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Abstract

Fisher information matrix plays an important role in statistical inference of unknown parameters. Especially, it is used in 

objective Bayesian inference where we calculate the posterior distribution using a noninformative prior distribution, and also in an 

example of metric functions in geometry. To estimate parameters in a distribution, we can use the Fisher information matrix. The

more the number of parameters increases, the more its matrix form gets complicated. In this paper, by using Mathematica programs

we derive the Fisher information matrix for 4-parameter generalized gamma distribution which is used in reliability theory.
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1. Introduction
1

4-parameter generalized gamma distribution is 

frequently used in reliability theory. To estimate four 

parameters, two methods can be considered. One is to 

use Jeffrey
[1]

 prior distribution using the Fisher 

information matrix, and the other is to estimate the 

parameters from a posterior distribution by inducing 

non-informative prior distribution such as reference prior 

distribution etc. Thus, it is very important to obtain the 

Fisher information matrix. However, its form of the 

Fisher information matrix becomes complicated as the 

number of parameters increases. In order to solve this 

complexity, this paper uses Mathematica program to 

derive the Fisher information matrix for 4-parameter 

generalized gamma distribution. Generalized gamma 

distribution has been shown in Hargar and Bain
[2]

,

Lienhard and Meyer
[3]

, Harter
[4]

, etc. The probability 

density function of 4-parameter generalized gamma 

distribution is defined as follows,

 (1.1)
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where a is location parameter, b is scale parameter, c is 

shape parameter, and d is index parameter.

Fisher information matrix estimating these 4 parameters 

at the same time is shown in Lehman and Casella
[5]

,

Berger
[6,7]

, and Casella and Berger
[8]

 etc.

When  denotes a likelihood function, Fisher 

information matrix is as follows:

     (1.2)

where ,

In this study, we will discuss the derivation of the 

Fisher information matrix for 4-parameter generalized 

gamma distribution by using Mathematica commands 

by Wolfram
[9]

. In section 2, required functions and 

Mathematica commands are introduced, and the form of 

the Fisher information matrix for 4-parameter generalized 

gamma distribution is presented. The actual derivation 

process is explained in section 3, and in section 4 a 

couple of examples are described and the paper is 

concluded.
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2. Required Functions, Mathematica 

Commands, and the Form of Fisher 

Information Matrix for 4-Parameter 

Generalized Gamma Distribution

2.1. Functions Required to Derive the Fisher 

Information Matrix for 4-Parameter Generalized 

Gamma Distribution

Functions used to derive the Fisher information matrix 

for 4-parameter generalized gamma distribution are as 

follows:

(1) Gamma Function : 

(2) First-order and second-order derivatives for 

gamma function :

(3) PolyGamma Function :

, then 

(4) First-order PolyGamma Function :

    

Using functions defined above, we can see the second 

derivative for gamma function is

2.2. Mathematica Commands Required for the 

Fisher Information Matrix

Mathematica commands required for Fisher 

information matrix for 4-parameter generalized gamma 

distribution are as follows:

(1) D[f[x], x]: First-order derivative for f(x)

(2) D[D[f[x], x], x]: Second-order derivative for f(x) 

(3) D[f[x, y], x]:  Partial derivative of x for f(x, y)

(4) D[f[x, y], y]:  Partial derivative of y for f(x, y)

(5) D[D[f[x, y], x], y]: 

Second-order partial derivative of x and y for f(x, y)

(6) Integrate[f[x, y], x]: 

Indefinite integration of x for f(x, y)

(7) Integrate[f[x, y], {x, a, b}]:

Definite integration for f(x,y) in interval [a, b]

If we get a likelihood function of equation (1.1) in 

section 1 and Mathematica commands above, Fisher 

information matrix is represented as follows, by using 

equation (1.2) :

(2.1)

where  is a log-likelihood function, which will be 

defined in the following section 3, and .

Therefore, we need to calculate 10 elements of the matrix 

above to obtain the Fisher information matrix. The 

matrix is completed by getting second-order partial 

derivatives of each log-likelihood function above and 

computing expectation values.

3. Calculation and Derivation of the Fisher 

Information matrix for 4-Parameter 

Generalized Gamma Distribution

Let's say that observation values  have the 4-parameter 

generalized gamma probability density function as shown 

in equation (1.1). Log-likelihood function in equation (1.1) 

is denoted as , more simply 

 or . Thus, log-likelihood function is 

represented using equation (1.1) as follows

In Mathematica command, log-likelihood function is 
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as follows:

lnL[a_,b_,c_d_,x]:=Log[c]-Log[b]-Log

[Gamma[d]]+(cd-1)Log[(x-a)/b]-((x-a)/b)^c

lnL[a, b, c, d, x]

Second-order partial derivative of log-likelihood 

function for a is as follows:

Mathematica program for this is as follows:

D[D[InL[a, b, c, d, x], a], a]

Therefore, if we calculate the element in the first 

column of the first row of the Fisher matrix shown in 

equation (2.1) in section 2.2,

Here, if , then the following is established.

                  

                  , where .

The following can be obtained the same way.

=  = .

Therefore,

, where .

If we calculate the element in the second column of 

the first row the same way,

Mathematica program for this equation is as follows:  

D[D[InL[a, b, c, d, x], a], b]

By using same as before method, the third element of 

the first low is 

Thus, the element in the third column of the first row is

Mathematica program for this is as follows:

D[D[lnL[x,a,b,c], a], c]

Therefore, if we rewrite 

using the equation above,

Then,

 and,

 as before, and if we 

use ,

=
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Mathematica program for this is as follows:

Integrate[E^(-u)u^(d- 1/c), {u, 0, Infinity}]

Therefore,

The element in the fourth column of the first row is 

, and Mathematica program for this is as 

follows:

D[D[lnL[a, b, c, d, x], a], d]

Also, same as before method, the element of the fourth 

column of the first low is

.

