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ABSTRACT. The purpose of this paper is to introduce the concept of strongly extending
modules which are particular subclass of the class of extending modules, and study some
basic properties of this new class of modules. A module M is called strongly extending if
each submodule of M is essential in a fully invariant direct summand of M. In this paper
we examine the behavior of the class of strongly extending modules with respect to the
preservation of this property in direct summands and direct sums and give some proper-
ties of these modules, for instance, strongly summand intersection property and weakly
co-Hopfian property. Also such modules are characterized over commutative Dedekind
domains.

1. Introduction

The theory of extending modules has come to play an important role and major
contributions to this theory have been made in recent years, providing extensively
interesting results on extending properties in the module-theoretical setting. An
R-module M is called (strongly FI-) extending if each (fully invariant) submodule
is essential in a (fully invariant) direct summand. Now it is natural to ask: When
does a module have the property that every submodule is essential in a fully invari-
ant direct summand? The main purpose of this paper is to answer this question and
investigate these modules. Here is a brief summary of our paper. In fact, we will
show that direct summands of a strongly extending module are strongly extending,
and some conditions are given to show direct sum of two strongly extending modules
is strongly extending. Also we prove that an R-module M is strongly extending
if and only if M = Zy(M) & N for some submodule N of M, where Zy(M) and
N are both strongly extending and Hom (K, Z2(M)) = 0 for each submodule K of
N. We introduce the notion of strongly Rickart modules and use this to show that
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endomorphism ring of each strongly extending module has a ring direct summand
which is nonsingular and semiprime. Moreover, a number of results concerning
strongly extending modules and examples of such modules are given. In the end of
this paper, we investigate strongly extending modules over commutative Dedekind
domains.

Throughout all rings (not necessarily commutative rings) have identity and all
modules are unital right modules. For the sake of completeness, we state some
definitions and notations used throughout this paper. Let M be a module over a
ring R. For submodules NV and K of M, N < K denotes N is a submodule of K and
End(M) denotes the ring of right R-module endomorphisms of M. rj/(.) denotes
the right annihilator of a subset of End(M) with elements from M. In what follows,
by <% <®% and E(M) we denote, respectively, a module direct summand, an
essential submodule and the injective hull of M. The symbols Z, Z,, and Q stand
for the ring of integers, the ring of residues modulo n and ring of rational numbers,
respectively.

Definition 1.2. (a) An R-module M is called extending (or CS), if each submodule
of M is essential in a direct summand. Equivalently, each closed submodule (i.e.
has no proper essential extensions in M, for example direct summands) is a direct
summand of M (see [5]). The second statement is clear because each submodule
of M is contained in a closed submodule of M in which is essential due to Zorn’s
lemma.

(b) An R-module M is called FI-extending, provided that each fully invariant
submodule of M is essential in a direct summand of M (see [1],[3]).

(¢) An R-module M is called strongly FI-extending if each fully invariant sub-
module of M is essential in a fully invariant direct summand of M (see [1],[2],[4]).

(d) An R-module M is said to be Baer (resp., Rickart), if for any left ideal I of
End(M) (resp., ¢ € End(M)), rar(I)(resp., rar(¢)) is a direct summand of M (see
[11],[14]).

(e) An R-module M is called duo (resp., weak duo), provided that each sub-
module (resp., direct summand) is fully invariant in M (see [13]).

(f) An R-module M is said to have SIP, if the intersection of any two direct
summands is a direct summand of M. A module M is said to have the strongly
summand intersection property (SSIP) if the intersection of any family of direct
summands is a direct summand of M (see [11]).

(g) An R- module M is called weakly co-Hopfian if every injective endomorphism
has an essential image (see [6]).

(h) An idempotent e € R is called left semicentral if re = ere for each r € R.
Equivalently, eR is an ideal of R. The set of all semicentral idempotents of R will
be denoted by S;(R) (see [1]).

The following propositions are used in the sequel.

Proposition 1.2. (i) [7, Lemmal] Let M be any module and L C K be two sub-
modules of M. If L is closed in K and K is closed in M, then L is closed in
M.
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(ii) [2, Lemmal.2(i)] Let e* = e € End(M). Then e € Si(End(M)) if and only
if eM is a fully invariant direct summand.

