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GCR-LIGHTLIKE SUBMANIFOLDS OF A
SEMI-RIEMANNIAN PRODUCT MANIFOLD

SANGEET KUMAR, RAKESH KUMAR, AND RAKESH KUMAR NAGAICH

ABSTRACT. We introduce GC R-lightlike submanifold of a semi-Riemann-
ian product manifold and give an example. We study geodesic GCR-
lightlike submanifolds of a semi-Riemannian product manifold and obtain
some necessary and sufficient conditions for a GC R-lightlike submanifold
to be a GC R-lightlike product. Finally, we discuss minimal GC R-lightlike
submanifolds of a semi-Riemannian product manifold.

1. Introduction

The significant applications of C R-structures in relativity [3, 4] and growing
importance of lightlike submanifolds in mathematical physics and moreover
availability of limited information on theory of lightlike submanifolds, moti-
vated Duggal and Bejancu [5] to introduce C R-lightlike submanifolds of indef-
inite Kaehler manifolds. Similar to C'R-lightlike submanifolds, semi-invariant
lightlike submanifolds of a semi-Riemannian product manifold were introduced
by Atgeken and Kilig in [1]. Since C R-lightlike submanifold does not include the
complex and totally real cases therefore Duggal and Sahin [7] introduced Screen
Cauchy-Riemann (SCR)-lightlike submanifold of indefinite Kaehler manifolds,
which contains complex and screen real sub-cases. The SC R-lightlike sub-
manifolds, analogously, Screen Semi-Invariant lightlike submanifolds, of semi-
Riemannian product manifolds were introduced by Khursheed et al. [9] and
Kilig et al. [10], respectively. Since there is no inclusion relation between SCR
and CR cases therefore Duggal and Sahin [8] introduced Generalized Cauchy-
Riemann (GCR)-lightlike submanifold of indefinite Kaehler manifolds which
acts as an umbrella of real hypersurfaces, invariant, screen real and C'R light-
like submanifolds and further developed by [11, 12, 13, 14].
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Since the geometry of lightlike submanifolds of semi-Riemannian product
manifolds is a topic of chief discussion [16, 17, 18] therefore we introduce GCR-
lightlike submanifolds of a semi-Riemannian product manifold. We study geo-
desic GC R-lightlike submanifolds of a semi-Riemannian product manifold and
obtain some necessary and sufficient conditions for a GC R-lightlike submani-
fold to be a GC R-lightlike product. Finally, we discuss minimal GC R-lightlike

submanifolds of a semi-Riemannian product manifold.

2. Lightlike submanifolds

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold of con-
stant index ¢ such that m,n > 1,1 < ¢ < m+n —1 and (M,g) be an
m-dimensional submanifold of M and g be the induced metric of g on M. If
g is degenerate on the tangent bundle TM of M then M is called a lightlike
submanifold of M, for detail see [5]. For a degenerate metric g on M, TM= is
a degenerate n-dimensional subspace of T. M. Thus both T, M and T, M+ are
degenerate orthogonal subspaces but no longer complementary. In this case,
there exists a subspace Radl,M = T,M N T,M~ which is known as radi-
cal (null) subspace. If the mapping RadTM : x € M — RadT,M, defines a
smooth distribution on M of rank 7 > 0 then the submanifold M of M is called
an r-lightlike submanifold and RadT M is called the radical distribution on M.
Screen distribution S(T'M) is a semi-Riemannian complementary distribution
of Rad(TM) in TM therefore

(1) TM = RadT M LS(TM)

and S(T M%) is a complementary vector subbundle to RadT M in TM+*. Let
tr(I'M) and ltr(T'M) be complementary (but not orthogonal) vector bundles
to TM in TM |y and to RadT M in S(T M=)+, respectively. Then we have

(2) tr(TM) = ltr(TM)LS(TM™),

(3) TM |yy=TM @& tr(TM) = (RadTM & ltr(TM)) LS(TM)LS(TM™").

Let u be a local coordinate neighborhood of M and consider the local quasi-
orthonormal fields of frames of M along M, on uas {&1, ..., & Wei1,..., Wh,
Ny, oy Ny X1,y ooy Xin b, where {&1, ..., &}, {N1,..., N,.} are local lightlike
bases of I'(RadT'M |,), T(ltr(TM) |,) and {W,q1,..., Wob, {Xs41,..., Xin}
are local orthonormal bases of I'(S(TM™) |,) and T'(S(T'M) |,) respectively.
For this quasi-orthonormal fields of frames, we have:

Theorem 2.1 ([5]). Let (M, g,S(TM),S(TM%1)) be an r-lightlike submanifold
of a semi-Riemannian manifold (M,g). Then there exists a complementary
vector bundle ltr(TM) of RadTM in S(TM=*)* and a basis of T(Itr(TM) |,)
consisting of smooth section {N;} of S(TM*)t |, where u is a coordinate
neighborhood of M such that

(4) g(Nué-]):(sl_ﬂ g(NlaN]):OfOT anyla.je{172aar}a
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where {&1,...,& } is a lightlike basis of T'(Rad(TM)).

