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Abstract

In this note, a new robust nonlinear output feedback variable structure controller is first systematically and

generally designed for the output control of more affine uncertain nonlinear systems with mismatched

uncertainties and matched disturbance. A transformed integral output feedback sliding surface with a most

simple form is applied in order to remove the reaching phase problems. The closed loop exponential stability

and the existence condition of the sliding mode on the integral output feedback sliding surface is investigated

with a corresponding output feedback control input in Theorem 1. For practical application the continuous

implementation of the control input is made by the modified saturation function. The effectiveness of the

proposed controller is verified through a design example and simulation study.
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I. Introduction

Stability analysis and controller design for uncertain

nonlinear systems is open problem now[1]. So far

numerous design methodologies exist for the

controller design of nonlinear systems[2]. Among

them the sliding mode control(SMC) can provide the

effective means to the problem of controlling

uncertain nonlinear systems[15][16][17]. Toledo and

Linares applied the sliding mode approach to the

nonlinear output regulator scheme[19]. The key

concept is designing sliding submanifold with the

zero tracking error submanifold. Bartolini and

Ferrara proposed a simplex of control vectors for

multi input uncertain nonlinear systems[20]. Lu and

Spurgeon considered the robustness of dynamic

sliding mode control of nonlinear system which are

in differential input-out form with additive

uncertainties in the model[21]. Bartolini, Pisano, and

Usai analyzed the digital implementation of a

second-order sliding mode control scheme for

uncertain nonlinear system[22]. Flemming surveyed

so called soft variable structure controls, compared

them to other[23], Wang, Jiang, Zhou, and Gao

proposed a switching control law between a first

order sliding mode control and a second order

sliding mode control[24]. Tang, Dong, Gao

suggested the optimal SMC for nonlinear system

with time-delay[25]. Pan, Kumar, Liu, and Furuta

designed the nonlinear time varying sliding sector

for a single input nonlinear time varying input

affine system in the form of state dependent linear

time variant system with matched uncertainties[26].

Lee reported the systematic design of the SMC for
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uncertain affine nonlinear system with mismatched

uncertainties and matched disturbance[30]. Lee

introduced the integral action to the nonlinear VSS

with mismatched uncertainties and matched

disturbance to improve the performance[31][32]. 

Until now, a nonlinear output feedback controller

design for uncertain nonlinear systems with

mismatched uncertainties and matched disturbance is

rarely presented.

In this technical note, a first systematic general

design of a new nonlinear output feedback variable

structure controller is presented for the output

control of uncertain affine nonlinear systems with

mismatched uncertainties and matched disturbances.

An transformed output feedback integral sliding

surface is applied in order to remove the reaching

phase. The closed loop exponential stability and the

existence condition of the sliding mode on the

output feedback integral sliding surface is

investigated with a corresponding control input in

Theorem 1. For practical application the continuous

implementation of the control input is made by the

modified saturation function The effectiveness of the

proposed nonlinear output feedback VSS controller

is verified through a design example and

simulation study.

II. A Nonlinear Output feedback

Variable Structure Systems

1. Description of plants

Consider an affine uncertain nonlinear system

 ′     (1)

  ⋅   ⋅ (2)

where ∈ is the state,  is its initial state,

∈  ≤  is the output,  is an initial

condition of the output ∈ is the control to be

determined, mismatched uncertainty ′∈ 

and ∈  ≥  , ≠ for
∈ and for   ≥  are of suitable dimensions,

and  implies bounded matched external

disturbances.

Assumption[26]

A1:′ is continuously differentiable and

′   for all  ≥  .

Then, uncertain nonlinear system (1) can be

represented in more affine nonlinear system of state

dependent coefficient form[26]-[28]

      
  ∆ 

  ∆   

      

(3)

  ⋅ (4)

 ∆ ∆ ′ (5)

where   and   is each nominal value

such that ′   ∆  and

    ∆  , respectively, ∆

and ∆ are matched or mismatched

uncertainties, and  is the mismatched lumped

uncertainties.

Assumption:

A2: The nominal input matrix   is constant,

i.e,    

A3: The pair   is controllable and

  is observable for

∈ and for   ≥ 

A4:unmatched ∆ , matched ∆ , and 

matched ′  are unknown and bounded and 

are satisfied by the following conditions

   ∆ ∆′ ∆″       (6a)

   ∆   ∆′  ∆∆ ≤        
          (6b)

      ′  ″         (6c)

A5: The lumped uncertainties  is bounded

A6: is bounded if  and  ′ is bounded.

Now, the integral of the output is augmented as

follows:
     (7a)

   




  (7b)

where ∈  ≤  is the integral of the output

and   is the initial condition of the integral

state determined later, and  is appropriately

dimensioned without loss of generality,    .

2. Transformed output feedback integral sliding
surface

Assumption

A7:   has the inverse for some non zero 

row vector  .

