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GROUND STATE SOLUTIONS OF NON-RESONANT
COOPERATIVE ELLIPTIC SYSTEMS
WITH SUPERLINEAR TERMS

GUANWEI CHEN

ABSTRACT. In this paper, we study the existence of ground state solu-
tions for a class of non-resonant cooperative elliptic systems by a vari-
ant weak linking theorem. Here the classical Ambrosetti-Rabinowitz su-
perquadratic condition is replaced by a general super quadratic condition.

1. Introduction and main result

In this paper, we consider the following cooperative elliptic system
—Au=¢&u+ f(x,u,v) in £,
(1.1) —Av=C(v+g(x,u,v) inQ,
u=v=20 on 0,

where Q is an bounded smooth domain in RN and &,¢ € R. The nonlinear-
ities (f,g) are the gradient of some function, that is, there exists a function
F(z,U) € C1(QxR2%, R) such that VF(x,U) = (f, g), the so-called cooperative
case.

We are interested in the case where o(A4*) N o(—A) = () holds, that is, the
non-resonant case. Here,

a=(§50) su=1e0

denotes the spectrum of the matrix A* and o(—A) = { \x: k=1,2,... and
0 < A1 < A2 < ---} denotes the eigenvalues of the Laplacian on Q with zero
boundary condition.

Let L1 := —-A —§ and Ly := —/A — (. We assume

(L1) sup(o(L;) N (—00,0)) <0 < inf (o(L;) N (0,00)), where s =1, 2.
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Remark 1.1. Note that assumption (L;) implies that o(A*) No(—A) = 0 with
Ak < € < Agg1 and Ay, < ¢ < A4 for some positive integers k& and m, that
is, the non-resonant case.

Let F(z,U) := 1 (VF(2,U),U) — F(z,U). We assume that
(S1) |[VF(z,U)| = o(|U]) as |U| — 0 uniformly in z.
(S2 F(xz,U)

[UT?

(S3) F(z,U) > 0if U #0, F(x,U) > 0 for all (z,U) € Q x R2,

(S4) There exist cg,79 > 0 and o > max{1, N/2} such that % <
coF(x,U) if |U| > ro. Here, |- | and (-,-) denote, respectively, the usual norm
and inner product in R2.

In this paper, we study the existence of ground state solutions of (1.1) by a
variant generalized weak linking theorem for strongly indefinite problem devel-
oped by Schechter and Zou [15], that is, nontrivial solutions with least energy
of the action functional of (1.1). Now, our main result reads as follows:

Theorem 1.1. If (L1) and (S1)-(S4) hold, then there exists a ground state
solution of (1.1).

— o0 as |U| = oo uniformly in z.

~— — ~— ~—

Assume that there exists a constant p > 2 such that
(1.2) 0 < puF(z,U) < (VF(z,U),U), xe€Q\{0},

which is now known as Ambrosetti-Rabinowitz superlinear condition. As we
all know that condition (1.2) will make our proofs more easier. But we use
a more general superquadratic condition. As is shown in next example, our
assumptions are reasonable and there are cases in which the condition (1.2) is
not satisfied.

Example 1.1. Let
F(z,U) = g(z) (U + (p = 2)|UP~* sin*(|U|* f¢)) ,

wherep > 2, 0<e<p—-2if N=12and 0 <e<p+ N—-Np/2if N >3
and g(z) > 0 is continuous. Note that

VF(2,U) = g(x)U [(p —2)(p— )T sin’ <%)

+ <p+ (p — 2)sin <@)> |U|p2] .

It is not hard to check that F(z,U) satisfies (S1)-(S4). But it does not satisfy
the condition (1.2).

We should mention that system (1.1) is called resonant if o(A*)No(=A) # 0.
If&=¢=X €0(=4), f(z,u,v) = f(z,u), g(x,u,v) = g(z,v) and f =g on
Q) x R, then (1.1) reduces to the following single elliptic equation

{ —Au=Mu+ f(z,u) inQ,

(1.3) u=20 on O0f).
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The authors [5, 16] have considered the strongly resonant single elliptic equation
(1.3) with odd nonlinearities and obtained a finite number of solutions. Li and
Zou [8] investigated (1.3) by using the Morse theory. We should mention that
the some authors [13, 14] have considered the following elliptic systems

—Au+V(z)u=f(v) inQ,
(1.4) —Av+V(x)v=g(u) inQ,
u, v € HY(Q),

which can be formulated as a variational problem associated with an indefinite
energy functional to find solutions of such a system under suitable growth
assumptions on f and g. The authors [13, 14] also studied ground states.

