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ABSTRACT. For a finite subset A of Ny x Np, where Ny is the set of nonnegative integers,
we say that a complex data ya := {7vij}@,jjea in the unit disc D of complex numbers has
a cyclic subnormal completion if there exists a Hilbert space H and a cyclic subnormal
operator S on H with a unit cyclic vector ¢ € H such that <S*iijo7:co> = 7, for all
4,7 € No. In this note, we obtain some sufficient conditions for a cyclic subnormal com-
pletion of v5, where A is a finite subset of No x Np.

1. Introduction

Let H be a separable, infinite dimensional, complex Hilbert space and let £(H)
denote the set of all bounded linear operators on 3. An operator T € L(H) is
subnormal if there exists a normal operator N on a Hilbert space K with KX D H
such that N|gc = T. Given a finite sequence o := {«a;}1, C R, where R is the set
of positive real numbers, one says that a has a subnormal completion if there exists
a sequence @ = {@;}°, C Ry with &; = «; for 0 < i < n such that the associated
weighted shift W5 with weight sequence @ is subnormal. For three initial segment
of positive weights o = {ai}?zo with ag < a1 < as < 1, it is well-known that « has
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a subnormal completion, but not the case of an initial segment of positive weights
{a;}, for n > 3 ([11]). This notion of subnormal completion can be extended to
the truncated complex data and applied to the truncated complex moment problem
approached by complex moment matrices M (n) ([4],[5]). In [7], they obtained some
results that the matrices M (n) [or E(n)] come from the Bram-Halmos’ [or Embry’s,
resp.] characterization ([1],[6],[8],[9],[10]). These matrices are closely related to the
cyclic subnormal completion which is the main topic of this note.

The organization of this paper is as follows. In Section 2, we recall some notation
and terminologies about moment matrices of M (n,s) which were generalized by
M (n) in [7]. In Section 3, we obtain some sufficient conditions for a cyclic subnormal
completion of vy, for a finite subset A of Ny x Ny. Denote a pentagonal set by

Fpe=H,7):0<i+j<2n, |i—j|<s, 0<s<2n}

Let A =T, and vo C D. We prove that if M(n,n) > 0 has a flat extension
M(n+1,n+1), then v has the unique cyclic subnormal completion. In addition,
we consider a pentagonal set A =1I",, ; and y4 C D. In this case, we also prove that
it M(n,s) > 0 has a double flat extension M(n + 2, s) for 0 < s < n, then 4 has a
unique cyclic subnormal completion.

2. Preliminaries and Notation

Let S be a cyclic operator in £(H) with a unit cyclic vector xo in H. Then
we may construct a double sequence {d;}(; jjenyxn, in C defined by d;; :=
<S*iijo,a:0> for 4,7 € Ny. Obviously dgpg = 1 and E = Jj;. We recall some
notation from [4] and [7] below. Consider the following lexicographic order on the
rows and columns of an infinite matrix (6;;)o<i,j<oo :

(2.1) 1,2,2,7%,27,7°,23,22%,2* 2,73, ..,

e.g., the first column is labeled 1, the second column is labeled Z, the third Z, the
fourth Z2, etc. For m,n € Ny, let M, ,, be the (m + 1) x (n + 1) block of Toeplitz
form whose first row has entries given by vm n, Ym+1,n—1, s Ym+n,0 and whose first
column has entries given by V. n, Ym—1,n+1, --» Y0,n+m, and the infinite matrix can
be constructed as following;:

Moo Mo1 Moo
Mo Mg M
(2.2) M:=1 My My, My,

Next we introduce matrices M(n, s) whose definition was defined in [7]. If n = 2k,
let
[ (k+1)2+2mk —m(m —1) if s =2m,
s =1 (k+1)24@2m—Dk—(m—1)2  ifs=2m—1,



A Cyclic Subnormal Completion of Complex Data 159

and if n =2k + 1, let

B+ 1)(E+3)+2mk —m(m —1) if s =2m+1,
s = (k+1)(k+3)+ 2m—Dk—(m—1)2  if s =2m.
Let My (C) be the set of all complex k x k matrices. For A € M,,,  (C), we give the
order on the rows and columns of A as in (2.1). For example, if n =4 and s = 3,
i.e., 74,3 = 14, then the order of columns of such A in M,, ,(C) is as follows:

1,2,2,7%,27,7%,23,22% 2% 72,23,2*, 223, 2% 7%, Z3 Z.