Now, a transformed output feedback integral 

sliding surface is suggested be[33]

      ⋅ ⋅           (8)
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⋅                       (9)

where 
  

  
  . In (8), non zero 

row vector   and   are the design parameters 

satisfying the following relationship 

      
    

              (10) 

where closed loop system matrix 

       and   is an output 

feedback gain. At    , this output feedback 

integral sliding surface is zero so that there is 

no reaching phase[32]. In (8),   and   are   

non zero row vectors as the design parameter 

such that the following assumption is satisfied.

Assumption

A8: and  have the full rank and are

invertible

The equivalent control input is obtained using  
[15] as

    

   

    

(11)

This control input can not be implemented because

of the uncertainties and disturbances. The ideal

sliding mode dynamics of the output feedback

integral sliding surface (8) can be derived by the

equivalent control approach[16] as
  

   

  

   

(12)

  ⋅ (13)

and from    , the another ideal sliding mode

dynamics is obtained as[30]

 
   (14)

where 
  

  
  . The solution of 

(12) or (14) identically defines the output 

feedback integral sliding surface. Hence to design 

the output feedback integral sliding surface as 

stable, this ideal sliding dynamics (9) is designed 

to be stable. To choose the stable gain based on 

the Lyapunov stability theory, the ideal sliding 

dynamics (9) is represented by the nominal plant 

of (2) as
       (15)

 

   

   

To select the stable gain, take a Lyapunov function

candidate as

  


     (16)

The derivative of (11) becomes
       

    

(17)

If take the control input as

    (18)

and    for ∈ and for   ≥  is

      (19)

then
   

  
   

      
   

   
  

  
 

≤ min 

≤ 

(20)

Therefore the stable gain is chosen as

    or     (21)

3. Control Input

A corresponding control input is proposed as

follows:

   ∆     (22)

where  is a nonlinear output feedback gain

satisfying the relationship (10), ∆ is a switching

gain of the state,  is a feedback gain of the

output feedback integral sliding surface, and  is a

switching gain, respectively as

     

or  

(23)

∆  ∆  (24)

∆ 









≥min ∆

max   ∆ ″
∆     


  

≤min ∆

min   ∆  ″
∆      


  

   (25)

   (26)

 min ∆
max″

(27)

The real sliding dynamics by the proposed control

(22) with the output feedback integral sliding

surface (8) is obtained as follows:
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 ∆
 ∆
 ′ 






(28)

         
   ∆

 ∆ 

   ∆

∆     

′

    ∆″
∆

  ∆∆
 ∆    

′′

    ∆″

∆   
  ∆∆
 ∆    

′′

The closed loop stability by the proposed control

input with the output feedback integral sliding

surface together with the existence condition of the

sliding mode will be investigated in next Theorem

1.

Theorem 1: If the output feedback integral sliding

surface is designed to be stable, i.e. stable design of

  , the proposed control input with

Assumption A1-A8 satisfies the existence condition

of the sliding mode on the output feedback integral

sliding surface and closed loop exponential stability.

Proof; Take a Lyapunov function candidate as

  


  (29)

Differentiating (29) with respect to time leads to

and substituting (28) into (30)

     
   ∆

 ∆  

    ∆ ∆
    ∆    ′′

    ∆  

≤     ∆

 


 

(30)

From (30), the following equation is obtained as

 ≤  (31)

 ≤ 
  (32)

And the second order derivative of  becomes

   

    


  ∞

(33)

and by Assumption A6  is bounded, which

completes the proof of Theorem 1.

For practical applications, the discontinuity of the

control input (22) must be improved by the modified

saturation function

      ∆  


(34)

Ⅲ. Design Example and Simulation
Studies

Consider a third order uncertain more affine 

nonlinear system with unmatched system matrix 

uncertainties and matched input matrix 

uncertainties and disturbance
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where the nominal matrices  ,   and  , the 

unmatched system matrix uncertainties and 

matched imput matrix uncertainties and matched 

disturbance are
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       (36)

The eigenvalues of open loop system matrix A 

are -2.6920, -2.3569, and 2.0489, hence A is 

unstable. The unmatched system matrix 

uncertainties and matched input matrix 

uncertainties and matched disturbance satisfy the 
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Fig. 1 The two output responses of  and  by

conventional VSS (i) with no uncertainty and no

disturbance and (ii) with mismatched uncertainty

and matched disturbance

Fig. 2 The three case phase trajectories (i) with no

uncertainty and no disturbance, (ii) with

mismatched uncertainty and matched disturbance,

and (iii)ideal sliding trajectory

assumption A3 as

    ∆″





 sin 

 

sin sin






∆  sin ≤   

       

  and ″  


                      (37) 

To design the output feedback integral sliding 

surface,   is designed as 

        





   
   

    




         (38) 

in order to assign the three stable pole to   at 

   and  ± . The constant  

feedback gain is designed as
            

   
      (39)

   ∴                               (40)

Then, one find       and       

which satisfy the relationship (10) as

   ∴             (41)

