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Abstract

The logic-based scheduling language RCPSV may be used to model resource-constrained project scheduling
problems with variants for minimizing the project completion time. A diagram-based, nonredundant enumeration
algorithm for the RCPSV-problem is proposed and the correctness of the algorithm is proved.
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1. Introduction

Scheduling problems are applied in several
industrial fields[1, 2]. Especially, resource constrained
project scheduling problems are applied for improving
effectiveness of project accomplishment[3, 4, 5]. Kim
and Schmidt-Schauss suggested a new approach for
representing and solving a general class of
non-preemptive resource—constrained project
scheduling problems in [6]. The new approach is to
represent scheduling problems with variant processes
as descriptions (activity terms) in a logic-based
terminological  language called RSV  (resource
constrained project scheduling with variant
processes). The basic ideas of the new approach
stem from the terminological methods of KL-ONE
based knowledge representation systems[7,3]. Further
this approach allows that the alternative processing
possibilities can be formulated not only for each
ground activity but also for each subproject.

A further logic-based scheduling language RCPSV
may be used to model resource-constrained project
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scheduling problems with variants for minimizing the
project completion time. Based on the definition of
the language RCPSV, a calculus can be defined.
Using this calculus each expression of the language
RCPSV can be transformed into an semantically
equivalent normalized expression.

We propose a diagram-based, nonredundant
enumeration algorithm that can be applied to the
normalized expressions for solving the
RCPSV-problem. Further we prove the correctness
of the algorithm.

2. The Scheduling Language RCPSV

We define a term-based language RCPSV that
may be used to model resource-constrained project
scheduling problems with variants.

2.1 The syntax of the language
Definition 2.1 The vocabulary of RCPSV consists

of two disjoint sets of symbols. These sets are:

o A finite set of ground activities
{G,7(1).d@)li=1,--n(nEN),r(i) ER,d(i)EN}
where R is a finite set of resources. Each ground
activity is atomic and is associated with a
resource (i) and an activity time d(i) needed for
completing it. Each resource can be assigned to
only one activity at a time (resource constraint).
Activity splitting is not allowed (nonpreemptive
case).

® A set of two structural symbols (operators) ‘xor’
and ‘hnet’.
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The activity-terms of RCPSV  are
inductively as follows:
1. Each ground activity is an activity—term.
2. If t,ty,-+,t, are activity-terms, then all terms
(XOrt),ty, -+,t;)
and
hnetlletn, =t ny = t;;(nyy,n5,) - (ny,m)]
are activity-terms where ny,--,m;, are distinct

given

constant symbols (names) and it holds n, # n,

and {nypnptU - U {npmyp}t = {ng,--my}
(= {t;, -, }). Further
({nl,~~~,nk},{(n11,n12),~~-,(njl,nj2)}) specifies a
directed acyclic graph.

The operators xor and hnet are used for

constructing activity-terms and have the following
meaning:

® xor: This operator can be used to select an
activity-term among several different alternative
activity—-terms. FExactly one activity-term among
alternatives must be selected and executed.

® hnet: This operator specifies the arrangement of
activity—terms corresponding to the given precedence
relations (precedence constraint). In term hnetl/et
ny =ty ymy =t (ngpngy ), (nyomy)l,  the  operator
hnet forces [(nyy,n,5), - (ny,mp,)] to  specify the
precedence relation such that n, is predecessor of
n, for each i=1,2,---,5 for the set of vertices

{nymptU - U {nﬂ,nﬂ}.

2.2 Reduced activity terms

An expression s of RCPSV is called a reduced
activity—term of an activity-term ¢ of RCPSV, if s
can be derived from ¢ by replacing each term of the
form (xor Iy,---1,) in ¢ by exactly one I,(i=1,---orn)
so that s 1is xor—free. Associated with any
activity—term ¢ of RCPSV, there exist finitely many
different reduced activity-terms which can be derived
from ¢ These reduced activity-terms take partially
different paths but complete the same project.

2.3 Schedules

If two ground activities require the same resource
at the same time, a resource conflict occurs. The
occurring resource conflicts have to be resolved. For
a reduced activity-term s let g(s) ={a;,---,a,} be the
set consisting of all ground activities occurring in s.
The activity-term s defines a strict partial order <,
on {aj-a,}, using the precedence relation. It is
generated on the set p of all subterms of s as
follows:
® hnetl/etn, =t,,--,n, :t,‘,;(nll,nu),-~-7(njl,n‘7\2)] =)

ol
=
iy

=n; < n;y for all i =1,2,---,7.
® n,n,EuAn, < ny=n, <., for every subterm n,
of ni=1,2.

