? bounds (See Section 3).

(2) As is elucidated in Figure 1, estimates for the cases 1 < p < 2 can be
immediately established by duality arguments as soon as we prove Theorem
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FIGURE 1. Boundedness of A when d = 4

1.1 and this is the reason why we only consider the cases 2 < p < oo in the
theorem.

(3) It is unlikely that A has sharp LP — LZ ) property at the corner points
of the optimal domain, which are circled dots in Figure 1. The best results up
to this point are L™ — L;n/lml estimates obtained by Seeger and Tao in [6]
when d =2 and y(y1) = y1™-

We shall need the following notation:

Notation. (1) For two quantities A and B, we shall write A < B if A <
CB for some positive constant C, depending on the dimension and
possibly other parameters apparent form the context. We write A ~ B
if A< B and B < A.

(2) The Lebesgue measure of a set E is denoted by |E]|.

(3) The set of all integers, nonnegative integers, and positive integers are
denoted by Z, Z, and N, respectively.

(4) For a set A and a positive integer n, A" := {(a1,...,a,)|a; € A}.

(5) For a positive integer n and a = (a1,...,a,) € Z"™ we define |£|; by
jal = lat] + -+ + [aul.

The idea of proving Theorem 1.1 starts from taking a look into averaging
operators T; along curves in R? of the form y; — (y;, |y™|) wherei =1,...,d—
1. According to the results by M. Christ in [1], critical indices a;(p) of T; are
of the form «;(p) = min(1/p,1/m;). Tt is easy to see that the critical index
a(p) of our operator A can be written as

d—1
(1.5) ap) = Zai(p)-
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The fact that the function ~(y) = Z?;ll ly;|™ has no mixed term tempts

us to take into account modified operators T; averaging along curves y; —
yiw;+|y;| ™ ug where u; is the standard unit vector in R? whose j-th component
is equal to 1 and other components are all 0’s. In crude terms, the operator
A can be realized by composing T;’s, that is, A = Ty o -+ o Ty_; modulo
ignorance of the smooth cut-off function x which is a localized factor of the
averaging operator A. It is highly likely that during composing d — 1 operators
ﬁ', properties of i-’s, which improve differentiability of input function f, are
added up to our aimed critical index a(p). However it would be a little bit
rash if one deems that this explains all of the details of Theorem 1.1 because
fi improves the differentiability along only two directions u; and ugy.

Before we proceed to the next section, we make a preliminary remark on the
cut-off function x in (1.1). Without loss of generality we may assume that our
original cut-off function x is a tensor product of d — 1 cut-off functions of one
variable. To see this we first write x(y) = x(y)x(y) where ¥ is a smooth cut-off
function whose values are identically equal to 1 on the support of x and y is
of the form x(y) = x(y1) - - X(ya—1). If we express x as the Fourier series, say,

X(Y) = > neza—1 cne™? where ¢, has a fast decay in [n|. We then write

d
x(y) = > Cn

n=(ny,...,nqg_1)€LI~1

1
e'mavi X(yj )’
1

that is, x is the infinite summation of functions of the type of tensor product
of d — 1 one-variable cut-off functions. Due to the fast decay of ¢, in |n|, the
results with "% y(y;) implies those with x(y).

2. Proof of Theorem 1.1
We take the Fourier transform .Zl? of Af to write

A€ =T [, e dy = mi©) f)

As is explained in the previous section we may assume that the cut-off function
x in (1.1) is a tensor product of d — 1 cut-off functions of one variable and we
abuse notation to write x(y) = x(y1) - - - x(y4—1), then we are able to write m
as

d—1
21) mi©) = I [ e Crrsiot™ ) dy

i=1 7R
U, be a smooth radial function supported in {£ € R? : |¢] < 1}, which satisfies
W1(€) = 1 when [{] < 3. One can easily see that there are homogeneous