  One select     and 

   and    . Hence        

is a non zero satisfying A4. The resultant output 

Fig. 3 Two case output feedback integral sliding surfaces (i)

no uncertainty and no disturbance and (ii) matched

uncertainty and matched disturbance

Fig. 4 Two control inputs (i) no uncertainty and no

disturbance and (ii) matched uncertainty and

matched disturbance

feedback integral sliding surface becomes

    




                              (43)

  

   










   











        (42)

where 

   




                      (44)

The control gains in (22), (24)-(27) are selected 

as follows:

∆    if   

  if   
(45b)

∆    if   

  if   
(45c)

                                       (45a) 

     
  

                       (45d) 

The simulation is carried out under 1[msec]

sampling time and with        initial

state. For performance comparison, the results of

the conventional output feedback VSS are shown in

Fig. 1 through Fig. 4. Fig. 1 shows the two output

responses of  and  (i) with no uncertainty and

no disturbance and (ii) with mismatched uncertainty
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Fig. 5 The two output responses of  and  (i) with no

uncertainty and no disturbance and (ii) with

mismatched uncertainty and matched disturbance

Fig. 6 The three case phase trajectories (i) with no

uncertainty and no disturbance, (ii) with

mismatched uncertainty and matched disturbance,

and (iii)ideal sliding trajectory

Fig. 7 Two case output feedback integral sliding surfaces (i)

no uncertainty and no disturbance and (ii) matched

uncertainty and matched disturbance

Fig. 8 Two control inputs (i) no uncertainty and no

disturbance and (ii) matched uncertainty and

matched disturbance

Fig. 9 The two output responses of  and  (i) with

mismatched uncertainty and matched disturbance

Fig. 10 The two case phase trajectories (i) with mismatched

uncertainty and matched disturbance and (ii)ideal

sliding trajectory

Fig. 11 Output feedback integral sliding surface (i) matched

uncertainty and matched disturbance

Fig. 12 Control input (i) matched uncertainty and matched

disturbance
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and matched disturbance. The each two outputs are

different and disturbed by mismatched uncertainty

and matched disturbance. The two phase trajectories

(i) with no uncertainty and no disturbance and (ii)

with mismatched uncertainty and matched

disturbance are shown in Fig. 2. There is the

reaching phase. During this phase the trajectories

are different and disturbed by mismatched

uncertainty and matched disturbance. The two case

conventional sliding surfaces (i) with no uncertainty

and no disturbance and (ii) with mismatched

uncertainty and matched disturbance are depicted in

Fig. 3. The two control inputs are shown in Fig. 4.

Now the results of the proposed algorithm are

shown in Fig. 5 through Fig. 12. Fig. 5 shows the

two output responses of  and  (i) with no

uncertainty and no disturbance and (ii) with

mismatched uncertainty and matched disturbance.

The each two output is insensitive to the

mismatched uncertainty and matched disturbance,

hence is almost equal, so that the output can be

predicted. The two phase trajectories (i) with no

uncertainty and no disturbance and (ii) with

mismatched uncertainty and matched disturbance are

shown in Fig. 6. There is no reaching phase and

each phase trajectory is almost identical also. The

two case output feedback integral sliding surfaces

(i) with no uncertainty and no disturbance and (ii)

with mismatched uncertainty and matched

disturbance are depicted in Fig. 7. Fig. 8 shows the

two control inputs (i) with no uncertainty and no

disturbance and (ii) with mismatched uncertainty

and matched disturbance. Because the control inputs

in Fig. 8 are discontinuous, for    the

continuous approximation is made by (34) with

mismatched uncertainty and matched disturbance.

Fig. 9 shows the output responses by the

continuous input with mismatched uncertainty and

matched disturbance. The trajectories are shown in

fig. 10. The continuous sliding surface and

continuous control input are depicted in Fig. 11. and

Fig. 12, respectively for practical application.

From the above simulation studies, the proposed

algorithm has superior performance in view of the

no reaching phase, predetermined output dynamics,

complete robustness, and the prediction of the

output, high potential of practical application. From

the simulation studies, the effectiveness of the

proposed nonlinear SMC is proven.

Ⅳ. Conclusions

In this note, a new robust output feedback nonlinear

variable structure controller with an output feedback

integral sliding surface is presented based on state

dependent nonlinear form for the control of

uncertain more affine nonlinear systems with

mismatched uncertainties and matched disturbance.

After an affine uncertain nonlinear system is

represented in the form of state dependent nonlinear

system, a systematic design of a new robust

nonlinear variable structure controller with the

output feedback integral sliding surface is suggested

for removing the reaching phase. A corresponding

control input is proposed. The closed loop stability

by the proposed control input with output feedback

integral sliding surface together with the existence

condition of the sliding mode on the selected sliding

surface will be investigated in Theorem 1 for all

mismatched uncertainties and matched disturbance.

Through a design example and simulation study, the

usefulness of the proposed controller is verified. The

output with mismatched uncertainty and matched

disturbance is insensitive to the matched uncertainty

and disturbance.
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