(iii) [13, Lemma2.1] If N is a fully invariant submodule of M and the module
M = @®;c;M; is a direct sum of submodules M; (i € I), then N = @;cr(N N M;).

Proposition 1.3. [13,Theorem3.10] Let R be a Dedekind domain. Then the fol-
lowing statements are equivalent for a non-zero torsion R-module M.

(i) M is a duo module;

(ii) M is a weak duo module;

(iii) There exist distinct mazimal ideals P; (i € I) of R and submodules M;
(i € I) of M such that M = @;e1M; and for each i € I, either M; = E(R/P;) or
M,; =2 R/P" for some positive integer n;.

2. Strongly Extending Modules

We begin with the key definition of this paper. Motivated by the definition of
a strongly Fl-extending module, we define the strongly extending notion.
Definition 2.1. An R-module M is called strongly extending, if for every submod-
ule N of M, there exists a fully invariant direct summand K of M such that N
is an essential submodule of K. A ring R is called strongly right extending, if the
module Rp has the corresponding property.

Remark 2.2. The diagram below offers a summary of the results mentioned above.

Duo = Weak duo
4 1)
Weakly co— Hopfian < Strongly extending = Strongly FI — extending
I I
FExtending = FI — extending

It is known that an R-module M is extending if and only if every closed sub-
module of M is a direct summand of M. The following states similar property for
closed submodules of strongly extending modules.

Proposition 2.3. An R-module M is strongly extending if and only if every closed
submodule of M is a fully invariant direct summand.

Proof. Is straightforward. O

We next give two other characterizations of strongly extending modules.

Theorem 2.4. The following are equivalent:
(i) M is a strongly extending module;
(ii) M is extending and each idempotent of End(M) is left semicentral;
(iii) M is extending and End(M) is an abelian ring.
Proof. ()= (ii) If M is a strongly extending module, then it is clear that M
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is extending. Let e be an idempotent element of End(M). Since M is strongly
extending, eM is fully invariant by Proposition 2.3. Hence e € S;(End(M)) by
Proposition 1.2(ii).

(ii)= (iii) It suffices to show that each idempotent of End(M) is central. If
e = e? € End(M), then e and (1 — e) are left semicentral by (ii), which implies that
e is central.

(iii)= (i) By (iii), every direct summand of M is fully invariant. Thus every
closed submodule is a fully invariant direct summand. Therefore by Proposition
2.3, M is strongly extending. O

We study some examples for motivation.

Example 2.5. (1) Every commutative domain R as a right R-module is strongly
extending.

(2) Every uniform module is strongly extending. The ring Zg¢ as Zg-module is
a strongly extending module which is not uniform.

(3) It can be seen that strongly extending modules are strongly FI-extending.
The converse is not true: constder the ring R = ( Z04 %4 > of upper triangular

4

matrices over the ring Zy. If M = Rpg, then by [1, Theorem 2.8], M is a strongly
FI-extending module that is not strongly extending.

(4) Let F beaﬁeldandRz(F F

0 F ) Then Rp is not strongly extending,
but Rp is extending.

Theorem 2.6. Let M be a strongly extending module. Then every direct summand
of M is strongly extending.

Proof. If N is a direct summand of M, then N = eM for some e = e¢? € End(M).
Since M is extending, N is extending. It is known that End(N) = e(End(M))e.
By usual argument, each idempotent of End(V) is central. Thus by Theorem 2.4,
N is strongly extending. O

In the following example, it is shown that an arbitrary direct sum of strongly ex-
tending modules is not necessarily strongly extending.

Example 2.7. Let R=7 and M = Z & Z. 1t is clear that Mg is not strongly
is an idempotent of End(M) = ( Lz ) which

extending, because e = 7 7

1
0 0
is not central. But Zz is strongly extending.

By Example 2.7, we obtain that strongly extending property is not a morita equiv-
alent property.

Proposition 2.8. Let M = @;c;M;. If M is a strongly extending module, then
Hom(M;,M;) =0 for each i # j of I.