The system (1.1) has been studied by many authors under asymptotically
linear or sublinear assumptions on nonlinearities, see [3, 9, 10, 11, 19, 20, 21].
In [3], the variational structure was established and several existence results
were obtained by minimax techniques under a condition which was called non-
quadraticity at infinity. Ma [9] established the existence of infinitely many
solutions for (1.1) with odd nonlinearities by the minimax techniques. Ma [10]
and Zou [21] established the existence and multiplicity of solutions for (1.1) via
the computations of the critical groups and the Morse theory. By using a penal-
ization technique and the Morse theory, Pomponio [11] established the existence
and multiplicity of solutions of (1.1). However, very little is known about the
existence of infinitely many solutions for resonant single elliptic equation and
elliptic systems (both cooperative and noncooperative). Zou [19] considered
(1.1) and, by using the methods used in [5], obtained infinitely many solutions
under the oddness and boundedness assumptions on the nonlinearities. Zou [20]
proved that (1.1) has infinitely many solutions under the oddness assumption
and some growth assumptions near U = 0. Recently, if F(x,U) is even in U,
Chen and Ma [1] obtained the existence of infinitely many solutions for (1.1)
with sublinear or superlinear terms by using two variant fountain theorems.
In the whole space RY, Chen and Ma [2] obtained the existence of nontriv-
ial homoclinic solutions for (1.1) with @ = R¥. For related topics, including
noncooperative elliptic systems, we refer the readers to [4, 6, 7, 12, 17, 22] and
references cited therein.

The rest of the present paper is organized as follows. In Section 2, we give
some preliminary lemmas, which are useful in the proof of our main result. In
Section 3, we give the detailed proof of our main result.

2. Preliminaries

Here and in what follows, we use || ||, to denote the norm of LP(€2) x L? (),
p>1. Let E:= H}(Q) and W := H}(Q) x H}(Q), where H}(Q) is the usual
Sobolev space with the norm || - ||z generated by the inner product

(u,v)g = / VuVudz, u,v € Hy(Q).
Q
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Then for U = (uy,uz) and V = (vy,v2) in W, the induced inner product and
norm on W are given, respectively, by

(U V)w = (ur,v1)p + (uz,v2)p and [|U|lfy = llud|l + [Juz|Z-

Let €1 = (1,0) and 52 = (0,1), then A*gl = 551 and A*gg = 452 and
€18 =0, |€1] = |&2] = 1. For any a € R, let H}, H,, HY be the subspaces
of H(Q), where the quadratic form u — |lul|* — alul|3 is positive definite,
negative definite and zero, respectively. Let

0._ 70 0 +._ g+ + - yg- -

w .—Hg ><H<, w .—Hg XHC and W '_HE XHC'

Obviously, (L) implies W9 = {(0,0)}.
Let
Api=id —¢(-A)"" and Ao :=id —((-A)7!,

where id denotes the identity from H{(Q) to Hg(£2). We introduce an operator
A = (Al, AQ)Z
A: W — W, which is defined by AU =(Aju1, Asus) for any U = (uq,us) € W.
Then A is a bounded self-adjoint operator from W to W. The space W splits as
W =W~ @WT, where W~ and W are invariant under A, Al - is negative,
and Aly+ is positive definite. More precisely, there exists a positive constant
Cy such that

AU, UF)w > Co||U*|[fy, YU € W,

Here and in what follows, for any U € W, we always denote by U™ and U~ the
vectors in W with U = U~ + U™, U* € W*. We know that dim W~ is finite.
For problem (1. 1) we consider the following functional:

<I>(U):§AUU /FacU U = (u1,uz) € W,
where ﬁ(ac, s,t) = F(x,s€1 +téy) = F(x,s,t). Now, we define an equivalent
inner product (-,-) and the corresponding norm || - || on W given, respectively,
by

