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CIRCULANT DECOMPOSITIONS OF CERTAIN
MULTIPARTITE GRAPHS INTO GREGARIOUS CYCLES OF
A GIVEN LENGTH

JUNG RAE CHO

ABSTRACT. It is shown that, for an even positive integer m with m > 4
and arbitrary positive integer k£ and ¢, the complete multipartite graph
Kkm+1(2t) can be decomposed into edge-disjoint gregarious m-cycles in
such a way that the decomposition is circulant.

1. Introduction

Decomposition of graphs into various shapes is an interesting area. Es-
pecially, decomposition into cycles of a fixed length have been considered in
a number of different ways. With a series of developments, conditions for
complete graphs of odd order or a complete graph of even order minus an
1-factor to have decomposition into cycles of some fixed length are recently
obtained ([1], [11], [12], and the references there). The key fact used for all
these works was the decomposition of complete bipartite graphs obtained by
Sotteau ([14]). Many people then began considering cycle decompositions of
multipartite graphs with special properties, such as resolvable decompositions
or gregarious decompositions ([2], [3], [4], [10]).

Throughout the paper, K,y will denote the complete multipartite graph
with n partite sets, each with k elements. A gregarious cycle in a multipartite
graph is a cycle whose vertices belong to different partite sets. Thus, a gre-
garious cycle visits each partite set at most once. A cycle decomposition or a
decomposition into cycles is partition of the edge set of the graph such that the
edges in each equivalence class form a cycle in the graph. A cycle decompo-
sition of a multipartite graph is called circulant if every circular permutation
of the partite sets sends any cycle in the decomposition into another cycle in
the decomposition. That is, the decomposition is invariant under all circular
permutation of the partite sets. This notion will be clear later.
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Sajna ([12]) showed that K, km+1(2) has a decomposition into m-cycles if and
only if m divides the number of edges. However, the cycles in the decomposition
were not necessarily gregarious. It seems that the requirement of gregarious-
ness make the problem much more complicated and difficult. Billington and
Hoffman ([2], [5]) and Cho and et el. ([9], [7]) independently produced gregar-
ious 4-cycle decompositions and gregarious 6-cycle decompositions for certain
complete multipartite graphs. More development followed soon ([6], [13], [8]).
It should be noted that the decompositions of the author using difference set
method are circulant ([6], [7], [9]), while decompositions of others are usually
not.

For simplicity, we will say that a graph has a ~,,-decomposition if there is a
decomposition of the graph by gregarious m-cycles.

In this paper, we will show the following theorem.

Theorem 1.1. Let k and t be positive integers and m be an even integer with
m > 4. Then the graph Ky, 1(2¢) has a circulant ~y,-decomposition.

The following theorem is a special case of Theorem 1.1, and this result is
very helpful in proving Theorem 1.1.

Theorem 1.2. Let k be a positive integer and m be an even integer with m > 4.
Then the graph Kjyy,y1(2) has a circulant vy, -decomposition.

The theorem will be proved in the subsequent sections. However, we prove
Theorem 1.1 using Theorem 1.2.

Proof of Theorem 1.1. We adopt the method used in [4] and [9]. Replace each
vertex a of Kjy,11(2) by t new vertices and label them aq,az,...,a;. We now
join the vertex a; to the vertex b; if ab is an edge in Kj,,41(2)- Obviously,
this new graph is Kjp,41(2¢)- Now, by Theorem 1.2, we have a circulant v,,-
decomposition ® of Kjp,i1¢2). If A = (@M a® ... a™) is a gregarious m-
cycle in @, then

D 0® G0 gm=1) )y

— (gD
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(
J
fori=1,2,...,tand j =1,2,...,t, are t* edge-disjoint gregarious m-cycles of
Kim+1(2t)- The collection of all such cycles of Ky, 11(2) obtained in this way
constitutes a circulant 7,,-decomposition of Ky, 1(2)- O

For certain k, Theorem 1.2 can be obtained by the following result on de-
composition of a complete graph.

Lemma 1.3. ([1], [12]) Let n be an odd integer and m be any integer at least 3.
Then, K, has a decomposition into m-cycles if and only if m divides %,

the number of edges in K, .

