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SOLUTIONS OF SYSTEMS OF VARIATIONAL
INEQUALITIES ON FIXED POINTS OF
NONEXPANSIVE MAPPINGS

HosSEIN PiR1

ABSTRACT. In this paper, we introduce a new approximating method for
finding the common element of the set of fixed points of nonexpansive
mappings and the set of solution of system variational inequalities for
finite family of inverse strongly monotone mappings and strictly pseudo-
contractive of Browder-Petryshyn type mappings. We show that the se-
quence converges strongly to a common element the above two sets under
some parameter controling conditions. Our results improve and extend
the results announced by many others.

1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H and
let A: C — H be a nonlinear mapping. The classical variational inequality
problem is to fined x € C such that

(1) (Az,y —x) >0, VyeC.
The set of solution of (1) is denoted by VI(C, A), that is,
VI(C,A) ={z € C: (Az,y —x) >0, YyeC}.

The variational inequality has been extensively studied in the literature. See
e.g. [5, 6, 7, 9] and the references therein. A mapping A: C — H is called
d-inverse strongly monotone if there exists a positive real number § > 0 such
that

(Ax — Ay,x —y) > 6 || Az — Ay ||?, Vz,y e C.
It is obvious that any a-inverse strongly monotone mapping is monotone and
Lipschitzian. A mapping T': C — H is called nonexpansive

[Tz =Tyl[|<|z-yl, Vz,yeC.
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We denote by Fiz(T) the set of fixed point of T. Recall that a self-mapping
f: C — C is a contraction on C' if there exists a constant a € (0,1) such that

| fl@)=f@) I<allz—yl, VYz,yeC.

For each © € H, there exists a unique nearest point in C', denoted by Pcx
such that
la—Poall<lz—yl, VyeC.
Pc is called the projection of H onto C.

For finding an element of Fia(T)NVI(C, A), Chen et al. [4] introduced the
following iterative scheme:

Tpt1 = anf(2n) + (1 — an)TPe(I — Ay A)xy,

where {ay,} and {\,} are chosen so that A, € [a,b] for some a,b with 0 < a <
b < 20 and

o0 oo oo
lim a, =0, g Qp = 00, E | apt1 — ap |< o0, g | A1 — An |< 00
n— oo

n=1 n=1 n=1

They prove that the sequence {x,, } ; converges strongly to «* € Fiz(T)N
VI(C, A), which is the unique solution of the variational inequality:

(I—-fla*,z—2") >0, VeeFiz(T)NVI(C,A).

On the other hand, Yao and Yao [21] introduced the following iterative
process: x1 =u € C

Yn = PC(I - )\nA):Ena
Tnt1 = Qut + Bpy + YT Po(I — Ay A)yn,

where {a,}, {Bn}, {7} and {\,} are chosen so that A, € [a,b] for some a,b
with 0 < a < b < 2§ and

(Bl) (079} +ﬁn + v =1,

(32) lim,, 00 ap =0, Zzozl Qp = 00,

(B3) 0 <liminf, oo Ay < limsup,, . An <1,
Then {z,}72; converges strongly to Ppiz(r)nvi(c,A)U.

Recall that a self-mapping T': C' — C is called A-strictly pseudo-contractive
of Browder and Petryshyn type [2] if there exists a constant A € (0,1) such
that

2) NTe-TyP<lz—y P X[ -z~ I -T)y|? Va,yeC.
It is well-known that the last inequality is equivalent to

1—-A
(Te—Tyz—y) <llz—y |’ ——S= (I -Tz =T =Ty |*, Vz,yeC
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In this paper, motivated and inspired by the iterative schemes considered
in [3, 4, 12, 14, 15, 16, 17, 19, 21], we introduce the iterative below, with the
initial guess xg € C chosen arbitrarily,