Let V be the Levi-Civita connection on M then according to the decompo-
sition (3), the Gauss and Weingarten formulas are given by

(5) VxY =VxY +h(X,Y), VxU=—-AyX +VxU,

forany X, Y e (T M) and U € I'(tr(T'M)), where {VxY, Ay X} and {h(X,Y),
V% U} belong to T'(T'M) and T'(tr(T'M)), respectively. Here V is a torsion-free
linear connection on M, h is a symmetric bilinear form on I'(T'M) which is
called second fundamental form, Ay is a linear a operator on M and known as
shape operator.

According to (2) considering the projection morphisms L and S of tr(T'M)
on ltr(TM) and S(T M) respectively, then (5) become

(6) VxY = VxY + A (X,Y) +h*(X,Y), VxU=—-AyX + D\U + D%U,
where we put h!'(X,Y)= L(h(X,Y)),h*(X,Y)= S(h(X,Y)), D\ U= L(VxU),
D3.U= S(VxU).

As h! and h® are T'(ltr(TM))-valued and T'(S(TM~1))-valued, respectively,

therefore they are called the lightlike second fundamental form and the screen
second fundamental form on M. In particular

(7)
VxN = —-AxX + VYN + D*(X,N), VxW = —Aw X 4+ V5 W + D/(X, W),

where X € [(TM),N € T(ltr(TM)) and W € T'(S(TM™)). Using (6) and (7)
we obtain

(8) g(hS(X,Y),W)+§(Y,DI(X,W)):g(AWX,Y)7

9) g(h'(X,Y),€) + g(Y,h'(X,€)) + (Y, Vx€) =0

for any W € T'(S(TM™)), & € T'(Rad(TM)). Let P be the projection morphism
of TM on S(TM) then using (1), we can induce some new geometric objects
on the screen distribution S(T'M) on M as

(10) VxPY = VyPY + h*(X,PY), Vx&=-A;X + V¥,

for any X,Y € T'(TM) and ¢ € I'(RadT'M), where {VYPY, A X} and
{h*(X, PY),V¥£&} belong to T'(S(TM)) and T'(RadT M), respectively. V*
and V*! are linear connections on complementary distributions S(T'M) and
RadT M, respectively. h* and A* are I'(RadT M )-valued and T'(S(T'M))-valued
bilinear forms and are called as second fundamental forms of distributions
S(TM) and RadT M, respectively. Using (6) and (10), we obtain

(11) g(hl(X, PY), &) = g(AzX, PY), g(h"(X,PY),N)=g(AnX,PY)
for any X,Y e I(TM),£ € T'(Rad(TM)) and N € T'(ltr(TM)).
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3. Semi-Riemannian product manifolds

Let (M1, 91) and (M3, g2) be two my and ms dimensional semi-Riemannian
manifolds with constant indexes ¢; > 0 and go > 0, respectively. Let 7 :
My x My — My and o : My X My — M be the projections which are given by
m(x,y) = x and o(x,y) = y for any (z,y) € M7 x Ms. We denote the product
manifold by (M, g) = (M x My, g), where

93(X,)Y) =g (m X, mY) + g2(0. X, 0.Y),

for any X,Y € I'(T M), where * means the differential mapping. Then we have

2 2
M, = Tx, Of =0x, Ts0x =0T =0, 7To+o,=1,

where I is the identity map of T(M; x Ms). Thus (M,g) is a (my + ma)-
dimensional semi-Riemannian manifold with constant index (g1 + ¢2). The
semi-Riemannian product manifold M = My x M, is characterized by M7 and
M which are totally geodesic submanifolds of M. Now if we put F =m, — 04
then we see that F2 = I and

(12) gFX)Y) =g(X,FY),

for any X,Y € I'(T'M), where F is called an almost product structure on
M; x Mj. If we denote the Levi-Civita connection on M by V, then it can be
seen that

(13) (VxF)Y =0,

for any X,Y € I'(T'M), that is, F is parallel with respect to V.

4. Generalized Cauchy-Riemann lightlike submanifolds

Definition 4.1. Let (M, g, S(T'M)) be a real lightlike submanifold of a semi-
Riemannian product manifold (M, g). Then M is called a generalized Cauchy-
Riemann (GCR)-lightlike submanifold if the following conditions are satisfied

(A) There exist two subbundles D; and Dy of Rad(T'M), such that
Rad(TM) =Dy ® Dy, FD; =Dy, FDyC S(TM).
(B) There exist two subbundles Dy and D" of S(T'M), such that
S(T'M)={FDy® D'} 1Dy, FDo=Dy, FD' =LLLs,

where Dy is a non degenerate distribution on M, L; and Ly are vector sub-
bundles of tr(TM) and S(T M)+, respectively.