Theorem 1.4. Ifk is even and m > 4, then Ky, 1(2) has a ypm-decomposition.
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Proof. If k is even, km + 1 is odd and m divides . By the preceding
lemma, K41 has a decomposition ® into gregarious m-cycles. For each
i = 0,1,...,km, duplicate the vertex i of Kppy41 into two vertices 4 and i.
Then the resulting graph will be a Ky, 11(2). Now, if A = (i1,i2,...,4m,) is an
gregarious m-cycle in ®, we produce the following four m-cycles of Kj,11(2)
from A:

(km~+1)km
2

A1 = (41,192,983, 04, - -, Em—1, Im), A2 = (11,192,983, %4, - - -y im—1,m),
Az = (i1,92,13,%4, - . ., bm—1,%m), Aa = (i1,72,83,%4, ..., bm—1, im)-
Clearly, they are disjoint gregarious m-cycle of Ky, 1(2). The collection of

all such gregarious m-cycles obtained from all gregarious m-cycles in @ is a
Ym-decomposition of Ky, y1(2)- O

However, if k is odd and m is even, then m does not divide M, the

number of edges in Kjy,41(2), and so Lemma 1.2 can not be applied. Thus
we need to find a new method. Furthermore, there is no guarantee that the
decomposition is circulant.

The method we develop in the subsequent sections can be applied to all
cases, regardless of the parity of k. Moreover, in all cases, the decompositions
we obtain in this article are circulant.

In section 2, we introduce feasible sequences of differences of numbers in
Zim+1 and explain the method of producing gregarious m-cycles from feasi-
ble sequences. In section 3, we prove Theorem 1.2 by producing appropriate
feasible sequences and generating gregarious m-cycles.

2. Cycles from feasible sequences of differences

From now on, m and k will be positive integers with m even and m >
4. Let the partite sets of Kj,11(2) be 49 = {0,0}, A1 = {1,1}, ..., and
Agm = {km,km}. Thus, the numbers in Zy,,+1 = {0,1,2,...,km} are used
as indices of the partite sets and as vertices of the graph as well. Let Dyyp1 =
{£1,£2,..., :t%”} Then, D11 is a complete set of differences of two distinct
numbers in Zg,1+1. For d with 0 < d < kTm, an edge between a vertex in A;
and a vertex in A; is called an edge of distance d if |i—j| = d (mod km+1).
For example, the edges 04, 73, 72 and 83 are all edges of distance 4 in Kg(q).

A sequence p = (r1,79,...,1y) of differences in Dy,,1q is called a feasible
sequence, or an f-sequence for simplicity, if
(i) >, 7 =0, ie., the total sum of the sequence is zero, and
(i) Y0, #0 if 1 <p<g<morl<p<q<m,ie, any proper
partial sum of consecutive entries is nonzero,
where all the additions are taken in Zg,,+1 modulo km+1.
Let p = (r1,72,...,Tm) be asequence of differences and 7, = (s¢, $1,52,.. ., Sm—1)
be a member of Z;} ;. Then, 7, is called the sequence of initial sums, or a



314 JUNG R. CHO

s-sequence for simplicity, of p if so = 0 and s; = 23:0 ry fori=1,...,m—1
Thus, s =0and s; =s;_1 +r; fori=1,...,m—1.

In fact, the sequence 77, will be a sequence of indices of the partite sets where
an m-cycle traverses stating from the first partite set Ay, and the feasibility
of p guarantees that this m-cycle is proper and gregarious. Now, the following
lemma is trivial by definitions.

Lemma 2.1. Let n, = (0,51,52,...,5m—1) be the s-sequence of a sequence
p = (ri,r2,...,mm). Then p is an f-sequence if and only if > i~ r; =0 and
the entries 0,51, 52,...,5m—1 of 1, are mutually distinct.

Let ¢ and ¢~ be mappings of Zy,, 1 into Ufg) A; defined by ¢ (i) = i
and ¢~ (i) =1 for all i in Zgmi1. A flag is a sequence ¢* = (do, d1,- -+, Pm_1)
where ¢; = ¢ or ¢~ for i = 0,1,--- ,m—1. Given such a flag ¢*, we also use
the same notation ¢* to denote the mapping defined by

&"(np) = " (50,51, -, Sm—1) = (¢0(50), P1(51), - -, dm(Sm—1))
for any s-sequence 1, = (so, 51, ..., Sm—1) of an f-sequence p. Note that ¢*(n,)
is a gregarious m-cycle, and each gregarious m-cycle is in this form.