Proof. As M is strongly extending, every direct summand of M is fully invariant
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in M. Hence the result is clear. O

The following example shows that if for each ¢ € I, M; is strongly extending
and Hom(M;, M;) = 0 for each i # j of I, then M = @,c;M; may be not strongly
extending.

Example 2.9. Consider M = Z,®Q as Z-module where p is prime. It easily can be
seen Hom(Q,Z,) = 0 and Hom(Z,,Q) = 0. Also Q and Z, are strongly extending
Z-module. If N = (1+pZ,1)Z and K = ((p—1) +pZ,0)Z, then NN K = 0. Hence
N is not essential in M. If M is strongly extending, then N <¢** T for some fully
invariant direct summand T of M. By Proposition 1.2(%i), T =T NZ, & T N Q.
Since N <T,0#TNZy, and 0 # TNQ. Since T <% M, TNZ, <% Z, and
TNQ <% Q. Since Z, and Q are indecomposable, T = M. Hence N <°* M, a
contradiction. Therefore M is not strongly extending.

When direct sums of extending modules are extending are considered in [7] and
[12].

Theorem 2.10. Let M = M, & M. Then M is strongly extending if and only if
each closed submodule K of M with KNM; =0 or KN My =0 is a fully invariant
direct summand of M.

Proof. (=) is clear.

(<) We will show that, if K is a closed submodule of M, then K is a fully
invariant direct summand of M. Consider K N M; as a submodule of K. By Zorn’s
Lemma, there exists a closed submodule L of K such that K N M; <% L. Since L
is closed in K and K is closed in M, L is closed in M by Proposition 1.2(i). Since
(KNM)N(ManNL)=0and KN M; <°* L, MyNL=0. By assumption L is a
fully invariant direct summand of M. Let M = L @ L’ for some submodule L’ of
M. By modular law, K = L& (K NL’). Since KNL'is a direct summand of K (so
it is closed) and K is closed in M, K N L' is closed in M by Proposition 1.2(i). As
KnM <L, (KNM;)NL =0. Thus (K N L')N M; = 0. By hypothesis, K N L'
is a fully invariant direct summand of M. Therefore M = (K N L") & Q for some
submodule @ of M. Hence by modular law, L' = (KN L)@ (Q NL"). Thus we
have M =L L' =Le(KNL)® (QNL), where L& (K N L") = K. Therefore
M=K&(@nNL). As L and K N L are fully invariant in M, K is fully invariant
by [3, Lemma 1.1]. Hence M is strongly extending. ad

In the following theorem the necessary condition are given for that the direct
sum of two strongly extending modules is strongly extending.

Theorem 2.11. Let M = M1 & M. If My and My are strongly extending and for
each N1 < My and Ny < My, Hom(Ny1, M) = 0 and Hom(Na, My) = 0, then M s
strongly extending.

Proof. Let K be a closed submodule of M such that K N M; = 0. Suppose
that m : M — My and w3 : M — M> denote the canonical projections. Since
Ker(ma|k) = Ker(m)NK = MiNK = 0, we have monomorphism my|x : K — Mo.
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As mi|k = m((m2)x)™t) @ m(K) — M; € Hom(ma(K), M;) and by assumption
Hom(me(K),M;) = 0, we have m(K) = 0. Thus K C Ker(m) = Ms. Since
K is closed in M, K is closed in M> and so by strongly extending property of
Ms, K is a fully invariant direct summand of M,. Hence K is a direct sum-
mand of M. To complete the proof of theorem, it suffices to show that K is
fully invariant in M. Since Hom(M;, M2) = 0 and Hom(Ms, M;) = 0, we have
End(M) = ( End(()Ml) End(()Mz) ) Thus M; and M are fully invariant direct
summand of M. Since K <% M, <® M and K is fully invariant in My and M,
is fully invariant in M, K is fully invariant in M by [3, Lemma 1.1]. Thus K is a
fully invariant direct summand of M. Similarly, if K is a closed submodule of M
with K N My = 0, then K is a fully invariant direct summand of M. Therefore by
Proposition 2.10, M is strongly extending. O

It is well-known from [5] that a free Z-module F is extending if and only if F’
has finite rank. In the following theorem, we extend this fact to the general setting
of strongly extending free modules.