The element of second column of the second row for 

fisher informantion matrix is

.

Mathmatica program for this is as follows :

D[D[lnL[a, b, c, d, x], b], b]

Therefore, following equation is established.

.

Also, same as before method, we can see that the 

following equations is correct. 

 and, .

The element of third column of the second low is

, and 

Mathematica program for this is as follows :

D[D[lnL[a, b, c, d, x], b], c]

Thus, 

,

Therefore,

By the equation , the element in the 

fourth column of the second low is .

By using above result, Mathematica program for this 

is as follows:

D[D[lnL[a, b, c, d, x], b], d]

The element in the third column of the third row is 
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.

Mathematica proram for this is as follows: 

D[D[lnL[a, b, c, d, x], c], c]

Therefore, following equation is established.

.

Here, we can calculate the following equation. 

       

.

Thus, 

.

Mathematica program for  is as 

follows:

Integrate[ E^(-u) u^dLog[u])^2,{u,0,infinity}]

we can see that the element in the fourth column of the 

third row is 

.

Mathematica program for this is as follows:

D[D[lnL[a, b, c, d, x], c], d]

Also, by using the equation,

    

, we can see that 

the following equation is established.

.

Mathematica program for  is as 

follows:

Integrate[u^(d-1) E^(-u)Log[u], {u,0,infinity}]

Finally, the element in the fourth column of the forth row 

is 

.

Therefore,  and 

.

If we apply the calculation results so far to equation (2.1) in seciton 2, Fisher information matrix for 4-parameter 

generalized gamma distribution is expressed as follows:
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=

 =

4. Examples and Conclusion

Example 4.1 When index parameter  in equation 

(1.1), probability density function is

Fisher information matrix for this is as follows the 

same way described in section 3:

=           

symmetry

=           

symmetry

where, (Euler constant).

In other words, it is a sub-matrix excluding the fourth 

row and the fourth column from the original matrix when 

. It is consistent with the result of Yang and Baek 

[10].

Example 4.2 When index parameter  and location 

parameter  in equation (1.1), probability density 

function is

.

Fisher information matrix for this is

We can easily confirm that the sub-matrix 

excluding the first row and the first column from the 

original matrix derived in section 3 is same as Fisher 

information matrix for 3-parameter generalized gamma 

distribution with . The matrix above is established 

only when . In other words, shape parameter  and 

index parameter  are limited for density function of four 

parameter gamma distribution function. This is shown in 

Jan and Noortwijk [11], where some of the elements of 

the Fisher information matrix for 4-parameter 

generalized gamma distribution were calculated, and 

their result is consistent with that of this paper. When 

, it is Weibull distribution with 3 parameters and is, 

thus, consistent with Fisher information matrix of 

Weibull distribution. And besides the calculation 

problems of the Fisher information matrix in other 

distributions can be easily resolved using Mathematica 

programs. This geometric application of the Fisher 

information matrix is shown in Lee [12] and Kass [13] 

with related to the statistical geometric curvature. 

Furthermore, this result can be applied to an objective 

Bayesian inference for each parameter by deriving 

non-information prior distribution and posterior 

distribution.

Acknowledgements

This paper was supported by Seokyeong University in 

2012.

References

[1] H. Jeffreys, “Theory of probability”, 3rd ed., 

Clarendon, Oxford Press, 1961.

[2] H. L. Hager and L. J. Bain, “Inferential procedures 

for the generalized gamma distribution”, J. Am. 

Stat. Assoc., Vol. 65, pp. 1601-1609, 1970.

[3] J. H. Lienhard and P. L. Meyer, “A physical basis 

for the generalized gamma distribution”, Q. Appl. 

Math., Vol. 25, pp. 330-334, 1967.

[4] H. L. Harter, “Maximun-likelihood estimation of 

the parameters of a four-parameter generalized 

gamma population from complete and censored 

samples”, Technometrics, Vol. 9, pp. 159-165, 

1967.



144 Tae Ryong Park

J. Chosun Natural Sci., Vol. 7, No. 2, 2014

[5] E. L. Lehmann and G. Casella, “Theory of point 

estimation”, 2nd ed., New York, Springer-Verlag, 

2000.

[6] J. O. Berger, “Statistical decision theory and Bayesian 

analysis”, 2nd ed., New York, Spring-Verlag, 1985.

[7] J. O. Berger and J. M. Bernardo, “On the development 

of reference priors (with discussion)”, in Bayesian 

Statistics IV, edited J. M. Bernardo et al., Oxford, 

Oxford University Press, pp. 35-60, 1992.

[8] G. Casellar and R. L. Berger, “Statistical inference”, 

2nd ed., Pacific Grove, CA, Duxbury. 2002.

[9] S. Wolfram, “The mathematica book”, 5th ed., 

Wolfram Media, Cambridge University Press, 2003.

[10] J. E. Yang and H. Y. Baek, “Deviation of the Fisher  

information matrix for 3-parameters Weibull 

distribution using mathematica”, Journal of Korean 

Data & Information Science Society, Vol. 20, pp. 

39-48, 2009.

[11] M. Jan and V. Noortwijk, “Bayes estimates of flood 

quantiles using the generalised gamma distribution, 

System and Bayesian Reliability”, Singapore, 

World Science Publishing, pp. 351-374, 2001.

[12] Y. J. Lee, “Statistical curvature, R. A. Fisher's 

contributions to statistics”, Paju, Feedom Academy 

Press, pp. 125-170, 1988. 

[13] R. E. Kass, “Canonical parameterizations and zero 

parameter-effects curvature”, J. R. Stat. Soc. B, Vol. 

46, pp. 86-92, 1984.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


