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WEAK AND STRONG CONVERGENCE OF THREE
STEP ITERATION SCHEME WITH ERRORS FOR
NON-SELF ASYMPTOTICALLY NONEXPANSIVE

MAPPINGS

JAE Uc JeoNGT AND YouNe CHEL KwWUN

ABSTRACT. In this paper, weak and strong convergence theorems
of three step iteration process with errors are established for two
weakly inward and non-self asymptotically nonexpansive mappings
in Banach spaces. The results obtained in this paper extend and
improve the several recent results in this area.

1. Introduction

Let K be a nonempty subset of a real normed linear space E. A
mapping 7' : K — K is said to be nonexpansive if ||Tz — Ty|| < ||z —y||
for all z,y € K. A mapping T : K — K is said to be asymptoti-
cally nonexpansive [6] if there exists a real sequence {k,} C [1,00) with
lim,,_,o k, = 1 such that

(1.1) [T = Ty < kallz = yll

for all z,y € K and n > 1. We denote by F(T) the set of fixed points
of T.
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The interest and importance of fixed points of nonexpansive mappings
stem mainly from the fact that it may be applied in many areas such as
imagine recovery, signal processing and equilibrium problems [1,2,13,18].

The class of asymptotically nonexpansive mappings is a natural gen-
eralization of the important class of nonexpansive mappings. Goebel and
Kirk [6] proved that if K is a nonempty closed and bounded subset of a
uniformly convex Banach space, then every asymptotically nonexpansive
self-mapping has a fixed point.

In 2003, Chidume, Ofoedu and Zegeye [4] generalized the concept
of asymptotically nonexpansive self-mapping and proposed the concept
of non-self asymptotically nonexpansive mapping, which is defined as
follows:

DEFINITION 1.1. Let K be a nonempty subset of real normed linear
space E. Let P : E — K be the nonexpansive retraction of £ onto K. A
non-self mapping T : K — FE is said to be asymptotically nonexpansive
if there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such
that

(1.2) IT(PT)" " o = T(PT)" 'yl < kullz —
for all z,y € K and n > 1.

If T is self-mapping, then P becomes the identity mapping. So, (1.2)
reduces to (1.1).

DEFINITION 1.2. Let K be a nonempty subset of real normed linear
space F. Let P : E — K be the nonexpansive retraction of E onto
K and let I : K — FE be a non-self mapping. A non-self mapping
T : K — F is said to be [-asymptotically nonexpansive if there exists a
sequence {k,} C [1,00) with k, — 1 as n — oo such that

IT(PT)" e = T(PT)" 'yl < k| I(PD)" ™ w — I(PI)"y||
for all z,y € K and n > 1.

In [4], Chidume et al. obtained the strong convergence theorem of
fixed points of a non-self asymptotically nonexpansive mapping. In 2006,
Wang [20] generalized their work and obtained some strong and weak
convergence theorems of common fixed points of a pair of non-self asymp-
totically nonexpansive mappings in uniformly convex Banach spaces.
And authors of [8,12,14,21] also obtained some convergence theorems
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for such non-self mappings. However, iterative algorithms for approx-
imation fixed points of non-self asymptotically nonexpansive mappings
have not been paid too much attention. The main reason is the fact that
when T is not a self-mapping, the mapping 7™ is nonsensical.

REMARK 1.1. If T': K — FE is an asymptotically nonexpansive map-
ping in the light of (1.2) and P : F — K is a nonexpansive retraction,
then for all z,y € K, n > 1, we have

I(PT)"x — (PT)"y|| = |PT(PT)" 'z — PT(PT)""y]|
<||IT(PT)"'x = T(PT)"'y]|
< knl|$ - y”

In 2000, Noor [10] introduced a three step iterative sequence and stud-
ied the approximate solutions of variational inclusion in Hilbert spaces.
Glowinski and Le Tallec [5] applied three step iterative sequence for
finding the approximate solution of the elastoviscoplasticity problem,
eigenvalue problem and liquid crystal theory.

Recently, Zhou et al.[22] studied the sequence {x,} defined by

T € K,
Tpi1 = @y + Bn(PTY) "2y + Yo (PT2)"x,, Vn > 1,

where K is a nonempty closed convex subset of a real normed linear
space E which is also a nonexpansive retraction of F with a retraction
P and T1,T, : K — E are two non-self asymptotically nonexpansive
mappings with respect to P.