Theorem 2.12. A free R- module F is strongly extending if and only if rank(F') = 1
and R is strongly extending.

Proof. Assume that F is a strongly extending and free R-module. If rank(F) > 2 ,
then Proposition 2.8 gives Hom(R, R) = 0, a contradiction. Thus rank(F) = 1, and
R is strongly extending. The converse is clear. O

Theorem 2.13. If M is a strongly extending module, then M has SSIP.

Proof. Assume that M is a strongly extending module and let {M;};cr be a family
of direct summands of M and M; = e;M for some idempotent e; of End(M). If
NicrM; = 0, then there is nothing to prove. Suppose that NM;M; # 0 and so
N;M; <% eM for some e € S;(End(M)). Therefore for eachi € I, (1—e;)MNeM =
0, whence eM C e; M. Thus N;M; = eM and M has SSIP. O

Motivated by the definition of Rickart modules and strongly extending modules,
we define the following notion. There is a subclass of Baer modules say abelian Baer
[15], which contains the class of modules defined next.

Definition 2.14. An R-module M is called strongly Rickart, if for each ¢ €
End(M), rar(¢) is a fully invariant direct summand of M.

Proposition 2.15. For an R-module M, the following are equivalent:

(i) M is strongly Rickart;

(ii) M is Rickart and every direct summand of M is fully invariant;

(iii) M is Rickart and End(M) is an abelian ring.
Proof. (i) =(ii) We only show that every direct summand of M is fully invariant.
Let €2 = ¢ € End(M) and eM <% M. Since ry(1 —e) = eM, eM is a fully
invariant direct summand.
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(ii)=-(iii) and (iii)=-(i) are similar to Theorem 2.4. a

Example 2.16. Fvery strongly Rickart module is Rickart, however the converse

F(; ? ), where F' is a field. Then Rp is a

Rickart module which is not strongly Rickart.

is not true, for example, let R =

Theorem 2.17. Every direct summand of a strongly Rickart module is a strongly
Rickart module.

Proof. Let M be a strongly Rickart module and N = eM be a direct summand of
M. By Proposition 2.15, End(M) is an abelian ring and so End(N) = eEnd(M)e
is abelian. Since M is strongly Rickart, M is Rickart, whence N = eM is Rickart
by [11, Theorem 2.7]. Thus N is strongly Rickart by Proposition 2.15. O

Theorem 2.18. Let {M;}ier be a class of R-modules, for an index set I. The
following are equivalent.

(1) M = ®;erM; is strongly Rickart.

(2) (i) For each distinct i,j € I, Hom(M,;, M;) = 0.

(ii) For each i € I, M; is strongly Rickart.
Proof. (1) = (2) (i) Since M is strongly Rickart, each idempotent of End(M) is cen-
tral by Proposition 2.15. As proof of Proposition 2.8, we can prove Hom(M;, M;) =
0 for each distinct 4,5 € I.

(ii) is clear from Theorem 2.17.

(2) = (1) The endomorphism ring of M is a ring of matrices, with elements of
End(M;) in the ii-position and elements of Hom(M;, M;) in ij-position, for each
i,j €1, i # j. By 2(i), for each i,j € I with i # j, Hom(M;, M;) = 0. Therefore
every element of End(M) is a matrix where for each 4,5 € I with i # j, the ij-
position is zero.

Let f € End(M). We will show that 75/ (f) is a fully invariant direct summand.
By the structure of End(M), f is a matrix of the form f; € End(M;) in the di-
position and elsewhere zero. We can show f by @®;crf;. Hence ry(f) = Ker(f) =
@icrKer(f;) = @icrra, (fi). By (i), for each i € I, M; is strongly Rickart, thus
ru, (fi) = e;M; for some e? = e; € End(M;). Since M; is strongly Rickart, End(M;)
is an abelian ring by Proposition 2.15. Therefore e; is central in End(M;). Let e be
a matrix that e; in éi-position and zero elsewhere. Since for each ¢ € I, e; is central
in End(M;), e is central in End(M). Thus we have ry(f) = BicreiM = eM.
Therefore M is strongly Rickart. o

If M; and M, are strongly Rickart modules, then the module M; & My need
not be a strongly Rickart module, as the following example shows. Thus we need
condition (2)(i) in Theorem 2.18.

