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The Asymptotic Throughput and Connectivity of
Cognitive Radio Networks with Directional Transmission

Zhiging Wei, Zhiyong Feng, Qixun Zhang, Wei Li, and T. Aaronl{&er

Abstract: Throughput scaling laws for two coexisting ad hoc net-
works with m primary users (PUs) andn secondary users (SUs)
randomly distributed in an unit area have been widely studiel.
Early work showed that the secondary network performs as wél
as stand-alone networks, namely, the per-node throughputfahe
secondary networks is©(1/y/nlogn). In this paper, we show
that by exploiting directional spectrum opportunities in secondary
network, the throughput of secondary network can be improvel.
If the beamwidth of secondary transmitter (TX)'s main lobe is
d = o(1/logn), SUs can achieve a per-node throughput of
O(1/+/nlogn) for directional transmission and omni reception
(DTOR), which is © (log n) times higher than the throughput with-
out directional transmission. On the contrary, if § = w(1/logn),
the throughput gain of SUs is27 /4 for DTOR compared with the
throughput without directional antennas. Similarly, we have de-
rived the throughput for other cases of directional transmission.
The connectivity is another critical metric to evaluate theperfor-
mance of random ad hoc networks. The relation between the num
ber of SUsn and the number of PUsm is assumed to ber = m”.
We show that with the HDP-VDP routing scheme, which is widely
employed in the analysis of throughput scaling laws of ad honet-
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Fig. 1. SUs exploiting directional spectrum opportunities.

spectrum holes. The spectrum holes are the available spectr
for secondary users (SUs), and can exist in several dimessio
such as frequency, time, geographical space, code, and angl
[3]. The available spectrum holes (or spectrum opportesiti

WOI’kS, the Connectivity of a Single SU can be guaranteed when can be used to |mprove SuU Spectrum access and throughput In

B > 1, and the connectivity of a single secondary path can be guar-

anteed wheng > 2. While circumventing routing can improve the
connectivity of cognitive radio ad hoc network, we verify that the
connectivity of a single SU as well as a single secondary patian
be guaranteed when3 > 1. Thus, to achieve the connectivity of
secondary networks, the density of SUs should be (asymptodlly)
bigger than that of PUs.

Index Terms. Cognitive radio networks, connectivity, directional
transmission, spectrum holes, throughput scaling laws.

I. INTRODUCTION

this paper, we evaluate the performance of cognitive radte n
works (CRNs) that exploiting directional spectrum oppaoitu
ties in the view of throughput and connectivity. Throughjsut
the efficiency of a network while connectivity is the reliétlyi
of a network. Throughput together with connectivity caneav
more complete features of cognitive radio networks. Thoreef
we study the throughput and connectivity.

The throughput of large scale wireless networks has been
widely explored since the seminal work of Gupta and Kumar
[4]. Forn ad hoc nodes randomly distributed in an unit area,
they showed that the per-node throughpuid /v/nlogn). A
recent study of throughput scaling laws for cognitive raaiib

Cognitive radio (CR) [1] is one of the most promising techhoc networks (CRAHNS) produced similar results. In [5],deo

nologies for efficient spectrum utilization. It enables ftde

et al. showed that in a heterogeneous environment withUs

and comprehensive use of the available spectrum [2], and adm primary users (PUs) coexisting, the secondary network

lows for optimization of radio resource utilization by egjting
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can achieve per-node throughput®fl/+/nlogn). In [6], Yin

et al. achieved the same results with a more practical assump-
tion that SUs only know the (geographic) location of the PU
transmitters (TX). This result was verified by Huaeigal. [7]

for a general model.

In the existing literature on CRAHN throughput scaling laws
only spectrum holes in space and time domains are exploited.
The throughput scaling laws for CRAHNSs that exploit direc-
tional spectrum holes have not yet been investigateet i. [8]
and Liet al. [9] showed that a traditional ad hoc network with
directional transmission can achieve a better per-noaeitir-
put higher thar®(1/y/nlogn). In [10], Zhaoet al. showed
that by exploiting directional spectrum holes, both thebaro
bility of successful communication and the spectrum efficie
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of the cognitive radio network are improved. Zhagigal. in Table 1. Key acronyms and parameters.

[11] have analyzed the capacity of wireless mesh networks wi - ~gympol Description

omni and directional antennas. They showed that there is a ca—pj Primary user.

pacity gain for wireless mesh networks when using direeion gy Secondary user.

antennas. Further, Dat al. in [12] have investigated the ca-  pp Horizontal data path.

pacity of multi-channel wireless networks using direcéiban- VDP Vertical data path.

tennas. They have shown that deploying directional antetima 1y Rrx Transmitter and receiver.
multi-channel networks can greatly improve the networkacap m The number of PUs.

ity due to increased network connectivity and reduced fater n The number of SUs.

ence. Waneet al. in [13] investigated spectrum holes in four The area of a secondary cell.
dimensions, i.e., time, frequency, location and directiihof A, The beamwidth of SU’s TX beam.
these results show that directional transmission in semgnd ¢, b The beamwidth of SU’s RX beam.
networks can increase the spectrum opportunities of SUs and R,, R, Data rate of PU and SU.