Inspired and motivated by these facts, we will construct a new type of
three step iterative sequence with errors for two non-self asymptotically
nonexpansive mappings as following:

(1.3)
T € K,
Zn = a,(PI)"x, + (1 — ap, — pn) Ty + finlin,
Un = b, (PT)" 2z, + co(PT) "z + (1 — by — ¢ — V)T + Vp Uy,

anrl = an(P[>nyn + Bn(PI)nzn + (1 — Qp — Bn - )\n)xn + )\nwna

where T': K — FE is a non-self [-asymptotically nonexpansive mapping,
I : K — F is a non-self asymptotically nonexpansive mapping, {a,},

{0}, {cnts {ant, {Bn}s Lt} A} {0}y {an + i}, {bn + cn + v}
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and {a,, + B, + A\, } are appropriate sequences in [0,1], > > u, < o0,
Yo U < 00, Dol Ay < 00, {un}, {v,} and {w,} are bounded se-
quences in K. The purpose of this paper is to introduce and study con-
vergence problem of the three-step iterative sequence with errors for two
non-self asymptotically nonexpansive mappings in an uniformly convex
Banach space. The results presented in this paper generalize and extend
some results in Jeong [7], Takahashi and Tamura [17], K. Nammanee et
al. [9] and H. Y. Zhou et al. [22].

2. Preliminaries

Let E be a real Banach space with the topological dual space E*.
The modulus of FE is the function dg : (0,2] — [0, 1] defined by

) 1
Op(e) = mnf{l —|I5(@ +y)ll : llzl = 1, llyll = 1,2 = [|lz — y]}.

A Banach space E is uniformly convex if and only if dg(¢) > 0 for all
e € (0,2]. Let S(F) ={z € E: ||z|| = 1}. E is said to be smooth if
lim;_, Ww exists for all z,y € S(F). A Banach space E is said to
satisfy Opial’s condition [11] if for each sequence {z,} in F the condition
x, — x weakly as n — oo and for all y € F with y # x imply that

limsup ||z, — z|| < limsup ||z, — y||.
n—oo n—oo
A subset K of FE is said to be retract if there exists a continuous mapping
P : E — K such that Pz = x for all z € K. Every closed convex subset
of a uniformly convex Banach space is retraction. A mapping P : £ — K
is said to be a retraction if P? = P. It follows that if a mapping P is a
retraction, then Py = y for all y in the range of P. A mapping P : £ —
K is said to be sunny if P(Px+t(x— Px)) = Px whenever ¢t > 0. For all
r € K we define a set I (x) by Ix(z) ={x+ Ny —2): A>0,y € K}.
A non-self mapping 7' : K — F is said to be inward if T'x € Ix(x) for

all z € K and T is said to be weakly inward if Tz € I (x) for all z € K.

In order to prove our main results, we shall make use of the following
lemmas.

LEMMA 2.1.([9]) Let E be a uniformly convex Banach space and
B, ={x € E : ||z|| <r,r > 0}. Then there exists a continuous strictly
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increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such that
Az + py + vz + ww|* < M| + pllyll® + vll2l? + sllw]?* = Aug(llz — y])
for all x,y,z,w € B, and A\, u, v,k € [0,1] with A+ p+v+r = 1.

LEMMA 2.2.([19]) Let {a,}, {bn}, {00} be sequences of nonnegative
real numbers satisfying the inequality

Anp+1 S (1 + 5n)an + bn> n 2 1.
If > b, < oo and Y, 8, < oo, then lim,_, a, exists.

LEMMA 2.3.([15]) Let E be a real smooth Banach space and let K be
a nonempty closed convex subset of E' with P as a sunny nonexpansive
retraction and let T' : K — FE be a mapping satisfying weakly inward
condition. Then F(PT) = F(T).

LEMMA 2.4.([16]) Let E be a Banach space which satisfies Opial’s
condition and let {x,} be a sequence in E. Let q;,q2 € E be such that
limy, o0 |7 — qu]| and limy, o0 ||7 — @o| exist. If {y,, }, {7,,} are the
subsequences of {x, } which converge weakly to qi,q, € E, respectively.
Then q1 = q5.