functions ¥y and U3 satisfying the conditions that ¥y is supported in {{ =

(1, &) = 1€] > L and &) < &}, Wy s supported in {¢€ = (&1,...,&) :
€] > 1 and |¢4] > %}, and U1 +Ws+ W3 = 1, where M is chosen to be so large
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that the following arguments hold. We first decompose A as A = A; + Az + As,
where Z:f(f) = \Ilz(f)zz\f(f) We can see that in view of the compactness of
the support ¥; the operator 4; has an enough LP-Sobolev estimates for our
purpose. Due to the support condition of Wy, there exists at least one j €
{1,...,d—1} such that || = |&;| >> |£q|. In this case we perform integration by
parts in the j-th factor of the right-hand side of (2.1) as many time as we obtain
enough decay of || for proving desired LP-Sobolev estimates for As. Hence it
suffice to only consider A3. To avoid the complexity of indices we abuse the
notation to set A := A3z with the assumption that the multiplier of the operator
A is supported in {€ = (&1,...,&q) : €] > 1 and [&4] > 2';5\'4} Throughout this
section we fix index sets 3 = {1,...,p} and 3’ = {p+1,...,d — 1}. Since the
proof will be gone through via decomposing the operator A into dyadic pieces,
we shall need various types of cut-off functions.

Definition. (1) Let 1 be a smooth radial function in R? whose Fourier trans-
form 1) is supported in {€:1/2 < |¢| < 2}.

(2) Let 1o be a function on R such that 79 € C§°(R), no(s) =1 for |s| < 1/2,
and g (s) = 0 for |s| > 1 and let 1 be a function defined by 7(s) = 7o (s)—70(2s).

(3) Let oo be a function on R, which has the same properties as 7y above
and let ¢ be a function defined by ¢(t) = ¢o(t) — @o(2t).

(4) N={(n1,...,mg—1) €Z¥ 1 : n; >0if j €7, and n; < mi if j €7}

(5) L ={(lys1,...,lq—1) €Z4r 1 j€Tand {; > —%}-

(6) For a complex number z, the real part of z is denoted by R(z).

(M) v(0) = i o

If ¢ is either ¢ or 7} in Definition (2), then we clearly have

(2.2) 1= ¢olt +Z¢ ) :== ool )+Z¢n(t) for all ¢
n=1
and
(2.3) 1=>"0(2") =) ¢ n(t) forall0<|t|<1/4.
n=1 =

For k € N, we define operators P* by

(2.4) PE(P)(E) = DO F(€).
For ke Nyn= (n,...,n4-1) € N, £ = ({y41,...,44-1) € L, y = (y1,...,
ya—1) € R and € = (&1,...,&1) € RY, we define 1/)3, and o by

Q/Jg( 2 6 H 77@ J§J
JEeT!

and

() = [T eom @i x TT o0, @™ 55)x5(05)-
i€J jey’
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Now we define operators Aﬁ,z by
(25) Ad(©) = Flek© [ ek dy
and the multiplier J} , of A% , by

Tl = E©) [ k) dy

Lemma 2.1 (Van der Corput). Suppose that ¢ is real-valued and smooth in
(a,b), and that |p*) ()| > 1 for all x € (a,b) with the additional conditions
k>2, or k=1 and ¢'(z) is monotonic. Then

b
/ ei’\‘b(l)w(a})dm

a

< CpATVE [Iw(b) +/ Iw’(w)ldw] :

where Cy is independent of ¢, 1, and .

Lemma 2.2. We define 3" by 3" = {j €T : (m; — 1)n; S ¢;}. Then for
n=ny,...,ng—1) € Nand £ = ({yq1,...,44-1) € L, and for any N > 0 we
have

(m;—2)n;

(2.6) [Tk 4(€)] S 2 R+ gTicy BT 9= Ney T 9= Tican 6],

Proof. To prove the lemma we consider two cases, j € JU(J'\J”) and j € 3.
When j € JU(F'\J"”) and j € 3", we apply Lemma 2.1 and integration by parts
with respect to y;, respectively. The reason why we are able to use integration
by parts when j € J” is because the phase &;y; + £q|ly;|™ is dominated by the
linear term in this case. If we define Jr]f,e,j (&) as

J’;7e7j(§) :/]Rei(gjyj‘f‘fﬂyﬂmj)(p_nj (y;)x; (y;) dy;
for j € J and
_k e m k
Tne (€)=, (27 éj)461(51y1+5d‘yﬂ‘ Dion, (275 y5)x; (y5) dy;

for j € 7', then we can write J} ,(£) as

d—1
TE€) = v T, ©.
j=1

When j € JU (3 \ 3”) we apply Lemma 2.1 above and use the fact that
|€a| ~ |€] ~ 2% in the support of ¥(27%¢) to obtain