Definition 2.2 Let s be a reduced activity—term
and g¢(s)={a;;--,a,}. An active schedule for s is a

set of starting times of ground activities
{t.JaSg(s)} such that:
® The precedence constraints are  satisfied:

t, tdla,) <t, for each a and each immediate
predecessor a, with a, < g,

57
® The resource constraints are satisfied:
t, >t,+dl@) or t, >1t, +d(a,) for all a,a,Eg(s)
with r(a;) =r(a,,)(l % m) and
® No ground activity can be started earlier without
changing other start times: There does not exist

another set {t;’\aiEg(s)} with a ground activity a;

which  satisfies the precedence and resource

constraints such that ¢, :t;, for i>#j and t, > t;/.

The makespan of an active schedule is the
duration from the first starting time min,(¢,) to the

stopping time max;(t, +d(a;)).

Let ¢t be an acyivity-term. Then the set of active
schedules for t¢ is the union of the sets of active
schedules for all reduced activity subterms of t.

Time 1is discrete. Accordingly, for any activity
term ¢ the set of active schedules derived from ¢ is
finite. In the following all schedules are assumed to
be active.

2.4 The Semantics of the language RCPSV

Now, the semantics of RCPSV can be defined as
follows:

Definition 2.3 The model-theoretic semantics of
activity-terms in  RCPSV is given by an
interpretation I which consists of the set D (the
domain of I) and a function .I (the interpretation
function of I). The set D consists of all active
schedules derived from activity-terms in RCPSV.
The interpretation function .I assigns to every
activity—-term ¢ some subset of D that consists of all
active schedules derived from ¢.

2.5 The Scheduling Problem RCPSV

The objective is minimizing the project makespan.
So, we define the scheduling problem RCPSV as
follows:

For a given activity-term of RCPSV an active
schedule which has the minimal project makespan
(project completion time) has to be determined.
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(xorty,to, -« th, (XOr $1, 82, . 81), thta, thrs, . ln)
(XOrt1.f2.‘".T},-.Sl.SQ.“'.S}.f},-+2.f},w+3."'.f”)
(hnetllet ng =t1,---,npr) = (XOr sy, 80, -+, 81). -+ -0 = tpi (Rur,na2), -y (Rags Npsr)s -+ -0 (51, 152)])
(xor hnet[letng =ty, - -, gy = S1,0 0y = tns (a1 mg2)s -+ (MR g )y o=+ (1. 152)],
hnet[letn, =11, -, npr1 = So, -+, 1y =t (a1, m12)s -+ (M kg1 )s -+ -5 (R51.159)],
hnet(let ng =11, - N1 = 8,0y = Ty (R11,M10), -+, (1, 77}+1). oy (ny1,m52)])
(hnet[letng = t1,- -, npr1 = (XOr S, 82, -+, 81). -+, 1 = tp; (M11,m12), -+, (st Mn2), - -+, (N1, n42)])
(xor hnet[letny =y, -+, npe1 = 81,y = ty; (N11,112) s (Mies1, mn2), -+ (g1, my2)],
hnet[letng =11, -+, N1 = Sa, -+, Ny =t (11, m12), -+ -5 (Mg, w2 ), -+ - (N1, 152
hnet[letng = t1,--- ., npry = 5 s =ty (P11, Ma2), s (k1 Mp2), -+ (51, 42)])

a1 AN HE (), 2), 3)
Fig. 1. Rules (1), (2), (3)

3. A Calculus for the Scheduling
Language RCPSV

Similar to RSV [6], there are activity—-terms which
are syntactically different, but semantically
equivalent. Based on the semantics of RCPSV, we
can define a calculus called RCPSV-calculus, which
transforms a term into another semantically
equivalent term of it.

Definition 3.1 If ¢ty sty SpsSplypo - t, are
activity—terms, the calculus has the associative rule
(1) and distributive rules (2, 3) (See Figure 1). The
associative rule (1) describes a subexpression
combined by ‘'xor’ which i1s an argument of the
operator ‘xor’ may be flattened. The distributive
rules (2, 3) describe if a subexpression combined by
‘xor’ occurs as an argument of the operator ‘hnet’,
the operator ‘xor’ may be moved to the leftmost
position.