improve the performance of secondary network. In this paper (m), \s(n) Per-node throughput of PUs and SUs.
we analyze the throughput gain of SUs with directional trans ==

mission. Consider the example illustrated in Fig. 1. The PU
preservation regions (shown as circles), cover the entega.a
Thus, according to the network protocols in [5] and [6], thésS measure the connectivity of CRAHNS.
have no transmission opportunities. However, if the SUssira  However, most of the existing literature on CRAHN connec-
mit directionally, the interference to PUs can be mitigaded tivity does not consider the routing scheme in the connectiv
the throughput of secondary network is improved. ity analysis. Investigating connectivity without congiithg the
In this paper, we verify that if the beamwidth of secondamouting is not practical, since the routing schemes in mest n
TX's main lobe isd = o(1/logn), SUs can achieve a per-works are relatively simple and can not find the complex path.
node throughput o®(1/+/nlogn) for directional transmission In this paper, we show that the routing scheme has a significan
and omni reception (DTOR), which ®(logn) times higher influence on connectivity of CRAHN. Assuming two coexisting
than the throughput without directional transmission. iSimad hoc networks withn PUs and: SUs randomly distributed in
larly, if the beamwidth of secondary receiver (RX)’s maibédo a unit area. And the relation betweerandm is n = m”. With
is = o(1/logn), SUs can achieve a per-node throughptiie horizontal data paths-vercical data paths (HDP-VDB}-ro
of ©(1/+/nlogn) for omni transmission and directional re-ing scheme, which is widely adopted in the analysis of threug
ception (OTDR). Ifd¢ = w(1/logn), SUs can achieve a put scaling laws of ad hoc networks, whgn> 1, we can guar-
per-node throughput o®(1/+/nlogn) for directional trans- antee the connectivity of a single SU, whgn- 2, we can guar-
mission and directional reception (DTDR). On the contréry, antee the connectivity of a single secondary path. While cir
d = w(1/logn), the throughput gain of SUs i&r/§ for DTOR cumventing routing can improve the connectivity of CRAHN,
compared with the throughput without directional transiois. we show that wher8 > 1, we can guarantee the connectivity
If ¢ = w(1/logn), the throughput gain of SUs i&r/¢ for of a single SU as well as the connectivity of a single secondar
OTDR. If §¢ = w(1/logn), throughput gain of SUs i$72/5¢ path. Thus, to achieve the connectivity in secondary neksyor
for DTDR. the density of SUs must be bigger than that of PUs asymptoti-
The connectivity is another critical metric to evaluateplee- cally and a smart routing scheme is essential. Our reseaagh m
formance of random ad hoc networks. The asymptotic connegrde the deployment and routing design of cognitive ra@is n
tivity of large-scale wireless networks has been widelylesgl  works.
since the seminal work of Gupta and Kumar [14]. Assuming The rest of this paper is organized as follows. The network
ad-hoc nodes are randomly distributed in a disc of unitdheg, protocol and definitions are presented in Section Il. Theeph
showed that if each node transmits at a power level so as & cayf directional spectrum holes and the corresponding sitagis
an area ofrr? = (logn + ¢(n))/n, then the resulting network are provided in Section Ill. In Section IV, the throughpulitng
can achieve 1-connectivity if and only i{n) — oo [4], i.e., laws network protocols (asymptotic throughput) are derive
there exists a path between any pair of nodes with high pibbalsection V, the connectivity of cognitive network is investied.
ity (w.h.p). Zhanget al. in [15] considered thé&-connectivity, This paper is summarized in Section VI.
i.e., at leastt disjoint paths exist between any pair of nodes.
Due to the interaction between PUs and SUs, the connectivity
of a CRAHN differs from that of traditional homogeneous ad |I. NETWORK PROTOCOL AND DEFINITIONS

hoc networks. In cognitive radio network, the channels gre d We considern PUs andn SUs uniformly distributed in an

namic because of the spatial and temporal dynamics of the pit; square, which share the same space and spectrum. The PUs

mary traffic [16]. Reret al. in [16] determined the delay and . 45 if the SUs do not exist while the SUs must mitigate the
connectivity scaling behavior in ad hoc cognitive radiovaks interference to PUs. We assume that= m”, where3 is a

usingl the th_eories_ of continuum perqo]ation and ergc_)diaf-ity ositive number. The channel power gaig(s) = 1/, where
e_t al. |n_[17] investigated the connect|V|ty of cooperat_lve €ogni. is the distance between TX and RX, and> 2 is the path loss
tive radio network from a percolation-based perspectin¢l #], exponent. Both the primary and secondary networks are rando

Abbagnalest al. proposed a Laplacian matrix based method 0y o networks. PUs act as if SUs do not exist, while SUs must
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Fig. 2. The HDP and VDP.

mitigate the interference to PUs. The network protocolsld$ S

are as follows.

e Divide the unit square into small squares with atga=
Klogn/n,K > 1. Such a small square is called a sec-
ondary cell. Apreservation regions a square containing
secondary cells with a primary RX in the center cell. When a

secondary TX falls into this region, it detects the direatib O Secondary TX ® Sccondary RX
spectrum opportunities. If there are no spectrum opportuni m PU

ties, it buffers the data and waits for other temporal ordire

tional spectrum opportunities. The SUs employ the mulf-ho Fig. 3. Directional spectrum opportunities for SUs.

routing protocol.

e SUs employ a 9-ime division multiple access (TDMA) trans-
mission scheme. Similar to the approach in [6], the duratic%
of a secondary frame is equal to that of one primary time slotAs to the connectivity, because of the presence of PUs, a sec-
(the reader is referred to Fig. 2 in [6] for details). ondary cell may falls into the preservation region and rteisul

e SUr's traffic is transmitted along the HDPs and VDPs. A secutage for a secondary path. Suppps@Us are randomly dis-
ondary TX searches for directional spectrum holes usingtrébuted in the unit area, where can be regarded as the number
DOA algorithm. If a spectrum hole exists, it transmits witlof activePUs if we consider the dynamics of PUs’ traffic in tem-
power Pla?/Q, where P, is a constant. Different from the poral dimension. We provide three definitions of connettivi
apporaches in [5] and [6ore than onesecondary TX can 1. Connectivity of a single node: For a specific secondargnod
transmit in an active secondary cell as long as they can findif it is not an isolated nodev.h.p, then we can guarantee the

the spectrum opportunities. connectivity of the single node.
2. Connectivity of a single path: For a specific secondary

source-destination pair, if there exists a path betweemthe
w.h.p, then we can guarantee the connectivity of the single
The rate of theth primary TX-RX pair is path.
3. Connectivity of network (connectivity of all nodes): If the
Pp(i)g (| Xp e (i) — Xp,rx(i)H)) (1)  nodesis notisolatea:h.p, then we can guarantee connectiv-
No+ I,(3) + Isp(3) ity of all nodes.