(21)  (UV) = (AU VHw — (AU V )w and ||U] = (U, V),
where U+, V+ € W*. Therefore, ® can be rewritten as
1 1.
(22) B(U) = 5|U* P = 51U - | Pl U)da,
Q
By our assumptions, it is easy to see that for any U,V € W,
B (U)W = (U+,V+) — (U=, V") —/ (VE (@, U), V) da,
Q

and, by the discussion of [3], the (weak) solutions of system (1.1) are the critical
points of the C* functional ® : W — R.

The following abstract critical point theorem plays an important role in
proving our main result. Let W be a Hilbert space with norm || - || and have
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an orthogonal decomposition W = N @ N+, N C W is a closed and separable
subspace. There exists norm |V, satisfies |V|, < ||[V|| for all V € N and
induces an topology equivalent to the weak topology of N on bounded subset
of N. For U=V +ZecW =N@N* withV € N, Z € N, we define
U2 = |VI2 + ||Z]||*. Particularly, if (U, = Vi, + Z,) is || - |-bounded and
U, 18 U, then Vi, = V weakly in N, Z,, — Z strongly in NX, U, =V + Z
weakly in W (cf. [15]).

Let W =W~ W, Zye Wt with || Zy]| = 1. Let N := W~ @& RZ; and
Wit =Nt = (W~ @®RZy)*. For R >0, let

Q:={U:=U" +sZy: secR", U e W, |U| <R}
with Py = s0Zp € Q, so > 0. We define
D= {U:: sZo+Z%Y: seR, Zt e Wi, ||sZo+ 27| :so}.

For ® € CY(W,R), we define

[0,1] x Q + W is | - |,-continuous;

., HOU)=Uand &(h(s,U)) < (V) for all U € Q;
T " For any (s, Up) € [0,1] x @, there is a | - [,-neighborhood ’
Utso,vo) S-6. {U = h(t,U) : (t,U) € Ugso,00) N ([0,1] X Q) } C Wipy.

where Wy, denotes various finite-dimensional subspaces of W, I' # 0 since
idel.
The variant weak linking theorem is:

Lemma 2.1 ([15]). The family of C'-functional {®,} has the form
O,\(U) = J(U) — AK(U), YA€ [L,2].

Assume that

(a) K(U) >0, YU € W, &, = &,

(b) J(U) = 00 or K(U) — o0 as ||U]| — oo

(c) @ is |- |w-upper semicontinuous, P\ is weakly sequentially continuous
on W. Moreover, ®5 maps bounded sets to bounded sets;

(d) SuPsq Py <infp ®y, VA e [1,2]
Then for almost all X € [1,2], there exists a sequence {Uy,} such that

sup [Un|| < 00,  ®\(Un) =0,  ®A(Un) = e,
where cy := infrer supyeg PA(R(1,U)) € [infp @y, supg PJ.

In order to apply Lemma 2.1, we consider

1 1.
o) i= 50712 = A (G101 + [ Favas).

It is easy to see that @) satisfies conditions (a), (b) in Lemma 2.1. To see (c),

if U, e U, then U} — U* and U; — U~ in W, going to a subsequence
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if necessary, U, — U a.e. on € . Using Fatou’s lemma and the weak lower
semicontinuity of the norm, we have

Mn_,w%(Un) < (I)A(U)’

which means that @ is | - |,-upper semicontinuous. ®) is weakly sequentially
continuous on W is due to [18]. To continue the discussion, we still need to
verify condition (d).

Lemma 2.2. Under the assumptions of Theorem 1.1, we have the following
facts:

(i) There exists p > 0 independent of X € [1,2] such that k := inf ®(S,WT)
> 0, where

S,Wt:={ZeWT: ||Z| = p}.