Let ¥ be the set of all gregarious m-cycles in Kjp,41(2). We define a map
7: ¥ — U defined by

T(QZ/)*(SQ,Sl, .. .,Sm_l)) = ¢*(80+1,$1+17 .. .,Sm_1+1).

Intuitively, 7 is the one click rotation, i.e. rotation, around the circle

2
' km+1

consisting of the partite sets. Note that 7**! is the identity mapping.

A ~,,-decomposition will be called circulant if the decomposition is invariant
under 7.

Now, if we are given a gregarious m-cycle ¢*(1,), we can produce a class
{7%(¢*(my)) | k € Zgm1} consisting of km+1 gregarious m-cycles. For example,

if 9, = (S0, 51,82, -+, Sm—1) and ¢* = (¢7, 07,07, ,¢T), then the following
gregarious m-cycles will be produced.
(¢*(m)) = (0, 51, 53, Sm—1 ),
e () = (1, sit1, 241, oy Sme1tl),
72(¢*(77p)) = (2, s1+2, S2+2, A Sm—-1+2),
NGt () = (km—1, sithm—1, sotkm—1, ..., sm_1+km—1),
(e () = (km, s1+km, so+km, ..., Sm_1+km).

Note that every column on the right-hand side has one vertex from every
partite set. Thus, each edge of the form pgq appears as the first edge of a
gregarious m-cycle above if ¢ —p = r; = s1. Each edge of the form pg appears
as the second edge of a gregarious m-cycle above if ¢ — p = ro = s9 — s7.
Similarly, we find edges of distances r3, r4, and so on. The last edges of the
above gregarious m-cycles are of the form pq with ¢ — p = ry,.
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This procedure explains the method which will be used to obtain a circulant
Ym-decomposition of Kj,,41(2)- Then, the problem is how to choose appro-
priate f-sequences and flags so that the gregarious m-cycles obtained as above
constitute a circulant ~,,-decomposition.

3. The Proof of Theorem 1.2.

The number of edges in Ky, 41(2) is 2(km+1)km. In this section, we will
produce 2k classes of edge-disjoint gregarious m-cycles, each class containing
km+1 members. We divide the proof into two cases depending on whether m
is divisible by 4 or not.

Case (1). Suppose m is divisible by 4 and put m = 2t. So, t is even and
Em — kt. Partition Dyp41 into k subsets B, = {£(rt+1), £(rt+2),..., £(rt+
t)} for r =0,1,2,...,k—1, each subsets with 2¢ numbers.

For each fixed r, we consider the m-sequence

pr = (rt+1, =(rt+2), rt+3, ..., —(rt+(t—2)), rt+(t—1), —(rt+t),
— (rt+(t=1)), rt+(t—2), —=(rt+(t=3)), ... , rt+2, —(rt+1), rt+t).
Since each element of E, appears exactly once in p,, the total sum of entries
of p, is zero. Let n,. = (0,s1,52,...,52¢—1) be the s-sequence of p,. For
i1=1,3,5,...,t—1, the number i—1 is even and so
i i—1
8 = Z(—l)f—l(rtﬂ) = Z(—l)ﬁ—l(rtﬂ) + (rt+1)
j=1 j=1
= i—1 i+1
=Y (=171 + (rtti) = — k=t

Jj=1

They are mutually distinct and constitute the interval Iy = {l | rt+1 <1 <
(r+2)t}. For i =t+1,t+3,...,2¢t—1, we have

i—t

si=» (=177 rt+5) + > (=1 (rt+(t—5))

i—t—1
= o Y APt ) — (= (- 1)
j=1
= LD iy = e
= (2k—r—2)t + ﬁ

2
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They are mutually distinct and constitute the interval I = {I | (2k—r—3)t+2 <
I <(2k—r—1)t+1}. For i =2,4,...,t, since i is even, we have
55 = zi:(—l)j_l(rt—kj) = zi:(—l)j_lj g2
, - 2 2
j=1 Jj=1
They are mutually distinct and constitute the interval Iy = {l | (2k—3)t+1 <
[ < 2kt}. For i =t42,t+4,...,2t—2,

t i—t . . .
j i t 1—t ) i—2

i = - j_l j - J —9 = = = —— = R
S; j§=1( 1) (rt+y)+j§=1( 1)7 (rt+(t—j)) i 5 2%kt 5