Definitions of Connectivity

A. Achievable Rate and Throughput

R, (i) = log (1 +

where P, (i) is the transmit power of théh primary TX, and
X,.x(i) and X, (i) are the positions of theth primary TX lll. DIRECTIONAL SPECTRUM OPPORTUNITIES
and RX, respectivelyl,(i) is the aggregate interference re- In this section, firstly the notion of directional spectrup o
ceived by theith primary RX from the primary networld,,(¢)  portunity (hole) is introduced. Then, the statistics okdtional
is the aggregate interference from the SU network tattheri- spectrum opportunities is addressed in Lemma 2. Finallypnwe
mary RX, andNj is the power spectral density of the additiverestigate the number of PUs in the interference region ofr8U i
white Gaussian noise (AWGN). In this paper, we normalize theemma 3.
bandwidth tol. The data rate of thgth secondary TX-RX pair  Fig. 3 shows a circular area with SU at the center and several
is randomly distributed PUs. Denote the location of the SW(as
) Ps(9)g (| Xs.tx — Xsexll) and the locations of the PUs a3, Y>, - -+, Y, whereL is the

Rs(j) = log (1 + No+ L) + Ls(j) ) (2) humber of PUs surrounding this SU. For examgle; 5 in Fig.

3. The reference line with angleis shown as the dashed line
whereP;s(j) is the transmit power of thith secondary TX, and X P. Denote the angle betweenP and XY, asa;. Then, the
Xs.1x(j) and X, ,x(j) are the positions of thgth secondary angle/Y; XY;,, fori < Lis
TX and RX, respectivelyl;(j) is the aggregate interference re-
ceived byjth secondary RX from the secondary network, and LY; XY = a1 — oy a A;. (3)
I,5(j) is the aggregate interference from the PU network to the
jth secondary RX. We denote the PU and SU per-node through- represents a directional spectrum opportunity (or spettru
put ash, (m) andX,(n), respectively [6]. hole) for the SU. If the SU is able to transmit within this amgl
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to a secondary RX, then the interference to the PUs will bdlsmieet X; = x; = a; /27 ~ U (0,
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1. If W, = X, 41— X, we have

(if the side lobes of the directional antenna are negleciéthen A, = 4§, = a,+1 — o, = 2aW,., and from (11) the PDF is

1= L, the angle/Y; XY is
/YiXYi = a1 —ap + 21 2 AL (4)

which is another directional spectrum opportunity. Diiectof

N R L

0<6, <27
2T

(12)

where the relatiorB(1, L) = 1/L is used. Although thé\;’s

arrival (DOA) estimation algorithms can be employed in StJs fare not independent, they are identically distributed. tBng
find these directional spectrum opportunities. To deteentii®  the indexr, the PDF of the directional spectrum holes is

angles with multiple PUs, multiple signal classification M
SIC) algorithms [24] can be used. In addition, an antenreyarr
can be used in SUs to detect the directional spectrum opgiertu

ties and also for directional transmission.

For an SU withZ, PUs around it, there atk directional spec- with expected value
trum opportunities{, angles). Adl. increases, these angles will

decrease and thus it will be more difficult to exploit the dire
tional spectrum holes. The statistics of these directigpat-

trum opportunities are given by the following lemmas.

Lemma 1([25]) For an ascending sequence of random vari-

able (r.v.)sX1, Xs, -+, X1, uniformly distributed in[0, 1], the
probability density function (PDF) of the range &f. and X,
with r < s, is

1

) = s—r—1 1— s L—s+r
fWrs(w ) B(S—T,L—S+T+1) rs ( w )
(5)
where0 < w,, < 1 and
o1
Bla,b)= [ t**1—t)""dt,a>0,b>0. (6)

L—1
fA(é):%,()SéSQW (13)
2 o
E[A] /0 61a(0)ds = = (14)
O

When the angle of the main lolie has a lower bound,;,, ac-
cording to Lemma 2, the probability that a directional spatt
hole is available is given by

Pr{A > dmn} = (1 - (;t—h> — 0 (when L — c0)  (15)
T

whereL is the number of PUs in the interference region of SU.
An interference regioris a square containing 9 secondary cells
with an SU in the center cell. Note that thePUs in (15) are in
a circle, while the interference region is a square. Howeter

Lemma 2: The PDF of the angle of a directional spectrundifference between these shapes can be ignored, as thg (tigh

hole (denoted ad) is

L(1 — 5 L—-1
fA(é):%,Og(SgQw @)
2w
with expected value
2w
ElA] =+ (8)
Proof: The sequence of the anglés, Ao, -+, Ay are
r.v.s. They are not independent since
L
d A= €)
=0
However, as shown in Fig. 3, the anglg(i = 1,2,---, L) is

independent and identically distributed (i.i.d.) r.v. kvitniform
distribution betwee® and2x. The PDF ofo; is
1
= < 27,
f(a) 27T,0 <a<2m (10)

These angles are in ascending order, ig.< as < --- < af.

upper and lower bounds dPr{A > &, } can be achieved by
addressing the PUs in the inscribed circle or circumscriied
cle of the interference region. The number of PUs an inter-
ference region is given in the following lemma.