Then the tangent bundle TM of M is decomposed as TM = D1D’ and
D = Rad(TM)® Dy® FDs. M is called a proper GC R-lightlike submanifold if

Dy # {0}, Dy # {0}, Dy # {0} and Lo # {0}, which has the following features:
1. The condition (A) implies that dim(Rad(7T'M)) > 3.
2. The condition (B) implies that dim (D) = 2s > 6, dim (D’) > 2 and
dim (Dg) = dim (L;). Thus dim (M) > 8 and dim (M) > 12.
3. Any proper 8-dimensional GC R-lightlike submanifold is 3-lightlike.
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Example. Let Rj*> = R§ x R$ be a semi-Riemannian product manifold with
the product structure F(dz;,0y;) = (0y;, Ox;), where (x%,y") are cartesian co-
ordinates of R}%. Let M be a submanifold of R}? given by:

_ _ _ _ 2 _ _
T =u1, Tx=us, T3=uz, T4=+/1—-uj, z5=us Te=us,

Yr = u2, Y2 =1uU3, Y3 =1usg, Ya4=1U4, Ys5=1U7, Y6 = U1.
Then T'M is spanned by Z1, Zs, Z3, Z4, Zs5, Zg, Z7, Zs, Where

Zy = 0x1 +0ye, Zz =0y +0xg, Z3=0x3+ 0ys,

Zy = —ys0rs + 240ys, Zs = 0x3, Zg=0x5, L7 =20ys, Zg=0ys.

Clearly, M is a 3-lightlike submanifold with Rad(TM) = Span{Zi, Zs, Zs}
and FZ; = Zy, therefore D1 = Span{Zi,Z>}. Since FZs = Oys + Oxa =
Zs+7Z5 € T(S(TM)), therefore Dy = Span{Zs3}. Moreover F Zg = Z7 therefore
Dy = Span{Zs, Z;}. The lightlike transversal bundle ltr(T M) is spanned by

1 1 1
{N: = 5(—6x1 + 0ys), N2 = 5(—591 + 0x6), N3 = 5(—5953 + Oy2)}-

Clearly, Span{Ni, No} is invariant with respect to F' and FN3 = 7%28 +
17Z5. Hence Ly = Span{N3}. By direct calculations, we obtain S(TM™*) =
Span{W = —y40ys + 240x4}. Since FZ, = W, thus Ly = S(TM1). Hence
D' = Span{F N3, FW = Z,}. Thus, M is a proper GCR-lightlike submanifold
of semi-Riemannian product manifold R}%.

Let @Q, P, and P> be the projections on D, FFLy = My and FLy, = Ms,
respectively. Then for any X € T'(TM), we have X = QX + P, X + P X,
applying F' to both sides, we obtain

(14) FX=fX+wPX+whkX,
and we can write the equation (14) as
(15) FX = fX + wX,

where fX and wX are the tangential and transversal components of FX,
respectively. Similarly

(16) FV = BV 4+ CV,

for any V € T'(tr(TM)), where BV and CV are the sections of TM and
tr(T M), respectively. Since F is parallel on M, using (6), (7), (14) and (16),
we obtain

(17) (Vxf)Y = Awpy X + Awp,y X + Bh(X,Y).
(18) D*(X,wPY) = —ViwPY + wP,VxY — h*(X, fY) + Ch*(X,Y).

(19) DYX,wPRY)=-ViwPY +wP,VxY — h(X, fY)+ Ch(X,Y).
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Theorem 4.2. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then the induced connection is a metric connection if
and only if the following conditions hold

VHEFY — A%y X € T(FDy ® D1), when Y €T(Dy),
V% FY +h*(X,FY) € T(FDy ® Dy), when Y €T'(Dy),
and Bh(X,FY)=0, when Y €T'(Rad(TM)).

Proof. Since F is an almost product structure of M therefore we have VxY =
VxF?Y for any Y € I'(Rad(TM)) and X € I'(TM). Then from (13), we
obtain VxY = FVxFY and then using (6) and (16), we obtain

(20) VxY + h(X,Y) = F(VxFY + h(X, FY)).

Since Rad(T M) = D1 @ D5 therefore using (10), (15) and (16) in (20) and then
equating the tangential part for any Y € T'(D;), we obtain

(21) VxY = f(—Apy X + VYFY) + Bh(X,FY),
and for any Y € I'(Dz), we obtain
(22) VxY = f(VXFY + h*(X.FY)) + Bh(X,FY).

Thus from (21), VxY € I'(Rad(TM)), if and only if

(23)  f(—Apy X + VFY) €T(FDy® D1) and Bh(X,FY) = 0.
From (22), VxY € I'(Rad(TM)), if and only if

(24) Vi FY + h*(X,FY) € (FDy® D;) and Bh(X,FY) = 0.