They are mutually distinct and constitute the interval Iy = {l | (2k—1)t+2 <
1 < (2k'f%)t}. Since 1 < k and 0 < r < k—1, all the interval are subintervals
of {I |0 <1 < 2kt}, and for iy € I, iy € Iy, ig € I3, and iy € I, we have
i1 < i3 < 14 < i3. Therefore, the intervals Iy, Is, I3, and I, are mutually
disjoint and all the entries of 7, are mutually distinct. By Lemma 2.1, p, is
an f-sequence. Now, with two appropriate flags, we produce two starter cycles
from 7, as follows.

Cp, =(0,81,52,88, . .,St—2,St—1, Sty St11, St+2, St43s St-d, - - -, S2t—3, S2t—2, S26—1),

D,, = (0,51,52,83, . ,51—2,51—1, 51, St-+1, 5612 St-+3; St4d, - - - » S24—3, 521—2, 52t —1)-

Finally, we generate two classes, each with km+1 gregarious m-cycles, and
they are

oM = {7%(C,,) | k=0,1,....,km} and & ={r"(D,.)|k=0,1,...,km}.
Then, it can be seen that each edge of distance d appears exactly once in the

cycles for d = rt+1, ri42,..., rt+(t—1), rt+t. For example, if j—i = rt+4, then

the edges ij and ij appear in some cycles in @7(}) at the places corresponding

to s554 and So¢_552;_1, respectively, while the edges 7 j and ij appear in some

cycles in <I>£-2) at the places corresponding to 5554 and S3;_5S9:—4, respectively.
For each r = 0,1,...,k—1, we repeat the above process and we obtain two

classes <I>l(1) and @EQ), each class containing km+1 gregarious m-cycles. In these
m-cycles, each edge of every nonzero distance appears exactly once. Therefore,

if we put ¢ = Uf;é (<I>£1) U @52)), then @ is a 7,,-decomposition of Kj,11(2)-
By the way it is constructed, ® is trivially circulant.

Example 3.1. Let m = 8 and k = 3. Then, km +1 = 25 and Dypmy1 = Das =
{£1,+£2,...,+12}. First, we make f-sequences
po=(1,-2,3,—4,-3,2,—1,4), p = (5,-6,7,—8,-7,6,—5,8)
and p2 = (9,—10,11,—12,—11,10,—-9,12).
The corresponding s-sequences are
Npe = (0,1,24,2,23,20,22,21), np, = (0,5,24,6,23,16,22,17)
and M, = (0,9,24,10,23,12,22,13),
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respectively. The starter cycles obtained by the procedure are

Cpo = (0,1,24, 2, 23,20,22,21),  D,, = (0,1,24, 2, 23,20,22,21),
C,, = (0,524, 6, 23,16,22,17),  D,, = (0,5,24, 6, 23,16,22,17),
Cpy = (0,9,24,10,23,12,22,13),  D,, = (0,9,24,10,23,12,22,13).

Finally, the six classes, each with 25 gregarious 8-cycles, generated by these
starter cycles form a 7g-decomposition of Kss(2). Two of theses 6 classes are
shown below and other 4 classes are omitted.

7 (Chpy) Tk(Dﬁl)
(0, 1, 24, 2, 23,20,22,21), (0, 5,24, 6, 23,16,22,17),
(1, 2, 0, 3,24,21,23,22), (1,6,0, 7,24,17,23,18),
(2, 3, 1, 4, 0, 227247273>7 (5, 7,1, 8, 0, 18,24, 19),
(3, 4, 2, 5, 1,23, 0, 24), (3,8,2, 9, 1,19, 0, 20),
(4, 5, 3, 6, 2,24, 1, 0), (4,9, 3,10, 2, 20, 1, 21),
(22,23,21,24, 20 17,19,18), (22,2,21, 3, 20,13,19,14),
(23,23,22, 0, 21,18,20,19), (23,3,22, 4, 21,14,20,15),
(24, 0,23, 1, 22.19.21,20), (244,93, 5, 22.15. 21,16,