3. Convergence of the iteration scheme

In this section, we shall prove the weak and strong convergence of the
iteration scheme (1.3) to approximate a common fixed point for non-self
asymptotically nonexpansive mappings 7" and I.

LEMMA 3.1. Let {a,}, {bn}, {cn} and {v,} be sequences in [0, 1] such
that limsup,_, (b, + ¢, + v,) < 1. Let {k,} and {l,} be sequences
of real numbers with k,,l, > 1 for all n > 1, lim, .k, = 1 and
lim, .o l, = 1. Then there exists a positive integer N and v € (0,1)
such that a,c,l?k, <~ for alln > N.

Proof. From limsup,, (b, + ¢, + v,,) < 1 we have that there exists
a positive integer N; > 0 and 6 € (0, 1) such that

nCn < €, <b,+c,+v, <6 Vn>Ni.
Let 6; € (0,1) with §; > 4. Since lim,,, k, = 1 and lim,, . [, = 1, we
have that there exists a positive integer N > N; such that

1
likn—1<5——1, VYn > N.
1
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Thus we obtain

1
Likn < 5, Wn 2N,
1

Put v = %. Then we have ancnlikn < « for all n > N. This completes
the proof. O

LEMMA 3.2. Let E be a real uniformly convex Banach space and K
be a nonempty closed convex subset of E with P as a nonexpansive
retraction. Let T : K — E be a [-asymptotically nonexpansive map-
ping with a sequence {k,} C [1,00) such that k, — 1 as n — oo and
> (k,—1) <oco. Let I : K — E be an asymptotically nonexpansive
mapping with a sequence {l,} C [1,00) such that [, — 1 as n — oo and
> (I, — 1) < oo. Suppose that {x,} is the sequence defined by (1.3)

n=1
satisfying the following conditions:
(i) 0 < liminf, o o, < limsup,,_,. (o, + B+ An) < 1,

(i) 0 < liminf,, o b, <limsup,,_,.. (b, + ¢, +1v,) < 1.
If F = F(T)N F(I) # ¢, then

(1) lim,,—o0 ||z, — q|| exists for all ¢ € F,

(2) limy, o0 | (PT)" 2, — 20| = 0,

(3) limy, o0 || (PI)"y, — x,]| = 0.

Proof. (1) For any given ¢ € F, by the boundedness of sequences
{un}, {vn} and {w,}, there exists a constant M; > 0 such that

max{sup ||uy, — ||, sup [[v, — g%, sup [Jw, — q[|*} < M.
n>1 n>1 n>1
From (1.3) we obtain

120 = all = llan((PI)" = q) + (1 = an = 1) (0 = @) + ptn(n — @)|”

< anl|(PT)"@n — ql* + (1 = an — pa)lzn — all* + paullun — gl®
— an(1 = an — pin)g([|(PI)" 2 — ) )
anlpllzn = ql* + (1 = an — po) |20 — all* + ol — gl

<
< [+ (2 = 1) — pial e — qll? + M.

(3.1)
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Again, from (1.3) and (3.1) we have

lyn — gll?
= [[ba((PT)"2n — @) + cu((PT) "z, — q)
+ (1= by — cn — ) (@0 — @) + Vn(vn — Q>||2
< bo[|(PT)" 20 — gl + call(PT) @0 — q)|* + (1 = by — ¢ — ) 2 — |
+ Vnl|vn — QHQ —bn(L = by — ¢ — v)g([|(PT)" 20, — wn|)
< bk |(P1)" 20 — q|l* + eakp [(PT)"wy — q|* + (1 = by — ¢ — v) 20 — g
+ Vnllvn = qll? = 0u(1 = by = e — v)g(I|(PT)" 2, — wn]])
< bnkiliuzn - QH2 + aniliﬂxn - QH2 + (1= by — o — v)llzn — Q||2
+ vy My — by (1 = by, — ¢ — ) g([(PT)" 2, — x4 |)
< bakpla (1 + an(ly = 1) = pa)llzn — qll* + pn M
+eaknlnllan — gl + (1= by — o — )2 — gl
+ v My — b, (1 = by, — ¢ — ) g([(PT)" 2, — x4 |)
— b k2 2 (1 + an(2 = 1) = pi) + k22 +1 = by — ¢ — ]|z — g
(3.2)
+ b k22 p My + vy My — by (1 — by, — ¢ — ) g(|(PT)" 20 — ).