Thus the assertion follows from (23) and (24). O

Theorem 4.3. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then

(i) The distribution D is integrable, if and only if,
h(X,FY)=h(FX,Y), ¥ X,Y eD(D).
(ii) The distribution D' is integrable, if and only if,
ApzV = ApvZ, Y Z,V eT(D).
Proof. From (18) and (19), we obtain wVxY = h(X, fY) — Ch(X,Y) for any
X,Y € I'(D), which implies that w[X,Y] = h(X, fY)—h(fX,Y), which proves

(i)
Next, from (17), we have fV;V = —A,vZ—Bh(Z,V) forany Z,V € T'(D’),
therefore f[Z,V] = AwzV — Awv Z, which completes the proof. O

Theorem 4.4. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then D-defines a totally geodesic foliation in M if and
only if Bh(X,Y) =0 for any X, Y € T'(D).



GCR-LIGHTLIKE SUBMANIFOLDS 889

Proof. Using the definition of GC R-lightlike submanifolds, D-defines a totally
geodesic foliation in M if and only if, VxY € I'(D) for any X,Y € I'(D), that
is, if and only if
9(VxY, F¢§) = g(VxY,FW) =0,

for any X,Y € I'(D), £ e I'(D3) and W € I'(Ls). From (6) and (13), we obtain
(25) 9(VxY, F€) = g(Vx FY,¢€)
= g(h'(X,FY),8), VX,Y € T(D), £ € T(Dy).

d(

Similarly, using (6) an we obtain

3),
(26) g(VxY,FW) = §(VxFY, W)
= g(h*(X,FY),W),VX,Y € (D), W € T'(Ly).

It follows from (25) and (26) that D defines a totally geodesic foliation in M,
if and only if, h*(X,FY) has no components in L, and h'(X,FY) has no
components in Ly for any X,Y € I'(D), that is, using (16), Bh(X,Y) = 0 for
any X,Y € I'(D). O

Theorem 4.5. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then D’-defines a totally geodesic foliation in M, if and
only if, Ayy X € T(D’) for any X, Y € T(D’).

Proof. From (17), we obtain that fVxY = —A,yX — Bh(X,Y) for any
X, Y e T(D’). If D’ defines a totally geodesic foliation in M, then A,y X =
—Bh(X, Y’), which implies that A,y X € T'(D’) for any X,Y € I'(D’). Con-
versely, let A,y X € T'(D’) for any X,Y € I'(D’), therefore fVxY = 0, which
implies that VxY € I'(D’). Hence the result follows. O

Definition 4.6. A GCR-lightlike submanifold of a semi-Riemannian prod-
uct manifold is called D geodesic (respectively, D’ geodesic) GC R-lightlike
submanifold if its second fundamental form h satisfies h(X,Y) = 0 for any
X, Y e I'(D) (respectively, X,Y € I'(D’)).

Theorem 4.7. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then the distribution D defines a totally geodesic foliation
in M if and only if M is D-geodesic.

Proof. Let D defines a totally geodesic foliation in M then VxY € I'(D) for
any X,Y € I'(D). Then using (6) for any £ € I'(D3) and W € I'(Lz), we obtain

g(hl(Xa Y),f) = g(?XYaE) =0, g(hs(XaY)aW) = g(?XY; W) = 0.

Hence h!(X,Y) = h*(X,Y) = 0, which implies that M is D-geodesic.
Conversely, let us assume that M is D-geodesic. Now using (6) and (13),
for any X,Y € T'(D), £ € I'(D3) and W € I'(Lz), we have

G(VxY,F¢) = G(VxFY,€) = g(h' (X, FY),€) = 0,
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and
G(VXY, FW) = §(Vx FY, W) = §(h* (X, FY), W) = 0.
Hence VxY € I'(D), which completes the proof. O

Theorem 4.8. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is D-geodesic, if and only if,

g(AwX,Y) = g(D'(X, W),Y),
and
VAFEET(DoLFLy), AgX ¢ D(FLy), B(X,) ¢ T(La),
for any X, Y € T'(D), £ € T'(D3), & € T(Rad(TM)) and W € T'(La).

Proof. Using the definition of GC R-lightlike submanifolds, M is D-geodesic, if
and only if,

g(h'(X,Y),€) =0,
g(*(X,Y), W) =0
for any X, Y € I'(D), £ € I'(D3) and W € T'(Lz). Thus for any X,Y € I'(D),
first part of assertion follows from (8).
Now, for X,Y € I'(D) and ¢ € I'(Ds), using (6), (10) and (12), we have
g(h'(X,Y),§) =3(VxY.§)
= _g(FYa ?XFf)
= —g(FY,VxF¢) = §(FY, h'(X, F¢))
(27) — —g(FY,VF€) — g(FY, W'(X, FE)).