(ii) For fized Zo € W with || Zo|| = 1 and any X\ € [1,2], there is R > p > 0
such that sup ®5(0Q) <0, where Q :={U :=U"+s8Zy: seRY, U- e W—,
U]l < R}

Proof. (i) Under assumptions (S7) and (S4), we know for any £ > 0 there exists
C. > 0 such that

(2.3) |VF(z,U)| <elU|+ CJUP!
and
(2.4) |F(z,U)| <elU]* + C|UP,

where p > 2% > 2 with o > 1. Hence, for any U € W,

1
OA(U) 2 SIUIP = 2e|lU* = CLju P,

which implies the conclusion.
ii) Suppose by contradiction that there exist U, € W~ @ RTZ, such that
pPp Y
@5 (Up) > 0 for all n and ||Uy|| — oo as n — oo. Let V,, := ”g"” =spZo+V, ,
then

PA(Un) _ 1,5 -2 /F(m, Un)+r2
2.5 0< == =AY, -\ | ———=V dx.
From (S3), we know F(x,U) > 0 and have
||Vn_H2 < /\||Vn_H2 < 5721 =1- ||Vn_H25

therefore, |V, || < % and 1 — % <sp, <1.

Thus s, — s # 0 after passing to a subsequence, V,, =V and V,, — V a.e.
on Q. Hence, V = sZy+ V'~ # 0 and, since |U,| = oo if V # 0, it follows from
(S2) and Fatou’s lemma that

F(z,U,
(2.6) / %dem — 400,
Q n

contrary to (2.5). The proof is finished. O
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Applying Lemma 2.1, we soon obtain the following facts:

Lemma 2.3. Under the assumptions of Theorem 1.1, for almost all X € [1, 2],
there exists a sequence {U,} such that
sup |Up|| < 0o, ®\(U,) =0, ®x(U,) — ca € [k, supP].
n Q
Lemma 2.4. Under the assumptions of Theorem 1.1, for almost all A € [1,2],
there exists a Uy such that
PA(UN) =0, @x(Ux) <sup®.
Q

Proof. Let {U,} be the sequence obtained in Lemma 2.3, write U,, = U, + U~
with U € W*. Since {U,.} is bounded, {U;}'} is also bounded, then U,, — U)
and U} — U;r in W, after passing to a subsequence. The Sobolev compactly
embedding theorem implies U;" — Uy in LP(Q) x LP(Q) for all p € [2,2%),
where 2% := 285 if N > 3 and 2% := +o0 if N = 1,2.

We claim that Uy # 0. If not, then U — 0 in LP(Q2) x LP(Q) for all
p € [2,2%). It follows from the definition of ®, Holder’s inequality and (2.3)
that

og/ |(VF(x,Un),U,j)|dxg5/ U] - |U:|dx+05/ U [P~ YU | da
Q Q Q

< el|Unll2lUf NIz + Cel|U|[E=H U], — 0.
Therefore,

BA(U) < [UF I = @400 + A [ (VF(.U).Uf o = 0
Q
which contradicts with the fact that ®,(U,) > . Hence, U )\+ # 0, and thus
Uy # 0. Note that @, is weakly sequentially continuous on W, thus

B\(UN)Z = lim ¥\(U,)Z =0, VZeW.

By (S3), Fatou’s lemma and Lemma 2.3, we have

1
sup® > ¢y = lim <<I)>\(Un) - 5@’/\(Un)Un)

Q n—oo

n—oo

~ Jim )\/Q (%(VF(QU, U, Un) — Flz, Un)) do

1
Z )\/ (5 (VF(:C, U,\)7 U,\) - F(:L', U)\)> d:C = @,\(U,\).
Q
Thus we get 5 (Uy) < supg ®. O

Lemma 2.5. Under the assumptions of Theorem 1.1, there exists A\, — 1 and
{Ux, } such that
)\ (Ux,) =0, @5, (Ux,) <sup®.
Q
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Moreover, {Uy, } is bounded.
Proof. The existence of {U),} such that

) (Ux,) =0, @5,(Us,) <sup®
Q

is the direct consequence of Lemma 2.4. To prove the boundedness of {Uy, },
arguing by contradiction, suppose that |Uy,, || — oo. Let Vi, := Hgﬁ Then
Il =1, Va, = Vin W and V), — V a.e. in Q, after passing to a
subsequence.

Recall that @) (U, ) = 0. Thus for any » € W, we have

(U 0) = MlUr ) = A / (VF(z,Ur,), ) da.