Case(2). Suppose m is not divisible by 4 and put m = 2¢. So, t is odd and
= kt. We proceed almost the same way as in Case (1), except that the
pattern of the f-sequence and the flags are different. Partition Dy,,41 into k
subsets B, = {+(rt+ 1), £(rt+2),...,=(rt+¢t)} forr=0,1,2,...,k—1, each
subsets with 2t numbers. For each fixed r, we consider the f-sequence

km

pr = (rt+1, —(rt+2), rt+3, ..., rt+(t—2), —(rt+(t—1)), rt+t,
rt+(t—1), —(rt+(t—2)), rt-+(t—=3), ... , rt+2, —(rt+1), —(rt-+t)).
Since each element of E, appears once in p,., the total sum of entries of p, is

zero. Let n,. = (0,51, S2,...,82,—1) be the s-sequence of p,. Fori =1,3,...,t
as in Case (1), we have

)

: - i+l
i =) (—1) 7N rt4g) =t ——
s j:1( YT rtdg) = rt 4 =

They are mutually distinct and constitute the interval J; = {l | rt+1 <1 <
(r+%)t+%}. For ¢ = t+2,t+4,...,2t — 1, the number ¢—t is even and so

5= SV ) + (-1t ()
j=1 J=1

i—t .
t+1 : 1 1 Z—t 1+1
= rtt = > (1) = ()b g o =t
rt+——+ 1( Y~ (—7) (r+2)+2+ 5 +—

j=
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These numbers are mutually distinct and constitute the interval Jo = {I |
(r+%)t+% <I<(r+1)t}. Fori=2,4,...,t—1, since i is even, we have

i ' i ' ) _
=S () it g) = S (1) = L o -2
si= 2 (F1 TN t) = D ()T = 5 = 2kt =
j=1 j=1
These numbers are mutually distinct and constitute the interval J3 = {I |

(2k—1)t+32 <1 < 2kt}. Fori=t+1,t+3,...,2t—2, the number i —t — 1 is
even and we have

5= Y )+ Y (1P ()
- %+ i 1971 (=) + (rt+ (= (i—t)))
1 1 Z—t—l ) 1
(r+§)t+§ + — + (rt—i) = 27"75—5.

They are mutually distinct and constitute the interval Jy = {l | (2r—1)t+1 <
I < (2r— 7)tf§} It can be seen that the intervals Jy, Ja, J3, and Jy are
mutually disjoint, and so all the entries of 77, are mutually distinct. Thus By

Lemma 2.1, p, is an f-sequence. The two starter cycles in this case as below.

CPr = <0, 81,82,83,...,8t—4,8t—-3,8t—2,St—1, St, St+1, St+2, St+3, ..., S2t—3, S2t—2, 52t—1>,

D,, =1(0,51,52,53,...,5t—4,5t3,5t—2,5t1,5¢, 511,512, 5613, --,526_3, 5202, 52t—1)-

The rest of the proof is the same as in Case (1). This completes the proof of
Theorem 1.2.

Example 3.2. Let m = 10 and k = 2. We have D, 11 = D21 = {£1,+2,...,+10}.
According to the method above, put

po=(1,-2,3,-4,5,4,-3,2,-1,-5), p; =(6,-7,8,-9,10,9,—8,7,—6,—10).
Then, the corresponding s-sequences are

0 = (0,1,20,2,19,3,7,4,6,5), n,, = (0,6,20,7,19,8,17,9, 16, 10),
respectively. The starter cycles are as follows and other gregarious 10-cycles

are omitted.

C,y = (0,1,20,2,19,3,
C,, =(0,6,20,7,19,8,1

) 5)7 Dpy = <§7 77777
Dﬁl = <O,

We omit other gregarious 10-cycles generated from these starter cycles.

7, 4,6 1,20
17,9,16,10), 6,20

We remark that there may be many different f-sequences and flags which
gives a circulant ~,, decomposition. The problem is how to choose appropriate

f-sequences and flags. There is no algorithm or a formula so far to produce
proper of f-sequences and flags for circulant a ~,,-decomposition.
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