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ABSTRACT. In the present investigation, by making use of the familiar concept of neighbor-
hoods of analytic and multivalent functions, we prove several inclusion relations associated
with the (n, d)-neighborhoods of certain subclasses of analytic functions of complex order,
which are introduced here by means of the Al-Oboudi derivative. Several special cases of
the main results are mentioned.

1. Introduction and Definitions

Let T, (p) denote the class of functions of the form

(1.1) fl2)=2"= > az®  (a>0npeN={12..}),
k=n+p

which are analytic and multivalent in the open unit disc
U={zeC:|z| <1}.

A function f € T, (p) is p-valently starlike of complex order v (v € C\ {0}),
that is, f € 8, (7), if it satisfies the following inequality:

(1.2) §R{p+i (Z;(S) p>} >0 (ze).

Furthermore, a function f € T, (p) is p-valently convex of complex order
v (v € C\ {0}), that is, f € Cp, (7), if it satisfies the following inequality:

(1.3) m{mi (1+ Z}f(z) p)} >0 (zel).
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We note that f € €, (7) if and only if %zf’ €Snyp (7).

Remark 1.1. (i) For n = p = 1, we have the classes

81,1 (7) =8(y) and Ci1(y) =C€(v)

which are the classes of starlike and convex functions of complex order v in U,
respectively, considered by Nasr and Aouf [13] and Wiatrowski [20].

(ii) For n = p =1 and v = 1 — «, we have the classes
$811(M=81-a)=8"(e) and Ci1(1—a)=C(1—-a)=%K(a)

which are the classes of starlike and convex functions of order o (0 < o < 1) in U,
respectively.

Following the works of Goodman [10] and Ruscheweyh [16] (see also [1, 4, 6,
7, 11, 12, 15, 18, 19]), Altintag [3] defined the (n,d)-neighborhood of a function

f €Tn(p) by
(1.4)

thp(f): gE€Th(p):g(z)=2F— Z bpz*  and Z klag —bg| <6

k=n+p k=n+p
It follows from (1.4) that, if
(1.5) h(z)=2"  (peN),
then
(1.6) thp (h) = {g €Tn(p):g(z)=2P— i biz® and i E|bg| < 6} .
k=n+p k=n+p

Next, for f € T, (p), we consider the following operator:

(L.7) DY, F(2) = £(2),
(18) DY (=) = (1 - Nf(2) + ng%z) = Dayf(2), A0
(1.9) P f(2) = Dap(DPSf(2), (m e N).

If f is given by (1.1), then from (1.8) and (1.9) we see that

o0

(1.10) DY, f(z)=2"— > (1 + <k - 1) /\)makzk, (m € Ny := NU {0}),

k=n+p p



Neighborhood Properties of Analytic Functions 213

with DY £(0) = 0.
For f € T1(p) = Tp, this operator was introduced by Bulut [8]. For more
details, see Al-Oboudi [2] and S&lagean [17].

Finally, in terms of the derivative operator Dy, defined by (1.10) above, we

define new subclasses of analytic and multivalent functions.

Definition 1.2. We denote by §,, , (m;~, A, i, @, 3) the subclass of T;, (p) consisting
of functions f which satisfy
(1.11)

1 (nas* (D3,0 ()" + @ua+n- )2 (D0 () 42 (D30 () i
T\ oz (D3, 7 (2)) 4w — )= (Dg,f () + (1=t @) DY F (2)
<p

(ze€U;pneN;meNy;vyeC—-{0};2>200<a<u<l;0<p8<1).

Definition 1.3. We denote by Ry, , (m; v, A, i, @, 3) the subclass of T;, (p), which
consists of functions f € T, (p) which satisfy
(1.12)

2 (s (DR, )"+ = )= (D5, () + (DR, (1) )| < 9

(zeUpneNymeN;vyeC—-{0}; A >0,0<a<pu<1];0<8<1).