Consequently {V,, } satisfies

_ VF(z,Uy,), ¢
2.7) Vi 0) = MV @) = A / VF@ U, ), ) 4,
Q 1Ux, |l
Let o = VAin in (2.7), respectively. Then we have
VF(z, Uy ), Vi
wievity =, (TR,
nAn Q 10X,
and
VF(z,Uy, ),V
*An<V)\77V)\7> :)\n/ ( ( A ) )\n)dz-
n A Q 1Ux,l
Since 1 = ||[V),[|? = ||V/\t||2 + [V, II?, we have
VF(z,Ux), MV =V
(2.8) 1:/ (VF@ O ) AV, =V5) 4,
0 Ul
For r > 0, let

h(r) :== inf{ﬁ(z,U) : z€Qand U € R? with |U| > T}.

By (S3), we have h(r) > 0 for all » > 0. By (S3) and (Sy), for |U]| > o,

coF(z,U) > WFl(;"UU)'” _ <|VF(|9§}|Z)IIU|)”
F(z,U),U)\° _ (2F(z,U)\°
(S (e

it follows form (S3) and the definition of h(r) that
h(r) = oo asr — oo.
For 0 < a < b, let
Qn(a,b) :={x € Q: a<|U,, (2)] <b}
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and

F(z,U
Cab::inf{ |(5’|2): :CEQandUERQWitha§|U|§b}.

Since F(z,U) depends periodically on = and F(z,U) > 0 if U € R2\ {(0,0)},
one has C? > 0 and

F(z,Uy,) > CP|U, > for all z € Q,(a,b).
Since @) (U,) = 0 and @y, (Uy,) < supg @, there exists a constant Cp > 0
such that for all n

1 -
(29)  Coz @, (Uh) - 58, 00, = [ Flaly,)ds,
Q

from which we have
(2.10)

Co > / ﬁ(m,Ukn)da)—i—/ ﬁ(m, U,\n)dx—i—/ ﬁ(m,U,\n)d:E
Q,(0,a) Qp (a,b) Qp (b,00)

2/ ﬁ(z,U,\n)dtJrC’fj/ |Uy, [2dz + h(b)|, (b, 00)|.
Qn (07‘1) Qn (aab)

Invoking (S4), set 7 := 20/(0c — 1) and ¢’ = 7/2. Since o > max{1, N/2} one
sees T € (2,2%). Fix arbitrarily 7 € (7,2*). Using (2.10), we have
Co
0, (b, 00)| < —2 50
90,090 < 10

as b — oo uniformly in n, it follows from ||V), | = 1, the Holder inequality and
the Sobolev embedding theorem that

(2.11) / [Va, |Tdz < C|Qpu(b,00)[*"7 =0
Q,, (b,00)

as b — oo uniformly in n. Using (2.10) again, for any fixed 0 < a < b,
(2.12)

1 Co
|V/\n|2d$:7/ |U/\n|2d96§ ——— — 0 asn — oo.
/Qn(a,b) 1017 S, (a.0) Cel|U, |17

Let 0 < £ < %. Sobolev embedding theorem implies ||V, |3 < C||[Va, |2 = C
and [A,| < C1. By (S1) there is a. > 0 such that |[VF(z,U)| < 57|U] for all
|U| < a., consequently,

/ (VF(x,Ux,), \Vyo = V)
Qn(oaas)

(2.13)
U

dx

IN

VF(x,Uy, _
[ TRty it - vy e
Qn(oaas) A

n |

3
< Vi, |- AV = Vi |de
1 o1 T =T
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c 1/2 1/2
Vi I2d M VE =V 2d
cC ( sz| el z> </sz| An ol x)

3
< |V |?2<e¢
Va3 <

IN

for all n. By (S4), (2.9) and (2.11), we can take b, > ro large so that

(2.14)
LS
3 n x
Qn (b2 ,00) 10l
F U
< / N Oy 1 Vit = Vi | do
Q, (be,00) Ux.| " "
1/o 1/0’
VF(z,Ux,)|? _ o'
< (/Q Pl dw) (/ (IVaul- VAL = V) dfc)
, (be ,00) Qp, (be ,00)
1/7 1T
g( coF(z,Uy,) ) (/ Vi =V |de) </ IVAnlrdw>
Qp, (be ,00)
<e€

for all n. Note that there is v = 7(¢) > 0 independent of n such that
[VE(z,Uy,)| < 7|U,| for t € Q,(ac,b:). By (2.12) there is ng such that