In rule 2 (3) the right (left) component n,,, of
(nymps1) (g ,my,)) corresponds to an expression

combined by 'xor’. In the following we formalize the
correctness of the RCPSV-calculus.

Lemma 3.2 The RCPSV-calculus is a correct
calculus.
Proof A rule in the form
A
B
is “correct” iff the interpretations of the upper
expression A and the lower expression B are

identical (A7=B’). In the following we show this for
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each of the 3 rules.
Rule (1):

(D

2)

The sets of all active schedules derived

from the upper and lower expression are obviously

identical,
exactly
tl’tQ’. “7tk781’. .. 7Sl7tk+27 “en

one

and executed. Let M, (M)

schedules derived from ¢t (s;).

because both expressions describe that
of the

activity-terms

t,_, and t, must be selected
be the

set of all

The interpretation of

the upper and lower expression corresponds then to

the union of the sets A,

]l/[t M .-
k 51

Therefore, the following equation holds:

(XOT t,t5,

= (XOT ty,ty -
Rule (2)
‘hnet’

activity-terms sy,

S (XOT 81,

S Spppgr

. For the k-+1-st argument of the operator
a choice possibility exists.
,8;—1 and s; must be selected. For

sSptre

tn )I
tn )[

MM,
S L+ 2

M, .

One of the I

each choice of s;(i=1,---,l) a set of all schedules

derived from the expression
(hnet[letn, =

(n117n12)7' )

denoted by M,

schedules which may be derived from the
expression of the rule (2) corresponds to the

of the sets ]”su"'

(nhl7nk-+] )y s

is determined. Then the set

17“.7nk+1 :Sﬂn"

n

(nﬂ,nﬁ)])

and M. Further this

of all

upper
union
union

corresponds to the set of all schedules which may be
derived  from
interpretations of the upper expression and the lower
expression are identical.

Rule (3):

O

the lower

expression.

So,

the

This may be proved similar to rule (2).

The correctness of the RCPSV-calculus permits to

formalize the following theorem.

Theorem 3.3. For any activity description ¢ of
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RCPSV all operators ‘xor’ in the interior of ¢
always may be moved to the leftmost position, so
that ¢ is transformed to a semantically equivalent,
normalized activity-term s in which the operator
‘xor’ can occur uniquely once in the leftmost
position combining all reduced activity-terms derived
from ¢.

Proof Tt 1is sufficient to show that for any
expression t of RCPSV all derivations terminate in a
normalized expression. This is the case when no
further RCPSV-rules can be applied (see figure 1).
Using an innermost strategy and induction on the
number of occurrences of ‘xor’s it is easy to see
that in every expression containing the
‘xor’-operator, it can be shifted to the topmost
position. Thus all ‘xor’-operators in the interior of
the activity-term ¢ may be moved stepwise to the

’

left until at most one topmost 'Xor’ remains.
O
In theorem 3.3, it follows from semantical

equivalence of an activity-term ¢ and its normalized
activity—term s that a schedule which is optimal for
t is optimal for s too and vice versa. But for a
normalized activity-term we can consider the
arguments (reduced activity —terms) of the
‘xor’-operator separately in order to compute optimal
schedules. So, because of theorem 3.3 the
RCPSV-problem can be solved, while first
transforming each activity-term ¢ into a semantically
equivalent, normalized activity-term s and then
computing the schedules with the minimal project
makespan for every reduced activity-term of s
separately using a solution algorithm for solving the
classical RCPS-problem. The schedules among all
these computed schedules that have the minimal
value correspond then to the optimal schedules of t.

4. Solving the RCPSV-problem using
diagram-based algorithm

Many varieties of branch-and-bound-based implicit
enumeration methods for solving the RCPS-problem
which may be also used for determining the optimal
schedules for each reduced activity-term of RCPSV
have been reported[3,4,59]. Further Kim and
Schmidt-Schauss presented a new diagram-based
method for representing and solving reduced
activity-terms of RSV [6]. In this section we
describe an diagram-based algorithm for solving
reduced activity—terms of RCPSV which we call the
RCPSV-algorithm and it is similar to the method of
RSVI[6].