Remark 1.4. We have the following relationships.
(i) For pt = o = 0, we have the class

8n.p (M5, A,0,0, 8) = Hp, (m,p, A, v, B)
introduced by El-Ashwah and Aouf [9].
(ii) For p =1, m = 0 and o = 0, we have the classes
Snp (037, A 11,0, 8) = 8n (7, 11, B)

and
R’VLP (07 s Aa My 07 6) = :Rn (’77 12 ﬂ)
studied by Altintas et al. [5].

(iii) Forn =p =1, m =0 and 8 = 1, we have the classes

S'n,l (Oa e )\7 My & 0) = TD& (/1’7 ’7)

and
:Rn,l (07’77 >‘a O‘a/B) = :RO/ (/1‘77)
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studied by Orhan and Kamali [14].

(iv) For p = 0 and g = 1 with m = 0, a = 0, § = 1, we have the following
relationships for the class S, , (m;~, A, 1, @, 3), respectively:

Sn,p (07 % )‘7 07 Oa 1) C Sn,p (’Y)

and
8np (057,4,1,0,1) C Cryp (7) -

2. A Set of Coefficient Inequalities

In this section, we prove the following results which yield the coefficient inequal-
ities for functions in the subclasses

STL,P (m;77AaM7a7ﬂ) a’nd :R’Vhp (m;’y,)\,u,a,ﬁ) .

Theorem 2.1. Let f € T, (p) be defined by (1.1). Then f is in the class
Sn.p (M5, A, 1, a0, B) if and only if

S (1+(5-1) A)muf—pww|w<k>ak<mv|w>7

k=n+p
(2.2) U(s):=(s—1)(uas+p—a)+1.

Proof. We first suppose that f € 8,, , (m;7, A, i, v, ). Then, by appealing to the
condition (1.11), we readily obtain
(2.3)

pas? (D51 (1) + (uact p— )2 (05,7 ()" +2 (D, ()
paz* (DY, f (2))// + (- a)z (DY, f (z))/ +(1—p+a) DY f(2)

/

> B9l
for z € U, or, equivalently,
m
Sy (1 (1) A) " (=)W (k) ap2”
U(p)er — (1+ (g - 1) )\) U (k) aj,2k

for z € U, where we have made use of (1.10) and the definition (1.1). We now
choose values of z on the real axis and let z — 1~ through real values. Then the
inequality (2.4) immediately yields the desired condition (2.1).

(2.4) R > =Byl
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Conversely, suppose that the inequality (2.1) holds true and let
z2€dU={2€C:|z| =1}.

Then we find hat

"

pazt (DF,f (2)) "+ Quat p—0) 22 (D, £ () +2 (D37 ()
paz? (D, 1 (2)) + (u—0)z (DF, £ (2)) + (1~ ) DE, ()
Sy (14 (5 1) A)m (k —p) W (k) apzk—?
U (p) = i, (14 (5-1) A)m U (k) apzh—r
B [¥(#) = Xy, (14 (5 -1) ) W (0) ]
() = X, (14 (5 - 1) )\)m U (k) a
= Bhl
Hence, by the Maximum Modulus Theorem, we have
f€8np (msy, A, v, B)

which evidently completes the proof of Theorem 2.1. O

-p

Similarly, we can prove the following result.

Theorem 2.2. Let f € T,(p) be defined by (1.1). Then f is in the class
Rnp (m;y, \, b, @, B8) if and only if

o0

(2.5) > <1+<];—1>)\>mk\11(k)ak<5|7+p(\I/(p)—1),

k=n+p

where the function ¥ is defined by (2.2).

Remark 2.3. Special cases of Theorem 2.1 and Theorem 2.2 when

(2.6) p=1 m=0 and a=0

was given by Altintag et al. [5].

3. Inclusion Relations Involving the (n,d)-neighborhood N,‘fb,p (h)

In this section, we establish several inclusion relations for the normalized p-
valently analytic function classes

871717 (m;’)/’)‘7/’['7aaﬁ) and :Rn,p (m;77)‘5/~l/7aa6)
involving the (n, d)-neighborhood defined by (1.6).
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Theorem 3.1. If

Byl (n+p) ¥ (p)

(31) 6= m ’
(1+22)" e+ B ¥ (n+p)

then

(3.2) Snp (Mi7, Ay, B) CND L (h),

where the function U is defined by (2.2).