/ (VF(xa U)\n,)’ )‘nV)\-: B V)\_n)
O (ac,b.) U,

VF(z,U
< / MWAJ Vi = Vi |da
Qn (ac,be) " "

(2.15) dx

|Ux, |

<4 / Vil - V3t = Vi lda
Q. (ae,be

1/2
=7 (/ |VAn|2dt) / Vi — Vi Pda
Q Qn(aaaba) " "
1/2
< Al Va,ll2 (/ |V>\n|2d:c> <e
Qn(a57b£)

for all n > ng. Therefore, the combination of (2.13)-(2.15) implies that for
n > ng, we have

1/2

dr < 3e <1,

/ (VF(z,Ux,), AnVyt = V)
Q 1Ol

which contradicts with (2.8). Thus {U,, } is bounded. O
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Lemma 2.6. If {U,,} is the sequence obtained in Lemma 2.5, then it is also
a (PS) sequence for ® satisfying

lim ®'(Uy,) =0, lim ®(U,,) < sup®.
n— 0o n— 0o o)
Proof. Note that Uy, is bounded. From
1
lim ®(Uy,) = lim [(I),\R(UM)Jr(/\nl) <—||UA P [ P UAn)dxﬂ
n— oo n—oo 2 n Q

and note that
lim (I)/(U)\n)cp

n—oo
= i [#, @00+ 0 1) (W00 + [ (VF@03) ) ) |
uniformly in ¢ € W, we obtain the conclusion. ([

3. Proof of main result

We are now in a position to prove our main result.

Proof of Theorem 1.1. Note that Lemma 2.5 implies {U),} is bounded, thus
Uy, — U in W, after passing to a subsequence. The Sobolev compactly em-
bedding theorem implies Uy, — U in L(Q) x LI(Q) for all ¢ € [2,2*), where
2% = 25 if N >3 and 2* := 400 if N =1,2.

By @ (Ux,)U j\'n = 0, Holder’s inequality, Sobolev embedding theorem and
(2.3), we know

U3 = A/Q (VF(z,U,).U3,) da

< [ Ul 08 Jda € [ 05, PO, o
Q Q

< ellUn N - 1S 1+ CLUN B~ HIUS |l

<el|Un, [l - NUS |1+ CLNUA N30 - 1UR

< e|UN N+ CLUN B2 U1

Similarly, we have

(3.2) 1USNZ < ellUn, 17 + CLIUN, 521U, 1.

From (3.1) and (3.2), we get

1UN 7 < 2€l|U, 117 + 267U, 15210, 117,

n |

which means ||Uy, ||, > ¢ for some constant ¢, it follows from Uy, — U in
LP(Q) x LP(Q2) that U # 0. The facts that ® is weakly sequentially continuous
on W and Uy, — U in W imply ®'(U) = 0.
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Let K :={U € W: ®'(U) = 0} be the critical set of ® and
C:=inf{®(2): Ze K\{0}}.

For any critical point U of ®, assumption (S3) implies that

3.3) ) = d(U) — %@’(U)U
1 .
/Q<§(VF(x,U),U)F(:c,U))dx>O it U #0.

Therefore C' > 0. We prove that C' > 0 and there is U € K such that ®(U) = C.
Let U; € K\{0} be such that ®(U;) — C. Then, the proof in Lemma 2.5
shows that {U;} is bounded, and by the concentration compactness principle
discussion above we know U; — U € K\{0}. Thus

C = lim ®(U;) = lim A (5 (VF(z,U;),Uj) — F(iﬁan)) dx

- > Z?é (VE(x,U),U) — F(, U)) dx = ®(U) > C,

the first inequality dues to (S5) and the Fatou’s lemma. So ®(U) = C and
C > 0 because U # 0. O
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