A diagram has a time axis and a scan-line. In the

&

(][]

Hl 2|

Ho

diagram each ground activity has a left and right
end point (a start and end time). The left and right
end point of any ground activity 7 denoted by LE(i)
and RE(i) are referred to as the stopping times of
the scan-line. (Dt) with ¢t >0 denotes the scan-line
is found at the stopping time tg =t in the diagram
D. Instead of a continuous moving, the scan-line
jumps from a stopping time into the next right
stopping time while determining and then resolving
resource  conflicts. For each given reduced
activity—term, a directed acyclic graph (X,P) with
X= {(i,r(i),d(@)] i=1,nr()ERd()EN} and P=
{(i,5)li,je{1,--n} can be determined. So, the
objective is to determine an optimal active schedule

{G,5(@)i=1,--,n,5(i) EN}
subject to all constraints where s(i) describes the
starting time of 7.

In the following we will omit descriptions of the
parts equaling to the method of RSV and take the
notations and definitions which have been used for
the method of RSV if they can be consistently
applied to the algorithm.

In the beginning the scan-line is found at the time
tg =0 and the diagram is empty.

Step 1: Attaching start ground activities to the
scan-line: First, all start ground activities out of X
which have no predecessors are attached to the
scan-line. "Attaching a ground activity 7 to the
scan-line” means that 7 is placed in the diagram so
that the time at which the scan-line is found is
assigned to 7 as its start time.

Step 2: Moving the scan-line: The scan-line jumps
to the next stopping time.

Step 3. Determining and resolving resource conflicts
(Multiplying the diagram by the number of the
existing  conflict  combinations);  Freezing — all
definitely placed ground activities; Deleting all
definitely placed ground activities from the directed
grapli This step is carried out just as in Apg-

Step 4: Aftaching further ground activities to the
scan—Iline: Further ground activities out of X which
can be attached to the scan-line are determined in
order to place them. For an actual diagram (Dtg)
and an actual (X;P) a ground activity in X can be
attached to the scan-line iff

1. 7 isn’t from the diagram (Ditg),

2. in (Ditg) there exists no frozen activity j with

r(i)=r(j) for which LE(j)<tg and
RE(j) >tg hold.

3. all immediate predecessors e of 7, that is, for e

and 7 (e,i)EP holds, are already elements of

(Dty) and for all e RE(e) <tg holds in

(DatSL)»
Furthermore the steps 2, 3, 4 are recursively applied
until all ground activities have been placed in the
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diagram, all activities in the diagram have been
frozen and the actual graph is empty so that a
schedule is completed. Among all computed
schedules, those that have the minimal project
makespan, are delivered as the optimal schedules for
the given reduced activity term.

(d,1)

= o = e
Fig. 2. A graph

Example 4.1. We consider the following reduced
activity term.

hnetl/etn, = (1,a,2),n, = (2,b,1),n5 = (3,a,1),-+-,n; =

(7,d,1);(n1,n4),(n1,n5),(nQ,nG),(n3,n7),(n57n7),(n6,n7)]
There are start activities 1,2 and 3 (See Figure 2).
The diagram (D,0) of figure 3 shows the resulting
diagram after applying the step 1, in which the
scan—line time 0 has been assigned to these start
activities 1,2 and 3 as their start time. In the next
step 2, the scan-line jumps into the next stopping
time tg =1. There is one 1-time conflict free
activity 2. In addition, an 1-time resource conflict
occurs since there is an activity ¢ such that
RE(i) =ty (=1)(e.g. the activity 3) and the resource
r(i) is required by more than one activity in the
time interval [ty —1,tg]. So there exist two 1-time
conflict combinations [1] and [3]. The diagram (D,1)
is duplicated, let these be D, D, and 1], 3] are
assigned to D,, D, respectively. In each diagram, the
1-time conflict free activity 2 and the assigned 1
-time conflict activity are frozen and the other 1
—-time conflict activity is moved behind the frozen
conflict activity. Subsequently we proceed with the
next step 4 in each diagram. If we pursue (Dl1,1) to
which the combination [1] is assigned, we have the
diagram (D1,1) of figure 3 where 1 and 2 have
been frozen and 3 has been moved behind 1. We
delete all definitely placed ground activities (all
frozen ground activities) from the graph. In the next
step 4, further ground activities out of the graph
which can be attached to the scan-line of (D1,1)
should be determined. The activities 4 and 5 can not
be attached since it holds RE(1) >ty (=1) for their
immediate predecessor 1. The activity 6 can not be
attached too since in (Dl1,1), there exists a frozen