Therefore we have

|ns1 — ql®

= [an((P1)"yn — @) + Bu((P1)" 20 — q)
+ (1 —ay — By — )‘n)(xn - Q) + )‘n(wn - Q)||2

< ap|(P1)"yn — a|* + Bull (P1)"20 — ql|* + (1 = a — B — A) |0 — g
+ Anllwn = aqll* = an(l — an = Bu = Aa)g(I[(P1) "y — xa])

< anlpllyn = all* + Balzllzn — all* + (1 = an = B = An) |z — qlI?
+ Aullwn = ql* = an(l = an = Bu = X)g(|(P) "y — 4]
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< anli[bnkili(l + an(li — 1) — ) ||lzn — QHQ
F (k22 +1 = by — ¢ — )| — q||* + bk 1 My + v, M,
= bu(1 = by — ¢ — ) g([[(PT)" 20 — @ l])]
+ Bulp[(1+ an(ly = 1) = )2 — ql|* + pn M1
+ (1= an = B — M) ||l2n — QHZ + Anllwn — Q||2
— (1 = o = By = Aa)g([[(P1) "y — 2n])
<[+ cnl2an (k22 — 1) + an (2 — 1) + B (12 — 1) + anl2B,(12 — 1)
+ anbp k2l an (12 = 1) + byl (K22 — 1)] ||z — gl
+ b k21 i My + 2oy My + 12 Bupin My + Ny My
- bnlian(l — by = — V) g([[(PT)" 2, — @l])
— (1= an = B = M) g(|(PT) "y — z0)
= 1+ ealpon{(ky = )15 = 1) + (kz = 1) + (I3 = 1)} + (i = 1)
4+ B2 — 1) + apl2 B, (12 — 1) + anbp ki, (12 — 1)
+balpan{(ky = 1)(17 = 1) + (kz — 1) + (7 = DY[l2n — gf?
+ bnkZlianuan + lfloznyan + I Bppin My + My M
—balnan(1 = by — o = v)g([(PT)" 2 — 2, )
— an(1 = an = B = A)g(|(PI)"yn — zal|)
< 1+ (k) = Dlealpon + balnan) + (17 = 1)(calnon + ay + Bo + anl; By
F anbpk2l o + bul2a) + (K2 — 1)(2 — 1) (cal2an + bul20m)]||2n — |2
+ Dkl i My + L2 0uy vy My + 12 Bypin My + Ay My
= balpon(1 = by — o = 1) g(|[(PT)" 2 — 4 ))
(3.3)
— an(1 = an = B = M)g(|(PI)"yn — zal]).
Since {k,}, {l,} are bounded, there exists a constant M, > 0 such that

cnlian + bnlflan < Ms,

cnlian + oy, + B+ anliﬁn + anbnkilian + bnlian < Ms
and

bk, My < My, 2o, My, < My, 128,M; < M,



Weak and strong convergence 243

for all n > 1. By (3.3), we have

1 — gl®
< U (k= DMy + (I = V)M + (ky = 1D)(1 = 1) M|z, — gl
+ 2Mopu, + Mavy + My,
- bnlian(l —bn — ¢ = v)g([[(PT)" 20 — a|)
- an<1 - Qp — ﬁn - )‘n)g(H(PI)nyn - mn”)
< (U (k= DMy + (I = )Mz + (ky = 1)(1 — 1) M|z, — gl
(34) 4 2Mapt, + Movy, + My,
Since Y >° (k, — 1) < oo and > 7 (I, — 1) < oo are equivalent to
S (k2 —1) <ocand D07 (12 — 1) < oo, respectively, it follows from
Lemma 2.2 and (3.4) that lim,, .« ||z, — ¢|| exists.

