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ABSTRACT

In this paper, we consider an interesting variant of the inverse minimum traveling salesman problem. Given an in-
stance (G, w) of the minimum traveling salesman problem defined on a metric space, we fix a specified Hamiltonian
cycle HC,. The task is then to adjust the edge cost vector w to w' so that the new cost vector w' satisfies the triangle
inequality condition and HC, can be returned by the minimum spanning tree algorithm in the TSP-instance defined
with w'. The objective is to minimize the total deviation between the original and the new cost vectors with respect to
the L;-norm. We call this problem the inverse metric traveling salesman problem against the minimum spanning tree
algorithm and show that it is closely related to the inverse metric spanning tree problem.
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1. INTRODUCTION

In (Chung, 2010; Chung and Demange, 2012), some
variant of the inverse optimization problem is defined
with respect to a specific algorithm. For a combinatorial
optimization problem, we are given an instance I(w)
with a weight system w, a solution x, and a specific
(optimal or not) algorithm A. The objective is to find a
new weight system w' such that (i) w'eWw where W
denotes the property that should be satisfied by the
weight system, (if) x, can be returned by the fixed algo-
rithm A4 in the new instance /(w") and (iif) the deviation
|w—w, from the original weight system w becomes
minimum with respect to the L,-norm, pe{l,2,--:, «}.
This problem is called the inverse optimization against a
specific algorithm.

In (Chung and Demange, 2012), Chung and Demange
studied the inverse traveling salesman problem with re-
spect to two well-known approximation algorithms: a
greedy algorithm closest neighbor and a local search

algorithm 2-opt. They proved that the inverse traveling
salesman problem (against any optimal algorithm) is co-
NP-complete, while the problem against closest neighbor
and the problem against 2-opt are both polynomially sol-
vable by means of linear programming for any W e
{R", A, N"}, where W =A denotes a metric space.

In this paper, we consider the inverse traveling sale-
sman problem in a metric space (i.e., W =A) with re-
spect to another approximation algorithm, called mini-
mum spanning tree. To investigate the computational
complexity of the problem, we point out a close link to
the inverse metric spanning tree problem.

The paper is organized as follows. In Section 2, we
give a definition of the inverse metric traveling sales-
man problem against the minimum spanning tree algo-
rithm and point out the equivalence between our prob-
lem and the inverse metric spanning tree problem. In
Section 3, we present a mathematical model for our pro-
blem, and show that it can be solved by using a linear
programming technique. Section 4 concludes the work.
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2. PROBLEM DEFINITION

Together with closest neighbor and 2-opt, the mini-
mum spanning tree algorithm (MST for short) is a well-
known approximation algorithm for solving the mini-
mum traveling salesman problem. Given a minimum
spanning tree 7,, MST creates a graph by doubling each
edge of 7, and finds an Eulerian tour of the graph ob-
tained. Then it converts the tour into a Hamiltonian cycle
by using triangle inequality shortcuts (Garey and John-
son, 1979). Contrary to the poor approximation behavior
of closest neighbor, MST performs quite well and guar-
antees an approximation ratio of 2 (see (Garey and John-
son, 1979)).

The inverse traveling salesman problem against MST
in a metric space can be defined as follows. Given an
instance of the traveling salesman problem (a weighted
graph (G, w) with G=(V, E) and an edge cost vector
w) and a fixed Hamiltonian cycle HC,, the task is to
find a new edge cost vector w' such that (i) w' satisfies
the triangle inequality condition, (i7) there exists in (G,
w') a minimum spanning tree that can be transformed to
HC,, and (iii) the deviation between w and w' is mini-
mum under the Z,-norm for pe{l, -, «of.

As other inverse problems, however, the above pro-
blem is ill-posted in the sense that it does not have a
unique solution. In addition, it might not be easy to de-
termine how to modify the given weight system because
a Hamiltonian cycle can be obtained from a large num-
ber of different spanning trees; indeed it is shown in
(Chung, 2010) that there are an exponential number of
spanning trees that can induce the same Hamiltonian
cycle. Hence, we define the inverse metric traveling
salesman problem against MST by assuming a certain
spanning tree as given.

Definition 1: Inverse metric traveling salesman pro-
blem against MST: Given a graph G=(V, E), an edge
cost vector w and a fixed spanning tree T, associated with
HC,, the task is to perturb the edge cost vector w to w'
so that (i) the perturbed cost vector w' satisfies the tri-
angle inequality condition, (ii) the fixed solution T, is a
minimum spanning tree under w' and (iii) the deviation is
minimum with respect to the L, -norm for pe{l, -, «f.

The mathematical model for the inverse metric tra-
veling salesman problem against MST is as follows.