Since Y € T'(D), this implies that Y € I'(Dy), Y € T'(D;), Y € T'(Ds), or
Y eT(FDy). It Y € I'(Dy) or Y € I'(D5), then we have

(28) g(FY,h (X, F¢)) =0,
and if Y € T'(D;) or Y € I'(FD3), then we have
(29) G(FY, (X, F¢)) = g(AL X, F&) + g(h' (X, &), F€)

for any ¢’ = FY € I'(Rad(TM)). Now using (28) and (29) in (27), we obtain
g (X,Y),§) = —g(FY, VX F¢) — g(Az X, F§) — g(h' (X, &), F¢),
which proves the second part of the assertion. (I

Theorem 4.9. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is D'-geodesic, if and only if, Aw X and A X
have no components in Myl FDs, for any X € T'(D'), € € T'(Rad(T'M)) and
W eT(S(TM™).
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Proof. For any X,Y € ['(D’) and W € T'(S(T'M+*) using (8), we obtain

(30) g (X, Y), W) = g(Aw X, Y),

and for any & € T'(Rad(TM)) using (9) and (10), we obtain

(31) g (X,Y), €) = g(Ag X, Y).

Hence the assertion follows from (30) and (31). O

Definition 4.10. A GCR-lightlike submanifold of a semi-Riemannian prod-
uct manifold is called mixed-geodesic GC R-lightlike submanifold if its second
fundamental form h satisfies h(X,Y) =0 for any X € I'(D) and Y € T'(D’).

Theorem 4.11. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is mized geodesic, if and only if,

ALX €T(DyLFLy), and AwX €T(DylRad(TM)LFLy)
for any X € (D), € € I'(Rad(TM)) and W € T(S(TM™)).

Proof. Using (9) and (10), for any X € I'(D), Y € T'(D’) and £ € T'(Rad(T'M)),
we obtain

(32) g (X,Y),€) = g(AeX,Y),

and for any W € T'(S(TM+1)) using (8), we obtain

(33) g (X, Y), W) = g(Aw X, Y).

Hence the result follows from (32) and (33). O

Theorem 4.12. Let M be a mized geodesic GCR-lightlike submanifold of a
semi-Riemannian product manifold M. Then A;X € I'(FDs) for any X €
T'(D’) and £ € T'(Da).
Proof. Let X € T'(D’) and £ € T'(D3) then we have
h(X,F¢) =VxF¢—VxF¢=FVxé+ Fh(X,€) — VxFE.

Since M is mixed geodesic, therefore FVx& = Vx FE. Using (10) and (15), we
get

—fALX —wA{X + FVYE = VX FE+ h* (X, F¢).
Equating the transversal components, we have wAz X = 0. Thus

A;X € T(FD31Dy).
Now, for any Z € T'(Dp) and £ € T'(D3), we have
§(AiX,Z2) = g(VxE+VXE Z) = g(Vx€, Z) = —9(§, Vx Z + h(X, Z)) = 0.

If A{X € T'(Dy), then using the non-degeneracy of Dy for any Z € I'(Dy), we

must have g(A; X, Z) # 0. Therefore A7X ¢ I'(Do). Hence the assertion is
proved. (I
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Theorem 4.13. Let M be a mized geodesic GCR-lightlike submanifold of
a semi-Riemannian product manifold M. Then the transversal section V €
I(FD') is D-parallel, if and only if, VxFV € I'(D) for any X € T'(D).

Proof. Let Y € T'(D’) such that FY = wY =V € I'(L; L Ly) and X € T'(D),
then using hypothesis that M is a mixed geodesic in (17), we have fVxY =

—Awy X = —AyX. Now, V4V = VxV 4+ Ay X = VxFY — fVxY. Since
V is an almost product structure and M is mixed geodesic therefore we have
ViV =wVxY, that is, ViV = wV x FV, which proves the theorem. O

Theorem 4.14. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M such that D*(X,V) € I'(Ly). Then Apy X = FAy X for
any X € (D) and V € T'(L7).

Proof. Let X € (D), Y € I'(D’) and V € I'(L{") then we have
g(Ava — FA\/X, Y) = g(Ava, Y) — g(AvX, FY)
= —g(VxFV.Y) + g(VxV, FY)
= —g(VxV,FY) +g(VxV,FY)
(34) =0.
For any X € I'(D), Z € T'(Dy) and V € T'(L{), we have
9(ApvX —FAv X, Z) = g(Apv X, Z) — g(Av X, F Z)
=—g(VxFV,Z)+g(VxV,FZ)
= —g(VxV,FZ) +g(VxV,FZ)
(35) = 0.
For any X € I'(D), N € T(ltr(TM)) and V € T'(L7{), we have
9g(Apy X — FAyX,N) = g(Apv X,N) — g(Av X, FN)
= —g(VxFV,N)+g(VxV,FN)
= —g(FVxV,N)+g(FVxV,N)
(36) =0.
For any X € I'(D), FN € I'(FLy) and V € I'(L{), we also have
g(Ava — FAvX, FN) = g(AF\/X, FN) —g(AvX, N)
= —g(VxFV,FN)+g(VxV,N)
= —g(FVxV,FN)+g(VxV,N)
= —9(VxV,N) +g(VxV,N)
(37) = 0.
Hence the assertion follows from (34)-(37). O
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5. GC R-Lightlike product

Definition 5.1 ([15]). A GCR-lightlike submanifold of a semi-Riemannian
product manifold M is called a GC R-lightlike product if both the distributions
D and D’ define totally geodesic foliations in M.