(2) By (1), there exists a constant M > 0 such that ||z, — q||> < M
for all n > 1. From (3.4) we have

O‘nlibn(l — by — ¢ — ) g([[(PT)" 2 — w,]])
< lwn = gl = l@ngr — qll” + Ma{(k = 1)+ (I3 — 1) + (k2 — (12 = 1)}M
(3.5)
+ 2Mopy, + Mavy, + My,
and
an(l - Qp — Bn - An)g(||<P])nyn - xn”)
< lwn = qll* = llzngs — ql® + Ma{ (K] — 1) + (12 — 1) + (ki — )(I2 — 1)}M
(3.6)
+ 2Mo iy, + Moy, + My,

Since 0 < liminf, ,, @, < limsup,,_, (o, + G, + Ap) < 1 and 0 <
liminf, o b, < limsup,_,. (b, + ¢, + 1) < 1, there exist a positive
integer ng and n,d,v € (0,1) such that

0O<n<a, 0<di<b,
and

n+ 0+ <<l byt+c+tv,<y<l1
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for all n > ng. This implies by (3.5) and (3.6) that

n6(1 —y)g([[(PT)" 2, — n|)
< aw = ql” = [|#ns1 — qll” + Ma{(k2 — 1) + (I — 1) + (k2 — 1)(I2 — 1)} M
(3.7)

+ 2M2/,Ln —|— MQVn —|— Ml/\n

and

n(1 =) g(I(P1)"yn — nl|)
< Naw = ql” = [|#ns1 — gl + Ma{ (K2 — 1) + (12 — 1) + (k2 — 1)(I2 — 1)} M
(3.8)

+ 2M2,un + Mgl/n + Ml/\n

for all n > ng. It follows from (3.7) and (3.8) that

m

> 9(l(PT)" 20 — all)

n=ng
m

1 2 2
< W[Z(Hxn —ql” = [[zn41 — ¢l[*)

n=ng

P SO 1) 4 (2 - 1) (K - ) - 1))

n=ng

(3.9) + 2M, Em: fin + M, i Vo Mp Y A

n=ng n=ng n=no

and

m

> 9l yn — )

m

(> (lzn = alP = e —all®)

n=ng

(=)

P S (R~ 1) 4 (2 1) 4 (2 - 12— 1))

n=ng

n=ng n=ngo n=no
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Let m — oo in (3.9) and (3.10). Since >~ (k,—1) < o0, > = (l,—1) <
oo are equivalent to Y >0 (k2 —1) < oo, Y 2 (I2—1) < oo, respectively,
S0 e < 00, D% vy < oo and Yol N, < 0o, it follows from (3.9)
and (3.10) that

> gl(PT) "2 — ) < 00
n=ng

and
> gl(PI) "y — ) < o0.
n=ng

Hence we obtain

(3.11) lim g(|[(PT)"z, — z,||) =0
n—oo

and

(3.12) Jim g(||(P1)"y, — 2,]) = 0.

Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows
from (3.11) and (3.12) that

lim ||(PT)"z, — z,]| =0
n—oo
and
lim [|[(PI)"y, — x| = 0.
n—o0
This completes the proof. O

LEMMA 3.3. Let E be a real uniformly convex Banach space and K
be a nonempty closed convex subset of E with P as a sunny nonex-
pansive retraction. Let T': K — FE be a [-asymptotically nonexpansive
mapping with a sequence {k,} C [1,00) such that k, — 1 asn — oo and
Yoro i (ky,—1) <oo. Let I : K — E be an asymptotically nonexpansive
mapping with a sequence {l,} C [1,00) such that l,, — 1 as n — oo and
Yo (L, — 1) < co. Suppose that {z,} is the sequence defined by (1.3)
satisfying the following conditions

(i) 0 < liminf, o o, <limsup,_,. (o, + B+ An) < 1,

(ii) 0 < liminf,, o b, < limsup,,_,o(bn + cn + ) < 1.

If F=F(T)NF(I)+# ¢, then
(1) lim,, o [[(PI)"xy, — || = 0,
(2) im,, o [|[(PT)"x,, — || = 0,
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(3) lim,_so0 || (PI)"2 — 20]| = 0.