Lemma 3: Denote the number of PUs in the interference re-
gion of an SU ad., which is a function of. (or m). Then, for
different values of3, we have three cases as follows.

1. If 8 > 1, then for any positive number

lim Pr{L >} =0 (16)
n—oo
namely,L converges t® in probability.
2. If 8 =1, we have
1 1
9K [ = — = | logn < L <9Kelogn a7)

w.h.p, namely,] = ©(logn).
3. If 3 < 1, we have

11
9K (5 - _) logn < L <9Ken'/"'logn  (18)
€

In addition,d; = ;41 — ay,i < L, is the range of the r.v’s
a;+1 anda;. In the theory of order statistics [25], the PDF of h.
the range of uniformly distributed r.v.'s is given by Lemma WP
Lets — r + 1 in this lemma so thalV, — X, ., — X,, which _ Proof: This lemma investigates the number of PUs in the
has a PDF given by interference region of SUs. For a particular secondary aélu
X,;,1=1,2,---,mfalls in its interference region with probabil-
ity p, = 9as = 9K logn/n, which is a Bernoulli event. Denote
the number of PUs in the interference regioras/hich is ar.v.

(1—w) 1 0<w, <1.

fw, (wr) = (11)

B(1,L)
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follows Bernoulli distribution with paramete(g,,, m). And the
expectation of_ is

E[L] = pom = 9Kn'/#Llogn. (29)

Notice that wherg > 1, lim E[L] = 0. We use the Markov
n—roo

inequality to determine the upper bound/af For any positive
numbers, we have

Pr{L > ¢} < @ — 0. (20)

231

To find the upper bound df, we use the Chernoff bound.

tL]
Pr{L > a} < min
t>0

eta

(L+ (e = Dpa)™

eta

= min
t>0

eba

m log ngK(eq&’l)
() P ( "
<

= ed’a

(e) (23)

<

where(23e) and(23f) use the similar technique #81b) and

Lete = 1/2, then we havé&r{L > 1/2} — 0. AsLisa
positive integer, thug converges td in probability.

(21c) respectively. Andb is a positive number. We address two
situations as follows.
e For the case = 1, substitutep = 1, m = n anda =

Whenj < 1, we use the Chernoff bound to get the lower gx¢1ogn into (23), we have

bound ofL, which is

Pr{L <a} < mi
L < o < uip

eta

(1+ (et - 1)pn)m

(a) .
= min 7
e a

t<0
(b)

B (1+ (= = Dp)”
= e_d)a

9K (e % —1)
exp (mlogn - )
<

(c)
e—¢a

(21)

where(21a) is derived by substituting the value Bfet’], (21b)
is derived by replacingwith a negative constant¢. According
to the inequalityl + z < %, we have(l + (e=? — 1)p, )" <

exp (mlogn®%6( =1 /n) and(21c) is derived. For3 < 1,
(miog

substitutep = 1, m = n'/? anda = 9K (1/2 — 1/e) log n into
(21), we have

1/8 9K (e 1 1)
exp <n lognn )

exp (—9K (3 —e~1)logn)

() exp (10g n?kK (671*1))
<
~ exp (—9K (3 —e 1) logn)

Pr{L <a} <

(22)

9K (e—1)
exp (nlognn )

e9Kelogn
nQK(e—l) 1

n9Ke n9K”

Pr{L > a}

IN

(24)

As 9K > 0, we havel /n°% — 0. Thus, forg = 1, the
upper bound of is 9K elogn w.h.p. Similar with previous
discussion, as we have the relat@li > 1 becausd( > 1,

use the union bound, the probability that the number of PUs
in anysecondary cell is more th&¥e logn is smaller than
n/(Klogn x n°%) — 0.

For the case < 1, substitutem = n'/# anda =
9Ken'/8~1logn into (23), we have

1/8 9K (e—1)
exp (n log:lz )

Pr{L > a} < eQKenl/ﬁ*I log n (25)
1
T 9Kni/B1C
As 9Kn'/=1 > 0, we havel/n®5""""™" _ 0, which

meang) Ken'/#~1logn is the upper bound of w.h.p.Sim-
ilar with previous discussion, we hagd(n'/#~1 > 1, thus
n/(Klogn x n®6m"7") — 0. Namely, the probability
that the number of PUs iany secondary cell is more than
9Ken'/#~1logn tends to 0.

]

9K (e™'-1) 1 According to Lemma 3 and Lemma 2, spectrum opportunities
will exist whens > 1. Thus, when investigating the through-
put with directional transmission, we only consider thaation
wheng > 1. In this paper, we investigate the cases of omnidi-
rectional transmission and omnidirectional reception @&},

DTOR, OTDR, and DTDR.

n—9K(G—e"1) T L9K($—e"1)

where (22d) is due ton'/? > n. Since9K(1/2 —e™') >

0, we havel/n96(1/2=¢"") _ 0. Thus, forg < 1, the
lower bound ofL is 9K (1/2 — e~1) logn w.h.p. Actually, we
have 9K (1/2—e~1) > 1 becauseK > 1. Use the union
bound, the probability that the number of PUsimysecondary
cell is more than9K (1/2 — e ')logn PUs is smaller than |n order to derive the per-node throughput of primary and
n/(Klogn x ngK(l/Q—(l)) — 0, which means the numbersecondary networks, we should investigate the data rateatha

of PUs in all SUs’ interference regions are lower bounded Iprimary/secondary cell can support and the number of cencur
9K (1/2 — e 1) logn. rent routings that pass through a primary/secondary aethé

IV. ASYMPTOTIC THROUGHPUT
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Preservation region of PU so that
AL
: SU interferes PU « —a
> \ 1 P, \/a A/ 5a
N Rp(l) >_ 10g 1 + 0( P) ( P)
\ 9 No+ I, + I,
\ v (29)
: 1 Po(v5 A
=—1lo 1+ ——— = K| < 0.
9 g( No—l—lp—i—lsp) !

a

As an example of Lemma 4, for the case of DTOR in Fig. 4,
if the main lobes of the secondary TXs in a secondary cell do
not overlap, each primary cell can support a constant dé¢a ra
of K.