Example 2.19. ([11, Example2.5]) The Z-modules Z and Zo are both strongly
Rickart, however the Z-module Z @® Zs is not strongly Rickart. Because the map
(m,n) — (0,m) has the kernel 2Z ® Zy which is not a direct summand of Z & Zs.
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In general a strongly Rickart module need not be strongly extending.

Example 2.20. (1) Consider Q & Zs as Z-module. Clearly Hom(Q, Zs) = 0 and
Hom(Z2, Q) = 0. Since Q and Zs are strongly Rickart Z-modules, Q@ Zs is strongly
Rickart by Theorem 2.18. Although Q @ Zo is not strongly extending by FExample
2.9.

(2) In view of Example 2.19 and part (1), the strongly Rickart property does not
always transfer to each of its submodules.

Remark 2.21. Let M be a strongly Rickart module. By Proposition 2.15, End(M)
is abelian. Since M is strongly Rickart, M is Rickart, whence End(M) is a Rickart
ring by [11, Proposition 3.2]. Thus End(M) is strongly Rickart, by Proposition
2.15.

The following proposition is similar to the Proposition 3.15 of [11].

Proposition 2.22. If S = End(M) is strongly regular (i.e. abelian von Neumann
regular), then M is a strongly Rickart module.

Proof. Since S is von Neumann regular, M is Rickart by [11, Proposition 3.15]. As
S is abelian, M is a strongly Rickart module, by Proposition 2.15. O

Lemma 2.23. Let M be a nonsingular R-module. If M is a strongly extending
module, then M is a strongly Rickart module.

Proof. Suppose that ¢ € End(M). Since M is strongly extending, ru (@) <% eM
for some e € S;(End(M)). By nonsingularity of M and - (¢) > Im(¢) < M, we

have rp(¢) = eM. O

The second singular submodule Z(M) is the submodule of M which is defined

by Z( Z(M)) = % The next theorem is similar to [9, Theorem 1] for extending
modules. In our proof of the following theorem, we use the method described in the

proof of Theorem 1 of [9].

Theorem 2.24. An R-module M is strongly extending if and only if M = Zo(M)®
N for some submodule N of M where Zo(M) and N are both strongly extending
and Hom(K, Zy(M)) = 0 for each submodule K of N.

Proof. Let M be a strongly extending module. It is known that Zs(M) is a closed
submodule of M and so it is a fully invariant direct summand. Thus M = Zy(M)®&N
for some submodule N of M. By Theorem 2.6, Z5(M) and N are strongly extending.
Now we will show Hom(K, Z2(M)) = 0 for each submodule K of N. Let f €
Hom(K, Zo(M)). Set Y = {k — f(k)| k € K}. It is clear that Y is a submodule
of M. Since M is strongly extending, Y < H for some fully invariant direct
summand Hof M. Let M = H® H'. We claim that Y N Zy(M) = 0. Let

= f(k) € YN Zy(M) for some k € K. Since f(k) € Z2(M), we have
k € KﬂZg(M) =0, and so y = 0. From Y <¢* H and Y N Zy3(M) = 0, we
have HN Zy(M) = 0. Hence Zo(M) = Z3(H'), because Zo(M) = Zo(H) @ Zy(H').
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Since Z5(H') is closed in H' and by Theorem 2.6, H' is strongly extending, we have
H' = Z5(H')® H" for some submodule H” of H'. Therefore M = H® H" @& Z5(M).
Let m : M — Z3(M) be the canonical projection, then 7|y : N — Zs(M) is the
extension of f. Since Hom(N, Z3(M)) = 0 (by Proposition 2.8), 7|y = 0 and so
f =0. Thus for each K < N, Hom(K, Z3(M)) = 0.

Conversely, assume that N and Z3(M) are both strongly extending and
Hom(K, Zo(M)) = 0 for each K < N. We will show Hom(X, N) = 0 for each
X < Zy(M). Let g € Hom(X,N). Since X < Zy(M), Zo(X) = X. Thus
[(X) = f(Za(X)) € Z2(N) = 0. Thus f = 0. Therefore by Theorem 2.11, M
is strongly extending. O

Theorem 2.25. Let M be a strongly extending module. Then M has a direct sum-
mand N such that N is a strongly Rickart module and End(N) is a reduced strongly
Rickart ring.