(mj—2)n;

Tk (6)] S 2752

for j € J and

B ook g mi=2 .k (mj—2)n;
2 j ) )

=2 mi2"
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for j € 3\ 73".
When j € 37, we first observe that the definition ¢; > (m; — 1)n; of 3 and
L_j’_nj

_ Tk
the support condition ¢ ~ 2 ™j of ¢n; (2™ y;) imply

10y, (&5 + Caly; ™) | 2 1&51,
and employ integration by parts with respect to y; twice to obtain

k (mj—2)n;
mj

BEICIT AR R NP S P

ke

[T e (O S @7 )P g 72 S 2
Now it is easy to see that by taking the product of all factors we finally obtain
the desired estimates. ([
Lemma 2.3. For 1/my, 41 < 1/p <1/m,, there exists an (p) > 0 such that

IAE s re < 27X (Inli+E) 9 —ka(p),

Proof. In view of Lemma 2.2 and the support conditions of y;’s we obtain

(mj—2)n;

9 (m;—2)n;
AR Jllpemyre S 2 R+ (MoEies — 5 9~ Xjerr — 2 27 Liear 1l

and
i ell o S 27827 Ziea tig2err s,

respectively. We apply the interpolation to obtain
2
k E E ol
[ Anellr—re S 1A ell 72y 2l An ell o Lo
< 9=ha(p) 9= Xjea (1= F)ni9= jear (5 —1nj 9= (1=3) Tjean 1651,
which completes the proof. (Il

2.1. Endpoint estimates for —1— < 1 < L
Myt p My

By Littlewood-Payley theory it suffices to prove the vector-valued inequality

en (S reoanar)” (e
k>0 p

k>0

< 9—€(P)(In|1+£[1)
p

I S

mu+l p . m“‘ ) . . . .
Let us consider the anisotropic dilations

for

z — tFz = exp(Plogt)z,

where P is a real n X n-matrix with the real parts of the eigenvalues being
contained in (ag,a®), ag > 0. Define the P homogeneous distance function;
this means p(t’z) = tp(z), * € R% ¢t > 0, and p(z) > 0, = # 0. Let W be the
collection of all p-balls

Q=1{z: plx —x0) <2}, zoeR% EkeZ
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The Hardy-Littlewood maximal operator with respect to W is defined for the
functions with values in a Banach-space B by

1
Mf@) = s oo /Q F @)l dy.

TEQEW

By f! we denote the Fefferman-Stein sharp maximal function, defined by

1
fla)= sw o /Q FW) — falsdy,

TEQEW

where fo = (Q|™? fQ f(y)dy. The following proposition is taken from [5].

Proposition 2.4. Assume that 1 < p < oo, 1 < py < p and f € LP(R%, B).
If f* € LP(R?), then Mf € LP(R?) and |Mf|l, < c|l f*]l,-

We consider a d x d diagonal matrix P of the form

aa 0 0 - 0
0 a 0 - 0
P=1 1 9 .0 ]
0 -+ 0 agy O
0 - 0 0 ay

Whereaizlforlgiguori:dandai:%for,u—i—lgigd—l. Then
we have

plx) := m%ux (|xi|1/‘“) , and B = *(N).

We let 5(2) = & + v(J) and define a complex family of operators Sj; , on
Lr(£%) by

SpeF(@) = {29 i)} " where F = {fi} € /().

We note that 3(2/p) = a(p). The remaining of this section is devoted to prove
the following lemma:

Lemma 2.5. If —X— <

1
mu+1 p

1 _ 2
< cmdz-;, then

H(Sli,lF)ﬁHLp 5 2—5(10)(|e\1+|n|1)HF”LP(EZ).
If we prove Lemma 2.5, then
15.6F | o2y < M (S50 S N(S2eF) ], < 27 P EARD) B 1y ),

which gives (2.7).
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Proof of Lemma 2.5

In order to apply interpolation arguments as in [5], we use linearized oper-
ators T , of the operators I — (S , F)%, which is defined as follows:

We first define operators Tn , of the form

TR () = Qkﬂ(z)| o o, [AL o f () = [AE o fla.] gk(z, y)dy,

where @, is a ball in W containing € RY with radius d,, gx(x,y)’s are

measurable functions with
1/2
(Z ng(:ﬂ,y)l2> <1
k

for y € @, and [Aﬁ,zf]Qm = Ile\ me Aﬁ,zf( u)du. We now define 77 , as

=D Thifulx

k>0

The ball @, € W and measurable functions gx(z,y) can be suitably chosen so
that the following inequality holds:

(S F)(x) < 2|T5 (F (2)-

Hence the proof of Lemma 2.5 can be completed if one is able to show that for
2

z=2
P )

|2 ¢ Fllze < C27 @ RHED Rl g2y,

with a constant C' independent of the choice of @), and g;. We define index
sets 71, I, and Z3 for k as

I = {k S Z+ : 2_N(|n|1+|£|1) < 2k61 < 2N(|n|1+|£|1)};
Ty ={k € Z, : 2F6, > 2N (nhtlel)y.
T3 ={keZ, : 2%, <2~ Nnh+lty

where IV > is chosen so that the following arguments hold. We split T ,F' as
T:F =12 ,F+1I: ,F+11I: ,F, where

IneF(z) =) T f

k€T,
[T eF(x) = > Tag fula);
ke,
I eF(x) = > Tag fula

k€T3
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By Holder’s inequality we obtain the pointwise estimates for the main term
Ié,eF(x) of the form

2 1 9 1/2
Ifﬁ,eF(w)lém ; (Z2%5(2/1))‘Aﬁ,efk(y)_[Aﬁ,efk]Qm| ) dy

keZy

1/
5 (1 + |Il|1 + |£|1)1/21/P<Z [Qkﬁ(Q/p)M(Aﬁ,szﬂp) p(l‘)

k>0

Now we apply Lemma 2.3 to obtain

S (1 fnfy +160) /2P O By
For the operators I, ¢ and 111, ¢ we prove that if R(z) = 1, then

I

S (U Inls +60)M27 Y7 sup (29O AS v ) [P oo
p

(28) T eFll2 4 15 Fll2 S sup (270 A ol oosr ) 1 Fllzoges,

and if R(z) = 0, then
L5 e Flloo + HTIG o F oo

2.9 —N(|n
B 5 [oup (2201t slnosse) + 2N e,

Then by interpolating (2.8) and (2.9) we obtain that when z = %,

Ze (5P, + 11115.071),)

<3 [sup (20148

n,l

3 [

LZHLZ):|

1—2
v [S‘;p (Qkﬂ(O)HAI;,ZHL2—>L2) +2—N(|n|1+|£|1)} ||FHLP(62)
S AF ez

For (2.8), we first obtain the pointwise estimates of the form

1
0P < g [ (30 270 |4l i) - Ak efile,

k€Zy

g (2, 9)1) dy

< (20 M) ) .

k>0
We therefore have

1/2
1175 Fll2 < (D0 2257 M(AL o) 13)

k>0
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< (201 ehil3)

k>0
< sup (29O AL ellere ) I Fll oy

when R(z) = 1. The argument for I7T I3 o is exactly analogous.
For (2.9), we note that for R(z) =0

1/2
2
T Qz

=
For each = € R?, we put
Un(z) = U {y cp(x —y+(s)) <4, for some s € supp(goﬁ)}.
k€T
Lemma 2.6. If k € Iy, then
Un(z)] < 32O,

Proof. By the definition of o, §, > 2~ %2N(nhi+l€l)  We note that if s =
.
(51,...,84-1) € supp(k), then |s;| ~ 27" for i =1,...,p and |s;| ~ 277 T
fori=p+1,...,d—1. We define 4} c R=#~1 and Y2 C R**! as
1
Ul = {(Zut1, v 2da-1) t T — 2+ 85| S }
and
Uz = {(zl,...,z#,zd) e —zi + s S0x(0=1,...,u) and

d—1

Tq — Yd + Z E

=1

S

If y = (y1,---,vd) € Un(x), then it is clear that there exists s € supp (k) such
that

(yu-i-la L ayd—l) € urll
and
(yla .. ayuayd) € ur21
By using this one can easily see that
Un ()] < U] x [U3].
Since for (Yu+1,---,Ya—1) € Uy
L _— kg —
i =yl S8 1| S 6 + 27T S 6
we obtain the size estimates for U}