Theorem 5.2. Let M be a totally geodesic GCR-lightlike submanifold of a
semi-Riemannian product manifold M. Suppose that there exists a transversal
vector bundle of M, which is parallel along D’ with respect to the Levi-Civita
connection on M, that is, VxV € T'(tr(TM)) for any V € T'(tr(TM)) and
X e I(D"). Then M is a GCR-lightlike product.

Proof. Since M is a totally geodesic GCR-lightlike submanifold, therefore
Bh(X,Y) = 0 for any X,Y € I'(D). Therefore, the distribution D defines
a totally geodesic foliation in M. Next, since VxV € I'(tr(TM)) for any
V e T(tr(T'M)) and X € I'(D’), therefore using (7), we obtain Ay X = 0,
then from (17), we get fVxY =0 for any X,Y € I'(D’), which implies that
VxY € I'(D’). Hence the distribution D’ defines a totally geodesic foliation in
M. Thus M is a GC R-lightlike product. (I

Definition 5.3. A lightlike submanifold of a semi-Riemannian manifold is said
to be an irrotational submanifold if Vx¢& € I'(TM) for any X € T'(TM) and
¢ € T(Rad(TM)). Thus M is an irrotational lightlike submanifold, if and only
if, h'(X,€) =0, h*(X,€) = 0.

Theorem 5.4. Let M be an irrotational GC R-lightlike submanifold of a semi-
Riemannian product manifold M. Then M is a GCR-lightlike product if the
following conditions are satisfied:

(A) VxU € T(S(TM%)) for any X € T(TM) and U € T(tr(TM)).

(B) AfY € I(F'Lg) for any Y € T'(D).

Proof. Using (7) with (A), we get AwX = 0, DY(X,W) = 0 and VLW = 0
for any X € I(TM) and W € T'(S(TM™)). Therefore for any X,Y € I'(D)
and W € T(S(TM+1)) and using (8), we obtain g(h*(X,Y),W) = 0, then
non-degeneracy of S(TM~) implies that h*(X,Y) = 0. Hence, Bh*(X,Y) =
0. Now, let X,Y € I'(D) and ¢ € I'(Rad(T'M)), then using (B), we have
g (X,Y),8) = —g(Vx&,Y) = g(A;X,Y) = 0. Then using (4), we get
hY(X,Y) = 0. Hence BR!(X,Y) = 0. Thus the distribution D defines a totally
geodesic foliation in M.

Next, let X,Y € T'(D’), then FY = wY € I'(L1LLy) C tr(TM). Using (17),
we obtain fVxY = —Bh(X,Y), comparing the components along D, we get
fVxY =0, which implies that VxY € T'(D’). Thus the distribution D’ defines
a totally geodesic foliation in M. Hence M is a GC R-lightlike product. O

Theorem 5.5. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is a GCR-lightlike product if and only if (Vx f)Y
=0 for any X,Y € I'(D) or X,Y e T'(D’).
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Proof. Let (Vxf)Y =0 for any X,Y € I'(D) or X,Y € I'(D’). Let X,Y €
I'(D), then wY = 0 and (17) gives that Bh(X,Y) = 0. Hence using the
Theorem (4.4), the distribution D defines a totally geodesic foliation in M.
Next, let X, Y € I'(D’). Since BV € T'(D’) for any V' € T'(¢r(TM)), then (17)
implies that A,y X € I'(D’). Hence using Theorem 4.5, the distribution D’
defines a totally geodesic foliation in M. Since both the distributions D and
D’ define totally geodesic foliations in M, hence M is a GC R-lightlike product.

Conversely, let M be a GCR-lightlike product, therefore the distributions
D and D’ define totally geodesic foliations in M. Using (13), for any X,Y €
I'(D), we have Vx FY = FVxY, then comparing the transversal components,
we obtain h(X,FY) = Fh(X,Y) and then (Vxf)Y = VxfY — fVxY =
VxFY — h(X,FY) — FVxY + h(X,FY) = 0, that is (Vxf)Y = 0 for any
X,Y € T(D). Let D’ defines a totally geodesic foliation in M and using (13),
we have Vx FY = FV xY, then comparing the tangential components on both
sides, we obtain —A,yX = Bh(X,Y), then (17) implies that (Vxf)Y = 0,
which completes the proof. O

Definition 5.6 ([6]). A lightlike submanifold (M, g) of a semi-Riemannian
manifold (M, g) is said to be totally umbilical in M if there is a smooth transver-
sal vector field H € T'(¢tr(TM)) on M, called the transversal curvature vector
field of M, such that, for any X, Y € T'(T M),

(38) hX,Y)=Hg(X,Y).