Proof. For a function f € 8, ,(m;v, A u, o, 3) of the form (1.1), Theorem 2.1
immediately yields

Oﬁé?) (n+Bh)T(n+p) Y ar <BhHT(p),
k=n+p
so that
(3.3) i a < mﬁlvl‘lf(p) _
e (1+23) 4B (n+p)

On the other hand, we also find from (2.1) that

(HZA)’"(HﬁIvI)W(Hp

) ST ke <8RV ).,

n+p hemtp
that is, that
= T
(3.4) S kay < 6IZLI (n+p)¥(p) -5
e (142A) B e (D)

which, in view of the definition (1.6), proves Theorem 3.1.

Similarly, by applying Theorem 2.2 instead of Theorem 2.1, we can prove The-
orem 3.2 below.

Theorem 3.2. If

_ Bhl+p(¥(p)—1)
Q+ggmmm+m

(3.5) 0

)

(3.6) R p (M7, N, 1,0, B) C N3 (),
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where the function ¥ is defined by (2.2).

Remark 3.3. Applying the parametric substitutions listed in (2.6), Theorem 3.1
and Theorem 3.2 would yield a set of known results due to Altintas et al. [5].

4. Neighborhood Properties for the Classes 853);, (m;y, \, u, 0, ) and
RV (57, A 1, @, B)

In this section, we determine the neighborhood for each of the function classes

b . b .
80 (m;v, Ay, B)  and - R, (m;y, A, p, . B)
which we define here as follows.

Definition 4.1. A function f € T, (p) is said to be in the class 8527 (m;y, A\, @, B)
if there exists a function g € 8, , (Mm; 7, A, i, a, 3) such that the following inequality
holds true:

(4.1) ‘Z—1’<p—b (z€U; 0<b<p).
Definition 4.2. A function f € T,, (p) is said to be in the class ng% (m;y, A\, 0, B)

if there exists a function g € R, , (m;7, A, 1, a, §) such that the inequality (4.1)
holds true.

Theorem 4.3. If g € 8,, , (m; 7, A\, u, o, B) and

(14 20) (4B ¥ (0 +p)d

(42)  b=1- v, :
(n+p) [(142X)" (4 B1) ¥ (0 +p) = B 1] ¥ ()

then

(4.3) Nop (9) € 817 (ms 7, A, s v, ),

where the function U is defined by (2.2).

Proof. Assuming that f € wa (g9), we find from the definition (1.4) that

(4.4) > klaw — bl <6,
k=n+p

which readily implies the following coefficient inequality:

= 1)
(4.5) > Jak —bi| < ——

k=n+p n+ p
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Since g € 8yp (M5, A, i, @, 3), we have [cf. Eq. (3.3)]

e B ¥ (p)
(4.6) by = - ,
2 (14 20) (nt bW+ )
so that
fz) ‘ D henp |k — b
’g(z) 1S I on
L (1+20)" (B (n+p)
TP (1420 4 BN+ p) - 81T ()
(4.7) = :1-0,

provided that b is given precisely by (4.2). Thus, by Definition 4.1, we conclude
that

f €80, (miv, A, v, B)
for b given by (4.2). This evidently completes the proof of Theorem 4.3.

The proof of Theorem 4.4 below is much akin to that of Theorem 4.3, and so
the details involved are being omitted here.

Theorem 4.4. If g € R, , (m;y, A\, p, o, B) and

Q+ggmm+mwm+m5

(48) b=1- - :
(n+p) {(1 + %A) (n+p) ¥ (n+p) =[] +p(¥(p) - 1)]}

then

(4.9) NS, (9) C€ RE) (miy, A o, B)

where the function ¥ is defined by (2.2).

Remark 4.5. Applying the parametric substitutions listed in (2.6), Theorem 4.3
and Theorem 4.4 would yield a set of known results due to Altintag et al. [5].
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