Proof. By Theorem 2.24, M = Zy(M) @ N for some nonsingular submodule N of
M. By Theorem 2.6, N is a strongly extending module, whence by Lemma 2.23,
N is a strongly Rickart module. By Remark 2.21, End(N) is strongly Rickart.
We will show End(N) is reduced. Let f? = 0 for some element f of End(N).
Then rgpavy(f) = eEnd(N) for some central idempotent e of End(N). Thus
f=ef = fe=0, as desired. ]

Corollary 2.26. Let M be a strongly extending module. Then End(M) has a ring
direct summand which is a semiprime nonsingular ring.
Proof. By Theorem 2.24, M = Z3(M) & K for some submodule K of M. Thus
End(Zy(M))  Hom(K, Zo(M)
End(M) = ( Hom(ég(](W),;() End(Kg )
ing, Hom(Z3(M),K) = 0, Hom(K, Zy(M)) = 0, by Proposition 2.8. Therefore
End(M) = End(Z3(M)) ® End(K), and by Theorem 2.25, End(K) is reduced,
therefore it is semiprime. We will show End(K) is nonsingular. Let f € End(K)
such that rgyq)(f) <°° End(K). By Theorem 2.25, End(K) is strongly Rickart,
thus 7gaa) (f) = tEnd(K) for some idempotent ¢ of End(K). Thus ¢ = 1 and
TEnd(k)(f) = End(K). Hence f = 0 and so End(K) is nonsingular. O

. Since M is strongly extend-

Proposition 2.27. If M is a strongly extending module, then M is weakly co-
Hopfian.

Proof. Let M be a strongly extending module and f € End(M) be an injective en-
domorphism of M. Then f(M) <¢¢ eM for some idempotent e € End(M). Thus
(I1—e)f(M)=0. As1—eis central, (1 —e)f(M)= f((1 —e)M) = 0. Since fis
injective, (1 —e)M = 0, whence eM = M and f(M) <®% M. a

In the following, we want to characterize torsion strongly extending module over
Dedekind domains. Torsion extending modules were characterized over Dedekind
domains in [8, Theorem 7(1)] and [9, Corollary 23]. At first we state the following
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lemma.

Lemma 2.28. Let M = ®;c;M;. If M is a duo module and for each i € I, M; is
strongly extending, then M is strongly extending.

Proof. Let N be a submodule of M. It can be seen that N = ®;,c;N N M;, by
Proposition 1.2 (iii). Since M; is strongly extending, for each i € I, NNM; <% M/
for some fully invariant direct summand M/ of M;. Thus N <®* @,;c M. It is
clear that @;e; M/ is a direct summand of M. Since M is duo, ®;er M/ is fully
invariant. Thus M is strongly extending. O

Theorem 2.29. Let R be a Dedekind domain. A torsion R-module M is strongly
extending if and only if M = ®;c1M; and for each i € I, either M; = E(R/P;) or
M; = R/P for some distinct mazimal ideals P; and positive integer n;

Proof. Let M be a torsion strongly extending module over a Dedekind domain
R. Since M is a weak duo module, M = @;c;M; and for each i € I, either
M,; =2 E(R/P;) or M; = R/P[™ for some distinct maximal ideals P; and positive
integer n;, by Proposition 1.3. Conversely, let M = (i E(#)) ® (Gierpr),
where P;s (i € IUJ) are distinct maximal ideals R and n)s are positive integeré. It
can be easily seen that F (g) and % are uniform R-modules, so they are strongly

[

extending. By Proposition 1.3, M is a duo module, thus Lemma 2.28 gives that M
is strongly extending. O

Proposition 2.30. Let R be a principle ideal domain. If M is a finitely generated
torsion-free R-module, then M is strongly extending if and only if M = R.

Proof. Tt is known that, if M is a finitely generated torsion-free module over a
principle ideal domain, then M is a free R-module. Since M is strongly extending,
M = R by Theorem 2.12. The converse is clear. O
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