Let
Aps={0,7):0<i+j<nmmax{i—s,0} <j 0<s<n}

And we define the moment matrix M (n, s) for an 1, s X, s matrix that the entry in
row Z*Z' and column Z°Z7 is M(n, 8) (k1) (irj) = Viti,j+k> Where (k1) (4,7) € Ay s.
For example, if n = 2,5 =1, i.e., for

7Y £ Y00 Y01, Y105 Y025, Y115 Y205 Y03, V125 V21, Y305 V13, V225 V31,
the associated moment matrix is

Yoo “Yor Y10 7Yo2 V11
Y10 Y11 Y20 Y12 721
M(2,1) =1 v1 72 711 Y3 72
Y20 Y21 Y30 722 31
Y11 Y12 Y21 Y13 722

In particular, M (2, s) is referred to as the quartic moment matriz here.

3. Cyclic Subnormal Completion

We first recall that if S is a cyclic contractive subnormal operator in £(F),
then there exists a compactly supported Borel measure p on D and unitary trans-
formation V : H — H?(p) such that S = V=15,V and Vz, = 1, where S, is a
multiplication operator on H?(u) defined by S, f(z) = 2 f(2).

We now begin this section with the following definition.

Definition 3.1. Let A be a finite subset of Ny x Ng. A complex data vy, :=
{7ij},5)en in D has a cyclic subnormal completion if there exists a Hilbert space
H and a cyclic subnormal operator S on H with a unit cyclic vector zg € H such
that <S*i5’j$0,xo> = vy, for all ¢,7 € Ng. This bounded operator S is called a
cyclic subnormal completion of ya. In this case, we denote 7;; := <S*i5’jx0,x0> for
all i, j € No, and 75 := {7 }o<i,j<oo- And 74 is called the matriz completion of ya
with respect to S.
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Suppose that A = {7i;}i,j)ea has a cyclic subnormal completion S. Let 75 =
{7ij }o<i,j<oo be a matrix completion of yo with respect to S. Then we have
(3.1)
'/7\ij = <S*isj$07$0>}c = <S;iSZl, 1>H2(u) = <Zj7zi>H2(#) = / Eizjd/% Vi,j > 0.
D
Since 790 = Y00 = 1, the total mass of p is 1. And, in general, cyclic subnormal
completion is not unique; see Example 3.2 below.

Example 3.2. Let A = {(0,0), (0,1)} and let 701 be a nonzero complex number in
D. Then we can choose numbers 711, y20 in D such that y11 < v00 = 1, Y02 = 720
and

Yoo 7Yor Y10
M(1,1):=1{ 70 71 70 | >0.
Yo1 Yo2 711

By [4, Th. 1.8], there exists an associated representing Borel measure u supported
on D such that

vy = / sidddp,  (i,g) € Doy,
D

By [4, Prop 6.4], M(1,1) has a flat extension M (2,2). Hence v admits a unique
positive extension Y5 = {i;o<i,j<co such that 3;; = [ z°27dp, i, j € Ng. We may
define a multiplication function S,, on H?(y) so that

5)71»3» = /D EZZde = <2;J72;1>H2(#) = <S;1,S'ZL1, 1>H2(H)’ 1,7 € Np.

This cyclic operator S, is a cyclic subnormal completion of y5. Because ;1 depends
on the choice of 711 and 799 (cf. [4, Prop 6.4]), the representing measure p supported
on D is not unique. In fact, the corresponding cyclic subnormal completion .S, can
be chosen infinitely many.

We give some conditions for the uniqueness on the cyclic subnormal completion
below.

Theorem 3.3. Under the same notation as in (2.5), we have the following asser-
tions.

(i) Suppose A =T, and ya C D. If M(n,n) >0 has a flat extension M(n +
1,n+1), i.e., rankM(n,n) = rankM (n + 1,n + 1), then v has the unique cyclic
subnormal completion.

(ii) Suppose A =T, 5 and yo C D. If M(n,s) > 0 has a double flat extension
M(n+2,s8) for 0 < s < n, i.e, rankM(n,s) = rankM(n + 2,s), then y5 has a
unique cyclic subnormal completion. In particular, if n is even, then the condition
of “double flat” in the above assertion can be replaced by “flat”.

Proof. (i) By [4, Cor. 5.12], there exists uniquely the representing measure p of
M (n,n) such that p induces Yo = {7i;j bo<i,j<oo- Since 35 = [ 227 dp, by (3.1) we
obtain a cyclic subnormal completion S, of 5. To show the uniqueness property, we
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suppose v has a cyclic subnormal completion S. Obviously S is unitarily equivalent
to a multiplication S, on H?(v). According to (3.1), we have that

/ p(E,z)d,u:/ p(z,2)dv, Vp(z,z) € C|zz].
D D

And hence p = v.
(ii) By [7, Propositions 3.2 and 3.4], similarly we have this assertion. a

We may restate Theorem 3.3 as follows.