Using (7), it is clear that M is a totally umbilical, if and only if, on each
coordinate neighborhood u there exist smooth vector fields H' € T'(Itr(T'M))
and H® € T(S(TM%)) such that

(39)  A(X,Y)=H'g(X,Y), h(X,Y)=Hg(X,Y), D'(X,W)=0
for any X, Y € I(TM) and W € T'(S(TM+1)). M is called totally geodesic if
H =0, that is, if A(X,Y) = 0.

Lemma 5.7. Let M be a totally umbilical GCR-lightlike submanifold of semi-
Riemannian product manifold M. Then the distribution D' defines a totally
geodesic foliation in M.

Proof. Let X,Y € I'(D’) then (17) implies that fVxY = — A,y X — Bh(X,Y),
then for any Z € I'(Dy), we have
g(vaYa Z) = 79("4wa5 Z) 79(Bh(Xa Y),Z)
=g(VxwY,Z) =g(VxFY,Z) = g(VxY,FZ) = g(VxY,Z)
(40) =—g(Y,VxZ'),
where Z' = FZ € I'(Dy). Since X € I'(D’) and Z € I'(Dy), then from (18) and

(19), wehave wPVxZ = h(X, fZ)-Ch(X,Z) = Hg(X, fZ)-CHy(X,Z) = 0,
therefore wPV x Z = 0, which implies that VxZ € I'(D). Thus (40) implies
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that g(fVxY, Z) =0, then the non-degeneracy of Dy implies that fVxY = 0.
Hence VxY € I'(D’) for any X,Y € I'(D’). Thus the result follows. O

Theorem 5.8. Let M be a totally umbilical GC R-lightlike submanifold of semi-
Riemannian product manifold M. Then M is a GCR-lightlike product if and
only if Bh(X,Y) =0 for any X e T(TM) and Y € T'(D).

Proof. Let M be a GC R-lightlike product therefore the distributions D and D’
define totally geodesic foliations in M. Therefore using Theorem 4.4, we have
Bh(X,Y) =0 for any X,Y € I'(D). Now using the hypothesis for X € I'(D’)
and Y € T(D), we have Bh(X,Y) = g(X,Y)BH = 0. Thus Bh(X,Y) =0 for
any X € '(TM) and Y € T'(D).

Conversely, let BR(X,Y) = 0 for any X € I'(TM) and Y € I'(D). Now
for any X,Y € I'(D), we have Bh(X,Y) = 0, which implies that D defines
a totally geodesic foliation in M. Let X,Y € I'(D’), then (17) implies that
ApyX = —fVxY — Bh(X,Y) and using Lemma 5.7, we obtain fA,yX +
wA,y X = —h(X,Y), comparing the tangential components on both sides, we
have fA,yX = 0, which implies that A,y X € I'(D’). Hence using Theorem
4.5, the distribution D’ defines a totally geodesic foliation in M. Hence the
result follows. O

Theorem 5.9. Let M be a GCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M s totally geodesic manifold, if and only if,
Rad(TM) and S(TM>) are Killing distributions on M.

Proof. For any X, Y € I(TM) and £ € T'(Rad(TM)), consider

g(h(X,Y), &) = g(VxY, &) = Xg(Y,€) —g(VxE,Y)
=9([6. X],Y) = §(VeX,Y)
=g([6, X],Y) - €9(X,Y) + g(VeY, X)
= —£5(X,Y) +5([¢, X],Y) + 3([¢, Y], X) — 5(Vy X, §)
(41) = —(Leg)(X,Y) = g(h(X,Y),£),
which implies that
(42) 2g(h(X,Y),§) = —(Leg)(X,Y)

for any X, Y € I(TM) and £ € T'(Rad(TM)).
Similarly, for any X,Y € (T M) and W € T'(S(TM')), we have

g(MX,Y), W) =g(VxY, W) = Xg(Y,W) - g(VxW.Y)

g(W, X1,Y) = g(Vw X, Y)

g(W, X1,Y) = Wg(X,Y) + g(VwY, X)

= -Wg(X,Y) +g([W, X],Y) +g([W, Y], X) — g(Vy X, W)
(43) = —(Lwg)(X,Y) = g(h(X,Y),W),
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which implies that

for any X,Y € I'(TM) and W € T'(S(T'M=)). Thus from (42) and (44), we
have h(X,Y) = 0, if and only if, (L:g)(X,Y) = 0 and (Lwg)(X,Y) = 0, for
any X,Y € I(TM), £ € T'(Rad(TM)) and W € I'(S(TM™)). Thus the result

follows. 0

Theorem 5.10. Let M be a totally umbilical GCR-lightlike submanifold of a
semi-Riemannian product manifold M. If the induced connection is a metric
connection, then h*(X,Y) =0 for any X,Y € I'(Dy).