. m
min Z/:|” w-w ' ‘p
st w'e A, )

T, is a minimum spanning tree

The problem (1) can be seen as a variant of the in-
verse minimum spanning tree problem, defined with
triangle inequality condition. We call it the inverse met-
ric spanning tree problem. In the literature, the inverse
minimum spanning tree problem has been extensively

studied by many authors (Ahuja and Orlin, 2000; Sokka-
lingam et al., 1999; Zhang et al., 1996, 1997) under the
L -norm or/and L, -norm. In (Zhang et al., 1997), Zhang,
Xu and Ma use the minimum cover problem on a bipar-
tite graph as a sub-problem and devise an O(|E[') algo-
rithm. Sokkalingam et al. (1999) formulate the inverse
minimum spanning tree problem as the dual of an un-
balanced assignment problem on a bipartite graph and
provide an O(|V ') algorithm.

To our knowledge, the inverse minimum spanning
tree problem with triangle inequality condition has not
been studied before and no one has pointed out the link
between the inverse traveling salesman problem against
MST and the inverse metric spanning tree problem. In
the following section, we show that this problem can be
formulated as a linear programming problem.

3. MATHEMATICAL FORMULATION

Let (G=(V, E), w) be a graph with n=|V | vertices
and m=|E| edges. We assume that V' ={1,2,---, n} and
E={e,e,,e,}. The cost vector is denoted by w=(w,,
w,, -, w,), each w, denoting the cost of edge ¢. We
are given a spanning tree 7, =<e,, e,, -, ¢, , >; the edges
in 7, are referred to as tree edges and the edges not be-
longing to 7, as non-tree edges (see (Sokkalingam et
al., 1999)).

To formulate the inverse metric spanning tree prob-
lem as a mathematical program, we use the path opti-
mality condition for the minimum spanning tree, de-
scribed in (Ahuja et al., 1993), that is, 7, is optimal
with respect to the cost vector w' if and only if w', <
w', for any ie P, je{n,---, m}, where P, is the set of
indices of the tree edges consisting of the unique path
between two endpoints of a non-tree edge e, ¢7,. For
triangle inequality constraints, we consider a triangle set
A={(i, j,k)|e, e, and e, form a triangle}. The cost vector
w' satisfies the triangle inequality condition if and only
if for any (i, j, k) € A,

Al ' '
whitw' 2wl
1 L} L}
wh+w 2w,

1 1 1
wk+w,2w/.

Hence, we obtain the following mathematical for-
mulation for the inverse metric traveling salesman prob-
lem against MST under the L, -norm.

min ZL' w,-w,'|

st. w,<w' foranyieP, je{n, -, m}
w'+w', 2w forany (i, j, k)eA ?)

w'+w', 2w, forany (i, j, k) € A

w' +w', zw', forany (i, j, k) € A

weR, lefl,---, m}
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By introducing the perturbation « — 8 such that o —
pS=w-w" where ¢, and g, are all nonnegative for any
lefl,---, m}, we obtain the following formulation which
is equivalent to (2):

min D0+ 2,

stwt+a—B<w +a,—p, VieP, Vjein, -, m
wta,—f+w +a,— B 2w, +a— B, Vi, j, k) eA
wta,—f+w, to, — 2w ra—f, VG, j, k) er  (3)
wota =B +wra-gzw+a -, Vi, j, k)eA
o, 20, Vlefl, -, m}
B20,Viefl, -, m}

Clearly, the formulation (3) is a linear program-
ming problem. Hence, the inverse metric spanning tree
problem under the L, -norm can be solved in polynomial
time by applying linear programming techniques. In par-
ticular, one can use the O(¢’L) algorithm proposed in
(Ye, 1991), where g is the number of variables and L is
the number of bits in the input. Hence, we obtain the
following result.

Proposition 1: Under the L -norm, the inverse metric
spanning tree problem, and hence, the inverse traveling
salesman problem against MST in a metric space can be
solved in polynomial time.

Let us now consider the inverse metric traveling
salesman problem against MST under the L, -norm. The
corresponding mathematical formulation can be written
as follows:

min max |w,-w,'|

st. w,<w' foranyie P, je{n, -, m}
wi+w', 2w forany (i, j, k) € A @)

w'+w', 2w, forany (i, j, k) e A

whtw', zw', forany (i, j, k) e A

weR, lefl,--, m}

Obviously, this formulation is equivalent to the fol-
lowing linear programming problem.

min «
st. w—w' <aforanyle{l, -, m}
-w,+w', <aforanyl/e{l,---, m}

w',<w', foranyie P, je{n, -, m}
wi+w', zw' forany (i, j, k) € A ®)
w'+w' 2w, forany (i, j, k) € A
w+w', 2w', forany (i, j,k) €A

weR, lefl,---, m}

So, we obtain the following result.

Proposition 2: Under the L, -norm, the inverse travel-
ing salesman problem against MST in a metric space
can be solved in polynomial time.

4. CONCLUSIONS

In this paper, we have considered the inverse met-
ric traveling salesman problem against the minimum
spanning tree algorithm. We have shown its tractability
by means of a polynomial time transformation to the
inverse spanning tree problem with triangle inequality
conditions. As future research, it would be interesting to
devise for this problem some polynomial time algo-
rithms with better computing time.
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