Lemma 5: With the primary network protocol in [5], the
number of primary source-destination paths passing threug
Fig. 4. The interference from a secondary TX to a primary RX. The primary cell is upper bounded bt /2m log m w.h.p.

dashed bo_xes denote the 9-TDMA cluster and the shaded squares The PU throughput is given in the following theorem.

are the active secondary cells. . .

Theorem 1: The primary network can achieve a per-node

throughput of\,(m) = ©(1/v/mlogm) w.h.p.
o . Proof:  If Lemmas 4 and 5 are satisfied, the results
derivation of per-node throughput of primary networks, lnean in [5], [6], and [21] show that there exists a TDMA trans-

4 has addressed the data rate that a primary cell can Sumbrtl’ﬂission scheme such that a data rate 6f is shared by
Lemma5ha§investigated the ”“”?beTOfp”maW paths that pg‘S\/leogm paths. We only need to divide the entire time
through a primary cell. In the derivation of per-node thrioug Slat into ©(y/mTogm) small time slots and each transmis-

put of secondary netwprks, Lemma 6, Lemma 7, Lemma 8, use one of them. Thus, the PU per-node throughput is
Lemma 9 have investigated the data rate that a secondary

vml . |
can support. Because the secondary and primary networks bo /Vmlogm)

adopt the HDP-VDP routing protocol, the number of secondagy Throughput of Secondary Network: OTOR

paths that pass through a secondary cell is similar to thatiin

mary networks. The case of OTOR has been investigated in [5] and [6], and

they have shown that the per-node throughput of secondary ne
work is©(1/+/nlogn), which is the same as a stand-alone net-
A. Throughput of Primary Network work.

To determine the PU throughput, we require the followinG. Throughput of Secondary Network: DTOR

two lemmas. For SU TXs in secondary cells, we have the following lemma.
Lemma 4: If one primary RX receives interference from at |emma 6: If one primary RX receives interference from at
most one secondary TX in a secondary cell, then each primast one secondary TX in a secondary cell, then each TX in
cell can support a data rate af;, whereK’ is a constant inde- the secondary cell can support a data rat&ef wherek> is a
pendent ofn or n. constant independent of or n.
Proof: The data rate of théh primary cell is Proof: The proof is similar to that of Lemma 4. |
For the case of DTOR, if the main lobes of the secondary
- Py()g (| Xp.ix (i) — Xpax (D)) (26) TXs in a secondary cell do not overlap with each other, then
No + L(i) + 1o (i) each secondary cell can sup,port a data rat& of DenoFe the
P P angle of theith secondary TX’s main lobe bi;. To obtain the
~highest throughputin the secondary network, we adopt th& mo
wherel/9 denotes the rate loss due to 9-TDMA transm'SS'OEompact case Whe@:f:l A; = 2, i.e., the directional oppor-

Ip(i) is the interferenpt_a suffe_red by primary RoWithin P”' tunities are all occupied by secondary TXs. In this cased#te
mary network and., () is the interference suffered by primaryaie that a secondary cell can support will 446, which is ¢

RX i from secondary TXs. If one primary RX receives interfetg,oq pigger than for a secondary cell that does not use-direc

ence from at most one secondary TX in a secondary cell, b(ﬁt(l;hm transmission. If the SU’'s main lobe ds= o (1/logn),
[5] and [6] have proved thal, (i) and, (i) are finite when SUs | o have the following lemma.

adopt the 9-TDMA (or 25-TDMA) protocol. Hence, the inter- | oryma 7: if the angle of the secondary TX’s main lobe is
ference suffered by primary RX is bounded. Thus, we have 5 _ , 1 /1554,), then the data rate that each secondary cell can
support is®(log n) w.h.p.
I, (1) < Iy < o0, (27) Proof: According to Lemma 8, the number of SUs in a
secondary cell i© (logn). When the angle of the secondary
TX main lobe isé = o(1/logn), all secondary TX nodes in
I,(i) < I, <o (28) an active secondary cell can transmit with the constraiat th

. 1
Ryli) = 5 log
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the main lobes do not overlap. Since a secondary cell has °
O (logn) = celogn TX nodes, from Lemma 6, the data rate j
that a secondary cell can supportidis logn = O(logn). O 2

Lemma8: If K(1/2—1/e) > 1, then the number of SUs in o

o0&
a secondary cell i®(logn).
Proof: According to [21, Lemma 5.7], an upper bound O
on the number of SUs in a secondary cell@glogn). Us-
ing an approach similar to the proof of Lemma 3, the condition ?
K(1/2—1/e) > 1 gives that the lower bound is alé¥logn). V”'\Ao/"
m|
Lemma 9: If the angle of the secondary TX's main lobe is @
0 = w(1/logn), then the achievable data rate that each sec- ® Primary TX
ondary cell can support K327 /4. <) TX Beam

Proof: Whenps > 1, directional spectrum holes exists
w.h.p.(Lemma 3), but the number of SUs in a secondary cell ig. 5. SUs encounter the preservation region, where the shaded part is
O (logn) — oo. Thus, the number of main lobes (namely, the the preservation region of a primary RX and “x” means an outage:
number ofactive secondary TYs is asymptotically smaller (@ The OTOR case and (b) the DTDR case.
than the number of SUs. And the maximum valu€ @ 27 /4.