Proof. By Lemma 3.2, we have

(3.13) lim |[(PT)"z, —x,|| =0
n—oo

and

(3.14) lim |[(PI)"y, — z,|| = 0.
n—oo

By (1.3) we obtain

l2n = 2nll = llan(PI)" 2y + (1 = @y — pin)Tn + pintln — |
(3'15> < anH(PI)nxn_an +Nn||un_xn”

and

|en — ynll = |bn(PT)"2p, + cn(PT) 2y + (1 — by — €y — Vp) Ty + VnUy — X

(3.16)
< an(PT)nZn - l’n|| + CnH(PT)nIn - xn” + Vnan - an

By (3.15) and (3.16), we have

I(PT)" xp — n|

< (PT) " — (PT) 2] + | (PT)" 20 — ]

< kal[(PD)"p = (PI)" 20| + [[(PT)" 20 —

< Kbl — 2]l + |(PT) "2 — ]

< knln{anl[(PI) @ — 2oll + pnllun — zall} + [|(PT) "2 — ]

(3.17)
= nknly||(PI)"Tn — ol + Kplnpin||tn — ol + [[(PT)" 20 — 24|
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and

”(P])nxn — |

< |(PI)" @y — (PI)"ynl| + [|[(P1)"yn — 24|

<nllzn — ynll + [[(PI)"yn — 24|

S LA |[(PT)" 2n — || + cnll(PT)" 20 — 20| + vallvn — 2|}
+ [[(PI)"yn — 24|

S bpln|[(PT) 2 — || + cnlu{anknln||(PI) 2y — 0| + knlntin||tn — x|
+[(PT)" 20 — 2n ||} + Lo ||vn — 20| + [[(PI) "y — 24|

= (bn + ) |[(PT)" 2 — 0| + ancnknli“(PDniHﬂ — |l + | (P1)" yn — 20|
+ Caknlppinl|un — ]l + Lavp v — @all,

which implies

(1- @ncnknli>|‘(PI)n$n — Tl < (bn + )l |[(PT)" 20 — || + |(P1)" yn — 20|

(3.18) + Cakinl2 i ||t — 20| + Lan||vn — 0.

By Lemma 3.1, there exists a positive integer Ny and v € (0,1) such

that a,c,k,l? < v for all n > N;. This together with (3.18) implies that
for n > N;

(L =N xn — 2p]] < (b + )l || (PT) 20 — || + [[(P1)"yn — 24|
(3.19) + Cnkin 2 i ||t — 20| + Lavn||vn — 2.

Taking limit of both sides (3.19), it follows from (3.13) and (3.14) that
lim |[(PI)"x, — x,|| =0
n—oo
This with (3.13) and (3.17) implies that
lim ||(PT)"x, — x,| = 0.
n—o0
Noting that

[(P1)" 20 — x| < ([(PI)"2n — (PI)"n|| + [[(P1)"2n — 0]
< lllzn — 2ol + [[(PI)" 20 — 2|
< Ldanl[(PI)"xn — x|l + pnllun — 2o} + |(P1)" 20 — 20|
< (L + apl) [[(PI)" @0 — | + lapin|[un — 20,



248 J. U. Jeong and Y. C. Kwun

we have
Jim [[(P1)"2, — ] = 0.
This completes the proof. n

THEOREM 3.1. Let E be a real uniformly convex Banach space and K
be a nonempty closed convex subset of EZ with P as a sunny nonexpansive
retraction. Let T : K — E be a [-asymptotically nonexpansive mapping
with a sequence {k,} C [l,00) such that k, — 1 as n — oo. and
Yoro (k,—1) <oco. Let I : K — E be an asymptotically nonexpansive
mapping with a sequence {l,} C [1,00) such that l,, — 1 asn — oo and
> (I, — 1) < co. Suppose that {x,} is the sequence defined by (1.3)

n=1
satisfying the following conditions:

(i) 0 < liminf, o o, < limsup,,_,. (o + B + An) < 1,

(i) 0 < liminf,, o b, < limsup,,_, (b + cn + ) < 1.
If PT, PI are completely continuous and F' = F(T) N F(I) # ¢, then
{zn}, {yn}, {2zn} converge strongly to a common fixed point of T" and I.