Theorem 3.4. Let A be a finite subset of Ng x Ng and let yo C D. Let I'y, ¢ be the
smallest pentagonal set containing A. Suppose there exists a finite sequence r, |
in D with yr, , D ya such that one of the following conditions (i) and (ii) holds:
(i) M(n,s) > 0 has a double flat extension M(n + 2,s) for 0 < s <mn,
(ii) M(n,n) > 0 has a flat extension M(n+1,n+ 1) for s =n.
Then vp has a unique cyclic subnormal completion.

The following remark is interesting as its own purpose.

Remark 3.5. Recall that if ' € L(H) is a cyclic operator with cyclic vector z in
H, by Bram-Halmos’ characterization, one of the well-known equivalent conditions
for subnormality of T is that

> (T T pi(T)wo, ps(T)xo) > 0

0<i,j<n

for all p;(2) € P[z], 0 < i < n, n € Ng. An operator T is called a cyclic n-
hyponormal operator of order s if T satisfies the following two conditions:

(i) T is a cyclic operator with a cyclic vector xo;

(ii) it holds that

Z <T*i+max{j—570}Tj—i—max{i—s,O}pi(T)xo ,Dj (T).T0> >0,
0<i,5<n

for all p;(z) € Plz] with degp;(z) < n —i — max{i — 5,0} (1 < i < n). Then it
follows from [7, Prop. 2.2] that a cyclic operator T" with cyclic vector zg is a cyclic
n-hyponormal operator order s if and only if M(n,s) > 0.

We now recapture the real case of the subnormal completion which was in-
troduced by J. Stampfli ([11]). Before doing this, we recall that, for a sequence
{a;}ien, of positive real numbers, we denote v9 = 1, v, = a2 ---a2_; (n > 1),
which is called moments sometimes (see [2]).

Corollary 3.6. Let o : ag, a1, as with ap < a1 < as <1 be an initial segment of
positive weights. Then a has a subnormal completion.
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Proof. Let v : v9,71,72,73 be the moments induced by a. Put v99 = 70,710 =
1,720 = Y2,730 = v3. Consider A = {(0,0), (1,0),(2,0),(3,0)} C Ny x Ny. Taking
M1 = V2, Y12 = V3, Vo2 i= a2 + bys with

2 20 2 2 2.2 2
asai(as — o af(as — «
(3.2) 0= 20 12( 2 1)7 b 1(22 20)'
ar — ap ay — Qg
We now take 4 := v22 and 713 = 7Yo4 = 4. Then we obtain a quartic moment

matrix

Y Y1 Y1 Y2 Y2 2
YioY2 Y2 Y3 V3 Y3
(33) 1\4(27 2) Yo Y2 Y2 Y3 Y3 3
Y2 3 Y3 Y4 Y4 V4
Y2 Y3 Y3 Y4 Y4 V4
Y2 Y3 Y3 Y4 Y4 V4

which implies that M (2,2) is a flat extension of M(1,1). Let u be the associated
moment measure for M(2,2). Then by Theorem 3.3 (i), we know that v, has
the unique cyclic subnormal completion. And the cyclic subnormal operator S,
corresponding by ~ya is the required operator. O

By using some conditions in [2] and [3], one can extend Corollary 3.6 to the
case of arbitrary finite weights. Beginning our final discussion, we introduce some

notation below. For j > 1 and o, -+ ,72;+1 € R, define Hankel matrices A(j) and
B(j) by
Yoo Yoo Y+l
AGy=| . ¢ | ad BG=| .
Vi 25 Vi+1 o o V2541

Then we have the following corollary.

Corollary 3.7. Let o : ag, -+, (m > 0) be an initial segment of positive
weights and let k = [mTH}, l:= [%] + 1. Let v : Yoy, Ym+1 be moments of
a. Let A = {(3,0) : 0 < i < m}. Suppose that A(k) > 0, B(I—1) > 0 and
v(k+1,k) € R(A(K)) if m is even [v(k+1,k—1) € R(B(I—1)) if m is odd], where
R(A(+)) is the range of A(:). Then vya has a cyclic subnormal completion.

Proof. Without loss of generality, we may assume that vo = 1 and ~; € (0,1]. Put
Yoo = 1, vij = Yit;. Consider A = {(7,0) : 0 < i < m}. By the similar method with
the proof of Corollary 3.6, without difficulties we can take v; (m+2 < j < 2m) so
that we may construct

Moo Mox -+ Mom

Mio My -+ My
M(m,m) = . . . .
Mm,O Mm,l Mmm

)
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as in (2.2), where all entries of M; ; are v;4;; for example, see (3.3). If we correspond
M; ; to 7y , it follows from the hypothesis that M (m,m) is the flat extension of
M(m —1,m — 1). Hence 5 has a cyclic subnormal completion. |
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