O

Similar to Lemma 5, the number of secondary sourc&ell can support ig<c; log n. Thus, we have the conclusion as
destination paths passing through each secondary celpisrug®!oW-
bounded byt\/2nTogn w.h.p. Using Lemmas 6, 7, and 9, the Theorem 4: In the case of OTDR, with the given secondary
SU throughput is given in the following theorem. network protocol, when the main lobe of secondary RX is

Theorem 2: In the case of DTOR, with the given secondary® = o(1/logn), the secondary network can achieve a per-
network protocol, when the main lobe of secondary TX igode throughput of\;(n) = ©(y/logn/n) w.h.p. When
§ = o(1/logn), the secondary network can achieve a ped¢ = w(1/logn), the throughput gain of secondary network
node throughput oA, (n) = ©(y/logn/n) w.h.p. Whens = is4n?/d¢.
w(1/logn), the throughput gain of secondary networRis/é.

Proof: When§ = o(1/logn), one secondary cell can

support a data rate df c2 log n, which is shared by\/2nlogn V. ASYMPTOTIC CONNECTIVITY
paths. Thus, the per-node throughpu®i€l //nlogn). When
d = w(1/logn), the gain of data rate in the secondary cell SUs with the network protocol in Section Il can guarantee
is 27 /6 compared with the secondary networks without direconnectivity if PUs do not exist, i.e., there are at least She
tional transmission, and the per-node throughput gainge ain each secondary cei.h.p. However, as the presence of PUs,
27 /6. When SUs have no transmission opportunities and needecondary cell may falls into the preservation region aitid w
to buffer their data, the data rate should be multiplied bppn result in outage for a secondary path, as illustrated in 5{g).
portunistic factor [6]. However, this factor is a constdrttwill However, SUs in the preservation region can still receivia,da
not change the scaling results obtained. In fact/far 1, the which is also illustrated in Fig. 5(a). In this paper, we sogp
opportunistic factor is W.h.p.because directional spectrum opsm PUs are randomly distributed in the unit area, wherean

portunities always exist. O be regarded as the numberaaftive PUs if we consider the dy-
namics of PUs’ traffic in temporal dimension. It is noted that
D. Throughput of Secondary Network: OTDR andm are also the density of SUs and PUs respectively, since

For the case of OTDR, denote the angle of the main lobe {6 SUs and PUs are deployed in a square with unit area. With
secondary RX a®. Then, ifd¢ = w(1/logn), the achievable directional transmission and direction reception, thesgrea-
data rate that each secondary cell can suppoft48r/¢. If tion region is reduce and the probability of outage eventss a
¢ = o(1/logn), the achievable data rate that each seconddgguced, which is illustrated in Fig. 5(b).
cell can support ig(cs logn. Thus, we have the conclusion as

follow. , _ A. Connectivity of Cognitive Networks with HDP-VDP Routing
Theorem 3: In the case of OTDR, with the given secondary

network protocol, when the main lobe of secondary RX is with the network protocol in Section II, an SU is not an iso-
¢ = o(1/logn), the secondary network can achieve a pefated node if and only if it does not fall into the preservatio
node throughput ok, (n) = ©(y/logn/n) w.h.p. Whend¢ = region of any PU. Thus, the connectivity of SUs is relatechwit
w(1/logn), the throughput gain of secondary networkis/¢.  pUs and we firstly investigate the number of PUs inittterfer-
ence regiorof SUs, where interference region is a square con-
E. Throughput of Secondary Network: DTDR taining 9 secondary cells with a secondary TX in the centir ce

For the case of OTDR, if¢ = w(1/logn), the achievable If a PU falls into theinterference regiorof a SU, then the SU
data rate that each secondary cell can suppdibigr?/5¢. If  falls into thepreservation regiowf the PU. The number of PUs
dé = o(1/logn), the achievable data rate that each secondalyin an interference region of SU is given in Lemma 3.
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Fig. 6. The connectivity of a secondary path if there are no PUs in the  Fig. 7. _ Secondary path goes around if it is blocked by a preservation
shaded region, this path is connected: (a) The OTOR case and (b) region.
the DTDR case.

secondary cells aQ. Similar with the proof in Lemma 3 is

a r.v. follows Bernoulli distribution with paramete(s’, m),
Since we assume = m?, the lower and upper bounds exwhere

pressed by can also be expressed by Thus, we have another

A.1 Connectivity of a Secondary Node

version of Lemma 3 using.. Wheng > 1, the number of PUs b =3, n_Klogn _ 3Ke, 1ogn- (32)
in the interference region of a specific SU tends to 0 in proba- logn n n
bility, thus we have a theorem. ) )
Theorem 5: When3 > 1, with the HDP-VDP routing, we 'NUS, the expectation 6t is
can guarantee the connectivity of a single 8U4.p.
g y g P EQ]=p,m= 3Kein? 3 v/logn. (33)

A.2 Connectivity of a Secondary Path ) )
Wheng > 2, we haveE[2] — 0. Use Markov inequality, for

We define the interference region of a secondary path in tl'éiﬁy positive number, we have
section. As illustrated in Fig. 6, the shaded region is therin ’
ference region of the secondary path, which is the unionef th E[Q]
interference regions of all the SUs along this path. The PUs i Pr{Qd>e} < e — 0. (34)

the interference region of the secondary path will sufferitiz
terference from secondary TX. We investigate the conniggtiv  Lete = 1/2, thenPr{Q > 1/2} — 0. AsQ is an integer,
of a secondary path and have a theorem. thus there are no PUs along a secondary petttp.