Proof. Let the induced connection V be a metric connection, then from The-
orem 2.2 on page 159 of [5], we have h! = 0. Hence using hypothesis in
(19), we get wP1VxY = 0, therefore, VxY € I'(S(T'M)), which implies that
h*(X,Y) =0 for any X,Y € I'(Dg). Thus the result follows. O

6. Minimal GC R-lightlike submanifolds

Definition 6.1 ([2]). A lightlike submanifold (M, g, S(T'M)) isometrically im-
mersed in a semi-Riemannian manifold (M, g) is said to be minimal if 2* = 0 on
Rad(TM) and trace h = 0, where trace is written with respect to g restricted
to S(T'M).

Theorem 6.2. Let M be a totally umbilical GCR-lightlike submanifold of a
semi-Riemannian product manifold M. Then M is minimal, if and only if, M
is totally geodesic.

Proof. Suppose M is minimal then h*(X,Y) = 0 for any X,Y € I'(Rad(TM)).
Since M is totally umbilical therefore h!(X,Y) = H'g(X,Y) = 0 forany X,Y €
I'(Rad(T'M)). Now, choose an orthonormal basis {e1, e, ..., €m—r} of S(T'M)
then from (39), we obtain

trace h(e;,e;) Z eig(ei,e;) H +eigles, e;)H® = (m — T)Hl + (m—r)H".
i=1
Since M is minimal and itr(TM)NS(TM~) = {0}, we get H' = 0 and H® = 0.
Hence M is totally geodesic. Converse follows directly. [

Theorem 6.3. A totally umbilical proper GC R-lightlike submanifold of a semi-
Riemannian product manifold M is minimal, if and only if,

trace Aw, =0 and trace AZk =0 on DyglFLs

for W, € T(S(TM™), where k € {1,2,...,r} andp € {1,2,...,n—r}.
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Proof. Using (38), it is clear that h*(X,Y) = 0 on Rad(TM). Using the
definition of a GC R-lightlike submanifold, we have

a b
trace hlsarany = > _ M Zi, Zi) + > W(F&;, F;)
i=1 j=1
b c
+ Y h(FN;,N;) + > h(FWy, FW)),
j=1 =1
where a = dim(Dy), b = dim(D2) and ¢ = dim(Lz). Since M is totally
umbilical therefore from (38), we have h(F¢;, F¢;) = h(FN;,N;) = 0. Thus
above equation becomes

trace hlserany = > W(Zi, Zi) + Y W(FWi, FW)

i=1 =1

:Z%ZmW&&mmw
i = k=1

n—r

3 S G (2 20, W)W,
i=1 p=1

+3 % > G (FWy, FW1), &) Ni

=1 k=1
C 1 n—r ~

(45) +ZnirZg(hs(FWlaFVVl)aWp)Wpa
=1 p=1

where {W1, Wa, ..., W, _,} is an orthonormal basis of S(T'M~). Using (8) and
(11) in (45), we obtain

T

a 1 y
trace h|serary = Z - Zg(Angi, Z;)Ni
i=1 k=1

+ L z_:g(AWpZi,Zi)Wp
i=1 p=1

n—r

c 1 r - .
+D > (A FWi, FWi)Ny
=1 k=1

n—r

c 1 -
+° > G(Aw, FW,, FW,)W,,.
=1 p=1

n—r

Thus trace h|s¢rary = 0, if and only if, trace Aw, = 0 and trace Ag =0 on
Dy LFLy. Hence the result follows. Il
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Theorem 6.4. Let M be an irrotational lightlike submanifold of a
semi-Riemannian product manifold M. Then M is minimal, if and only if,
trace Azkls(TM) = 0 and trace Aw,|sray = 0, where W; € r(S(TmM+t),
ke{l,2,...;r} andj € {1,2,...,n—1}.

Proof. M is irrotational implies that h®*(X,£) = 0 for any X € T'(TM) and
& € T'(Rad(TM)), therefore h* = 0 on Rad(T'M). Also

m—r

trace h|scrary = Z ei(hl(es,ei) + R (ei, €5))

i=1
:We-{ligml(e- i) &)Nwirfg(h%e- ei), W;)W; }
. 3 r 1y “1 )y n—r 4 19~ )y J J
i=1 k=1 j=1
S el S gtz e+ —— 3 gl o)
_ ed= o es e Wil
. i g\ Ag, €4, €i)IVE n—r glAW; €4, €)WV j
=1 k=1 j=1
Hence theorem follows. O
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