222

activity 1  with r(1)=7(6)=a for which
RE(1) >tg(=1) holds. The resource a is being
blocked until the time 2. So there is no activity to
be attached to the scan-line. We proceed with the
next step 2. After moving the scan-line in (D1,1),
we have diagram (D1,2). Since in (D1,2) no 2-time
resource conflict occurs and no 2-time conflict free
activity exists, we proceed with the next step 4 in
which the activities 4,5 and 6 can be attached to
the scan-line. After placing these activities, the
scan-line jumps to the next stopping time tg =3.
The diagram (D1,3) of figure 3 shows the resulting
diagram. Now, there are two 3-time conflict
resources a and c¢. So there exist four 3-time
conflict combinations [3.4],[3,5],16,4] and 6,5]
altogether. The diagram (D1,3) is multiplied 4 times,
let these be DI11,---,D14 and [3,4],[3,5],16,4], [6,5] are
assigned to Dl1,---,D14 respectively. If we pursue
the diagram D12, and apply the further steps
recursively, one active schedule is finally generated
that the diagram (D12,6) of figure 3 shows. In this
way, 8 nonredundant active schedules are computed
altogether. Two of these require the minimal project
makespan 6.

4. Proving correctness of the
RCPSV-algorithm

A correctness proof for the RCPSV-algorithm is
given as follows:

Theorem 4.1 For any given reduced activity—term s,
the RCPSV-algorithm generates nonredundantly all
active schedules which may be derived from s.
Proof We show the theorem through induction on
the number of ground activities (vertices of the
corresponding graph).

Induction base: If s is a ground activity, the proof
is trivial.

Induction step: In the beginning the scan-line is

found at the time tg =0. After applying the first
step all start activities of s are attached to the
scan-line. In the following the scan-line jumps to
the next stopping time / Let a,---,a, be all /~time
direct scan-line activities, ie. it Tholds that
RE(a,) = RE(a,) =-- RE(a,)=1. Now, the following
2 different cases have to be distinguished:
Case I There is at least one activity a, which
corresponds to a [-time conflict-free activity. First,
all [-time conflict-free activities are frozen and then
the occurring resource conflicts are resolved. Here,
let the diagram be multiplied to k& diagrams D, - D,
so that each [-time conflict combination is assigned
to a diagram respectively. After resolving the
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resource conflicts, for every diagram all [-time direct
scan-line ground activities are deleted from the

&

(][]

Hl 2|

Ho

graph respectively. So, in every diagram the size
(the number of ground activities) of the
corresponding actual graph becomes smaller since at
least one [-time conflict-free activity a; is deleted.
Furthermore, the RCPSV-algorithm is applied
recursively to every diagram accompanied by the
corresponding actual graph. By assumption of
induction, the RCPSV-algorithm generates
nonredundantly all active schedules for every
diagram since the size of every corresponding actual
graph is smaller than the size of the graph of s
Moreover, Apcqpsy generates nonredundantly all active
schedules for s since D,,--- D, are pairwise different.

It is obviously true for the case k=1, ie. all
a,,++,a, are /-time conflict-free too.

Case 2. Each activity a; is involved in a [-time
resource conflict, i.e. there is no [-time conflict-free
activity. First the occurring resource conflicts are
resolved. Let the diagram be multiplied to &
diagrams D,,--- D, so that each [-time conflict
combination is assigned to a diagram respectively.
For any D, the following two subcases have to be
distinguished:

Case 21 There is at least one /time direct
scan-line activity a; which is frozen. This case is
very similar to the case 1 and can be shown
correspondingly that from D, the RCPSV-algorithm
generates nonredundantly all active schedules.

Case 22 None of the [-time direct scan-line
activities a;,---,a, is frozen. Then, there are further [
—-time conflict activities which are frozen. Let these
be hy,-- h,, where RE(h;) >1 for each j. Eventually
hy-- h,, will be deleted from the graph and in the
result the size of the graph will become smaller. So,
by assumption of induction, the RCPSV-algorithm
generates nonredundantly all active schedules.
Consequently, for the case 2, the RCPSV-algorithm
generates nonredundantly all active schedule for s
since D,,--+ D, are pairwise different.

5. Conclusion

Another terminological scheduling language
RCPSV, similar to RSV, may be used to formulate
and solve a new general class of RCPSV-problems.
The terminological logic RCPSV offers an effective
approach for solving the RCPSV-problem. We
introduced a solution algorithm based on a scan-line
principle, through which all active schedules could be
generated for any reduced activity term. The
correctness proof of the solution algorithm shows the
algorithm  generates nonredundantly all active
schedules which may be derived from any given
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reduced activity-term.
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