Theorem 6: When > 2, with the HDP-VDP routing, we ~ When1 < 8 < 2, use a similar technique as Lemma 3, we
can guarantee the connectivity of a single secondarywétip.  can get the lower bound 6fas3K ¢, (1/2—e~")y/log n, which

Proof: As illustrated in Fig. 6, if there are no PUs in thedoes not converge towhenn — oco. Thus,3 > 2 is the nec-

interference regions of the secondary path, then the cdmnecessary and sufficient condition to guarantee the conngctivi
ity of this path can be guaranteed. As the distance betwaen ghsecondary path for HDP-VDP routing scheme. 0
source and destination of this pathAg1), thus the number of ~ Note that for the case of DTOR, OTDR, and DTDR, the
hops is number of secondary cells along the secondary path is of or-

1 der© (s/n/log n) Thus, Theorem 5 and 6 are also satisfied
n n
M=06 =0 2 c1 (30) forthe case of DTOR, OTDR, and DTDR.
Vas logn logn

wherec; is a constantg is the area of a secondary cell. FofA'3 Connecitivity of All SUs

the case of OTOR, the number of secondary cells along the secAs PUs and SUs share the same geographic area, thus there

ondary path is must be an secondary cell that contains at least one PU, then
the connectivity of the secondary path originated from sieis-

N=—e n_ ((31 n 2) N ((31 no. 2) ondgry cell cannot be guaranteed. Thus,.the connectivig of
\ logn \ logn \ logn SUs is not feasible for SUs and PUs coexisted network.
n
= 361’/logn' B. Connectivity of Cognitive Networks with Circumventing
(31) Routing

For the case of DTOR, OTDR, and DTDR, the number of According to Theorem 6, to guarantee the connectivity of a
secondary cells along the secondary path is less fliar= secondary path, we must hage> 2, namely, the SUs must be
3c1y/n/logn in (31), which is illustrated in Fig. 6(b). We much denser than PUs. To achieve a better connectivity when

investigate the probability that there are no PUsNnh = the SUs is not that dense, the secondary path can go around if i
3c1y/n/logn secondary cells. Denote the number of PU#Vin is blocked by a preservation region of PU. As illustratedion F
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Proof: If 5 > 1, then a primary cell contain&’,, sec-
ondary cells and we have
%7., %" - 21
] ogm
M B Nm =0 <#gn> = CQmﬂ_l (35)
O Tn
wherec, is a constant. If a PRC pass through a primary cell,
@ (b) it needs at leasy/N,,, /3 = \/c2/3mP~1/2 PUs in this primary
= - S cell, where the preservation regions of this PRC form a lime a
T =l are not overlapped. According to Lemma 10, the number of
LY /) ) PUs in a primary cell is at moste logm and we notice that
. - S, . 2elogm < /N,,/3 whenm is sufficiently large. Thus, there
m . are no sufficient PUs ianyprimary cell that can support a PRC
AN L that pass through this primary cell. i
- - " As to the maximum number of preservation regions in a PRC,
(©) () we have a lemma as follow.
®m  Primary RX o SU Lemma 12: For 8 > 1, the number of preservation regions

in any PRC is at mosit8e log m w.h.p.

Fig. 8. PUs block the transmission of SU, where “x” means an outage. Proof: We choose a preservation region in a PRC. When
B > 1, according to Lemma 11, the PRC can not pass through a
primary cell. Thus, the PRC is confined in a cluster of 9 priynar
cells where the center cell contains a preservation redidineo
PRC. According to Lemma 10, the number of PUs in cluster of
BED HERY ) S R 9 primary cells is at most8e log m, thus the maximum number
of preservation regions in a PRC is at mbd&¢t logm w.h.p. O

If SUs adopt the circumventing routing, we have a lemma.

Lemma 13: For > 1, the number of SUs that is blocked by
preservation regions or PRCs is at m&stn (logm)?) w.h.p.
7, which is proposed in [5] but the connectivity is not fully-a Proof: We denote the area of all preservation regiond as
alyzed therein. With this circumventing routing, we sumipar and the area of the isolated area enclosed by PR@s abhus,
the outage cases for SUs. the area of the regions where SUs are blocked by PUs is

1. The source of a secondary path falls in a preservatioomegi1 + A2 When the preservation regions are not overlapged,
of PU, which is illustrated in Figs. 8(a) and (b), where thB&s an upper bound.
source of a secondary path is located in the preservation re-
gion, thus an outage will occur. A1 <9Im
2. When the preservation regions enclose a secondary source
or destination, this secondary path will be in outage, wiich  As illustrated in Fig. 10, the maximum isolated area that is

Fig. 9. The preservation region chain (PRC): (a) Open structure, (b)
closed structure, and (c) open structure.

K1
98" _ 9Knl/Fllogn. (36)

n

illustrated in Figs. 8(c) and (d). environed by a PRC is a quarter circle. A PRC has at most
To investigate the connectivity of a secondary path with cit8elogm preservation regions (Lemma 12), and each preser-
cumventing routing, we firstly define the PRC as follow. vation region contribute a length 6f /a to the circumference

Definition 1: PRC is a set of preservation regions, that ea¢H the quarter circle at most, thus the radius of the quaitelec
preservation region in PRC has al least one adjacent neighlds (216¢,/a; logm) /7 at most. We suppose that each PRC en-
(preservations regions). close a quarter circle and can find an upper bound of the &blat

Some of the PRCs are listed in Fig. 9, where Fig. 9(a) and 9@fea surrounded by PRCs.
can not block a secondary path, while Fig. 9(b) can block the

2
secondary path that has a source or destination insidefior@&e Ay m (2166\/% 10gm)
investigating the PRC, we need a definition. ~ 18elogm 4 0 37)

Definition 2: Primary cell: Divide the unit square into 648e

m/2logm small squares, which is defined as “primary cell”. asm logm.