Un| < 05O,
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For U2, we make use of a simple size estimates [U2| < &, to obtain the desired
inequality

Un ()] S 67O O
Now we turn to the proof of Lemma 2.5. We observe

LG o F(x)| < 2[IIne1 F(x) + Ine2F ()],

where

1 1/2
TaerF) = 5 [ (2 220148 oo Sl))

|Qm| Qax kels
2kB(0)| gk 2\ 1/2
Il F(z (2 2 OAL s W 0)[) .
“ail.,
2
For II, ¢1F(x) we use Lemma 2.6 to obtain
; 5 \1/2
II 2, 1F |Q | / Z 22kﬁ(0 ’Anl Xun(m)fk](y>’ dy)
* © keT,
< su (2kﬁ 0|A% Ll 2 2)( - )
sup [Anellz2—z 0, |ZHXZ/{,,( ) frll2
< sup (2018l (B2 ) 1l
keZs x

N

K
sup (29045 llgosz ) 82 P Lo

S 27D Pl o g2,
We now crudely estimate the terms 717 , , F'(x) and I11] ,F'(z) when R(2) =

Let 1) be a smooth function whose Fourier transform is identically 1 on |s| < 2.
Let

d—1
(2.10) Dk (2) = 289(2%aq) [ 1275 T9ne™ ay)
Jj=p+1

then

A o (9) = T wdolon (0 < Do) = [ [ Ty w=a(0) (0 < Pw)eh()dsdu.
For y € @ and w ¢ Un(x), i.e., p(x —w +v(s)) 2 5, we have

ply —w+(s)) 2 ple —w+7(s) = ple —y) X b
for all s € supp(F) and

A e X\t () J2] ()]
</ T — w =)+ fu(wlleh(s)] dsdu
ply—w+v(s))28
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A

sup ([ Bt — w0 — ()] duw) ek il
Y8 p(y—w+v(s)) 20

(1+256,) " Nllhll o Il fell oo
< (14 206,) N2 POREE | fi e
Therefore
I} o F(z) S 27 NIRhF ) || Pl g oy S 27 NURBHED | P ).

Note that
(2.11)

7875 fi()]
S25/ ’Anlfk ) [ nlfk]Qx |Q |

<2t [ ][5y w =) - b -0 900)

A

K b (5)\dsdw 22 Y-
[0 5 fi(w)lln (s) dsdwm= oo
< 2% sup (/m(y—w—v(s))—@?(z—w—7(8))’dw)|\<pﬁ||L1|\fk||L°°‘
Y,2€Q

Lemma 2.7.
~ _ , .
sup (/ ‘“/’5(3/ —w—(s)) =Yg (z —w— 'y(s))’ dw) < 24 miax(246,)% .
Y,2€Qx j=1

Proof. The proof follows by (2.10) and Mean Value Theorem. We omit the

proof. 0
By (2.11) and Lemma 2.7, we have
I o F(z)| < Z \T, sz( )|
E>0: 2k, <2-N(nl1+€l1)
< % 28 k -
D DR 1 e S N Ea AT

kE>0: 2k, <2—N(nl1+€l1)
< 9—N(Inli+[£]: )kaHew(Lx) < 9- N(|n|1+|£|1)HF||Lm(22).

3. Necessary conditions
Let2<m; <---<mg_1. Fork=1,...,d—1, let
(14 a(m;))m; — 1 m; —1 )
By = , .
(14 a(mg))m; (1 + a(mi))m;

Let X(mq,...,mq—1) be the convex polygonal region with vertices (0,0), (1, 1),
By, ..., B4—1 and their dual points Bf,..., B, ;. Let

E; ={(1/p,1/q) : |AllLr—Li<oo,1<p.g<o0 ) -
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Then it is well-known that E, C X(mq,...,mg—1) (see [2]).

Corollary 3.1. A maps LP into L2 if (1/p,1/q) belongs to the interior of
E(ml, ce ,md_l).

Proof. By Theorem 1.1, for each i =1,...,d — 1, we have
1P Afllims S 2700 f -

And the results follow by interpolating these estimates with the following the
trivial estimates

IPEASlloc S 10" % dollocl flls S 2811 £ 11 O

The necessary conditions of Theorem 1.1 is clear from the proof of Corollary
3.1 since Ey, C X(mq,...,Ma—1).
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