Proof. By Lemma 3.2 and 3.3, we have
lim [(PT)"2, = | =0, lim (P15, =, = 0

(3.20) lim [|(PI) 2y — 20 =0, lim |[(PT) "z, — 2] = 0,
n—oo n—oo

Tim [[(P1)"2, — ]| = 0.
Since
we have
| Tns1 — (Pl)nxn-&-l”
< @nsr = @ull + [0 — (PD) 2|l + [(P1)" 20 — (PI)"2p41]]
<A+ )T — ol + (|2 — (P1) 2y
< (L4 L) an||(PI)™ yn — @all + (14 0) Bal[(P1)" 20 — 2|
+ (1 + L) Aal|wn — || + |20 — (PI) x|

and



Weak and strong convergence 249

@01 = (PT)" @]
< lzna = zll + o = (PT) @]l + |(PT)" 20 — (PT)" 0|
< lzns = znll + llon = (PT) 2| + knl|(P1)" 20 — (PI)" 24|
< (L kaln) |20y = 2| + llon — (PT) ||
< (L4 Enln)anl|[ (P yn — 2ol + (14 knln) Bul | (PI)" 2 — 2|
+ (1 + kplo) Anljwy, — 20| + |20 — (PT) |-
It follows from (3.20) that

iy s = (PL)"g| = 0
and
tim [0 — (PT) "0 = 0,

Thus we obtain

[Zni1 = (PDxpir|| < |l@na — (PO o + [(PD" py — (PDzp|
< ||@ni1 = (PO g |l + LI (P g1 — T
—0 as n — oo,

Tp4+1 — Tn+1|l = [|Tn+1 — Tn41 Tp+1 — Tp+1
I (PT)xppll < |l (PT)"™ | + [|(PT)" (PT)n 4l

< #ngr = (PT)"anpa] + ki [(PT)"Tp1 — T |
(3.21) —0 as n— oo.

Since PT, PI are completely continuous and {x,,} C K is bounded, there
exists a subsequence {z,,} of {z,} such that {(PT)z,,}, {(PI)z,,}
converge strongly to ¢. From (3.21) we have z,,, — ¢ as k — oco. By the
continuities of P,T" and I, we have ¢ = (PI)q = (PT)q and q € F(T) N
F(I) by Lemma 2.3. By Lemma 3.2, we know that lim,_, ||z, — ¢||
exists. Therefore {z,,} converges strongly to ¢ as n — oo. Since

190 — @nll < 0al|(PT)" 20 — 2l + cal|(PT)" 20 — 2 || + vnl[vn — 20|
—0 as n— o
and
||Zn - an < anH(PI)nxn - an + ,unHun - xn”
—0 as n — oo,
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it follows that lim, .. v, = ¢ and lim,,_,, 2, = ¢. This completes the
proof. ]

THEOREM 3.2. Let E be a real smooth and uniformly convex Banach
space satisfying Opial’s condition and K be a nonempty closed convex
subset of £ with P as a sunny nonexpansive retraction. Let T : K — F
be a weakly inward and I-asymptotically nonexpansive mapping with a
sequence {k,} C [1,00) such that k, — 1 asn — oo and Y (k,—1) <
oo. Let I : K — E be a weakly inward and asymptotically nonexpansive
mapping with a sequence {l,} C [1,00) such that [, — 1 asn — oo and
> (L, — 1) < co. Suppose that {x,} is the sequence defined by (1.3)
satisfying the following conditions:

(i) 0 < liminf,, o o, < limsup,,_, (o, + B + ) < 1,

(i) 0 < liminf,, . b, <limsup,,_,. (b, + ¢ +1v) < 1.

If F = F(T)NF(I) # ¢, then {x,}, {yn}, {2z} converge weakly to a
common fixed point of T and I.

Proof. Let ¢ € F(T) N F(I). Then, by Lemma 3.2, we know that
lim, o0 ||z — ¢ exists. We now prove that {z,} has a unique weak
subsequential limit in F(T") N F(I).

We assume that ¢; and go are weak limits of the subsequences {z,, }
and {x,, } of {x,}, respectively. By (3.21), limy— ||, — (PT)2y, | = 0
and limy_,o0 ||z, — (PI)zy, || = 0. By Chang et al. [3,Theorem 1], we
conclude that

¢ =(PT)g¢ and ¢ = (Pl)q.

Since F(PT) = F(T) and F(PI) = F(I) by Lemma 2.3, we have T'q; =
q1 and Iq; = ¢,. In the same way, Tqo = ¢ and Iqs = qo. Therefore
we have ¢q1,q2 € F(T) N F(I). From Lemma 2.4 we have ¢; = ¢o. This
completes the proof. O
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