The area of a primary cell is, = 2logm/m.
There is a lemma related with the primary cell, which i'sA‘
Lemma5.7 in [21].
(K "

ccording to (36) and (37), we have

72e
Lemma 10: Each primary cell holds at least one butnomore 4 < 93

than2elogm PUs w.h.p..
As to the PRC, we have a lemma as follow. We investigate the number of SUs in the block region with area
Lemma 11: If 8 > 1, then any preservation region chain4, which is denoted a®/4 and is a r.v. follows Bernoulli dis-
(PRC) cannot pass through a primary cell w.h.p.. tribution with parametergA,,, n). Use the Chernoff bound, we

Klog m) m* =P logm = Ay. (38)

™
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/Primary cell
l__L ! / PRC

*—>0—0—0

e SU

B8 Preservation region ® SU Fig. 11. The circumventing routing.

Fig. 10. The largest block area of PUs, where “x” means an outage. . . . .
This figure is a modification of Fig. 8 in [5]. However, the circumventing routing still cannot guarartkse

connectivity of the whole secondary networks (all SUs). Be-
sides, wherg < 1, according to Lemma 3, the number of PUs
in the interference region of a SU is at leastv.h.p, thus the

E etNA} preservation regions will always cover the SUs. Even adopt-
ing the circumventing routing, the connectivity of a singlé

will show N4 < Ayen w.h.p.

PY{NA > Auen} S min A en
>0 e SUs is still impossible. Finally, for the case of DTOR, OTDR,

@ . (A+( - DA,)" and DTDR, when3 > 1, with the circumventing routing, we
>0 exp(tAyen) can guarantee the connectivity of a single secondaryyaitip,
®) (14 (e —1)A4,)" (39) hamely, the condition for the connectivity of OTOR is thefsuf
< exp (endy) cient condition of connectivity for DTOR, OTDR, and DTDR.
(2 exp ((e — 1)nAy)
exp (enA,) VI. CONCLUSION
=exp(—nd,) =0 In this paper, we show that the throughput of secondary net-

) ) work can be improved by exploiting directional spectrum op-
where (39a) is derived by substituting the value @[e'™4], portunities. If the beamwidth of secondary TX's main lobe
_(39b) is derived by replacingwith 1. According to the inequal- jg 5 — o(1/logn), SUs can achieve a per-node throughput of
ity 1+ 2 < e”, we can achievg3dc). According to (39), we g(1/,/nlogn) for DTOR, which is©(log n) times higher than
have the upper bound o 4, which is A,en = ©(m(logm)?)  the throughput without directional transmission. Sinijlaif

) ) U the beamwidth of secondary RX’s main lobeis= o(1/logn),
Accor.dlng to Lemma 13, the fraction of SUs that is blockeds can achieve a per-node throughpu®dl //nTog n) for
by PUs is OTDR. If 6¢ = w(1/logn), SUs can achieve a per-node

(1Ogn)2 throughput of©(1/+/nlogn) for D_TDR. On the contrary, if
) =06( 1/p ) — 0. (40) 0 = w(1/logn), the throughput gain of SUs &r/¢ for DTOR
n compared with the throughput without directional transiais.

(logm)®
mbP—1

%@(m(logmf) =0(

Thus, we have a theorem as follow. If ¢ = w(1/logn), the throughput gain of SUs i&r/¢ for
Theorem 7: Whenj3 > 1, with the circumventing routing, OTDR. If ¢ = w(1/logn), throughput gain of SUs i$r2 /d¢
we can guarantee the connectivity of a single\@b.p. for DTDR.

Thus, the connectivity of a single secondary node can be guarWe also investigate the connectivity of random cognitive ra
anteed with circumventing routing whe¢h> 1. As to the con- dio networks with different routing schemes, namely, theR4D
nectivity of a single secondary path, we have a theorem. VDP routing and circumventing routing. Assuming two coex-

Theorem 8: When3 > 1, with the circumventing routing, isting ad hoc networks withn PUs andn SUs randomly dis-
we can guarantee the connectivity of a single secondary paibuted in a unit area and = m”, we have achieved some
w.h.p. conclusions as follows.

Proof: The source and destination nodes are not blockéd If we adopt the HDP-VDP routing, then whgr> 1, we can
by PRCsw.h.p. Besides, the PRCs cannot block the secondaryguarantee the connectivity of a single SU, when- 2, we
path. Asin Fig. 11, a secondary path arrives at a primaryteell  can guarantee the connectivity of a single secondary path.
block this secondary path, the PRCs must enclose the primarylf we use the circumventing routing, then whén> 1, we
cell (or at least an edge of the primary cell). However, aditay can guarantee the connectivity of a single SU as well as the
to Lemma 11, a PRC cannot pass through the primary cell, thusconnectivity of a single secondary path.
PRCs are impossible to enclose the primary cell and block tBe We can not guarantee the connectivity of the whole sec-
secondary path. The secondary path will circumvent the PRCsondary network no matter whatis.
and reach the destination, as illustrated in Fig. 11. O 4. Wheng < 1, we can not guarantee the connectivity for both
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the HDP-VDP routing and circumventing routing.
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