Tn+1 = AV f(TPc(I — 61,0 A1)Y1,0) + BnPco(I — 02,n,A2) 2,
+ (1 = Bn) — anF)TPo(I — 03.,A3)Y1.ns
Yin = YinPo(I = 8inAi)Yisin + Yir1,nPo (I — 6iv1,nAiv1)Yitin
+YitonPo(I — divondita)Vit1n, 1=1,2,...,m,
Ym+1,n = Tn,
where P is a metric projection of H onto C fori =1,2...,m, 4;: C — H isa

d;-inverse strongly monotone mapping, F': C' — C' is a mapping which is both

d-strongly monotone and A-strictly pseudo-contractive of Browder-Petryshyn

type such that 6 > %, f is a contraction on H with coefficient 0 < a < 1

and 7 is a positive real number such that v < (1 — 1/21%2)?)/04. Our purpose

in this paper is to introduce this general iterative algorithm for approximating
a fixed point of nonexpansive mappings and the solution set of the system of
variational inequalities for finite family of J-invers strongly monotone mappings
and A-strictly pseudo-contractive mappings of Browder-Petryshyn. We remark
that our results improve and extend the results of Marino and Xu [10], Yao
and Yao [21], Chen et al. [4] and many others.

2. Preliminaries

This section collects some lemmas which will be used in the proofs of the
main results in the next section.

Lemma 2.1 ([5]). For a givenx € H, y € C,
y=Pox = {y—xz,z2—y) >0, VzeCl.

It is well known that Po is a firmly nonexpansive mapping of H onto C' and
satisfies

(3) | Pox — Pey ||?< (Pex — Pey,x —y), Va,y € H.

Moreover, Po is characterized by the following properties: Pox € C and for all
re H,yel,

(4) (x — Pox,y — Pcx) <0.
It is easy to see that (4) is equivalent to the following inequality
() |z —yl*2llz— Pex | + ||y = Pox ||* .
Using Lemma 2.1, one can see that the variational inequality (1) is equivalent

to a fixed point problem.
It is easy to see that the following is true:

(6) u€eVI(C,A) & u=Po(u—Nu), X>0.
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A set-valued mapping U: H — 2 is called monotone if for all z,y € H, f €
Ux and g € Uy imply (x —y, f — g) > 0. A monotone mapping U: H — 2 is
maximal if the graph of G(U) of U is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping U is maximal
if and only if for (z, f) € Hx H,{x—vy, f—g) > 0 for every (y,g) € G(U) implies
that f € Uz. Let A be a monotone mapping of C into H and let Nox be the
normal cone to C at ¢ € C, that is, Nex = {y € H : (z—z,y) < 0,Vz € C}
and define

| Az + Ncz, ze€C,
(™) Uz{@ z ¢ C.

Then U is the maximal monotone and 0 € Uz if and only if z € VI(C, A); see
[18].

Let C be a nonempty subset of a Hilbert space H and T': C'— H a mapping.
Then T is said to be demiclosed at v € H if, for any sequence {z,} in C, the
following implication holds:

z, ~uedC and Tz, — v imply Tu =,
where — (resp. — ) denotes strong (resp. weak) convergence.

Lemma 2.2 ([8]). Let C be a nonempty closed convex subset of a Hilbert space
H and suppose that T: C — H is nonexpansive. Then, the mapping I — T is
demiclosed at zero.

Lemma 2.3 ([11]). Let (E,(-,-)) be an inner product space. Then for all
x,y,2 € E and o, 8,7 € [0,1] with a + 8+~ =1, we have

laz+ By +yz P=allz P +8 1y I* vl 2 I* —aB |z —y |
—ayfla—z* =By ly—=]*.
Lemma 2.4 ([1]). Let H be a real Hilbert space. Then, for all x,y € H

@)z -y [P<|l« | +2(y,2 +y),
(i) o —y "=l = [I* +2{y, z).

Lemma 2.5 ([13]). Let C' be a nonempty closed convex subset of a real Hilbert
space H.

(i) If F: C — C is a mapping which is both &-strongly monotone and
A-strictly pseudo-contractive of Browder-Petryshyn type such that 6 >

142 2—-29
2 1-X°

(ii) If F: C — C is a mapping which is both §-strongly monotone and
A-strictly pseudo-contractive of Browder-Petryshyn type such that 6 >
%. Then, for any fived number 7 € (0,1), I — TF 1is contractive with

. Then, I — F is contractive with constant

2-2§
constant 1 — 7 (1 — ﬁ)



SOLUTIONS OF SYSTEMS OF VARIATIONAL INEQUALITIES 625

Lemma 2.6 ([20]). Let {an} be a sequence of nonnegative real numbers such
that
An+1 S (1 - bn)an + bncn; n Z 0;

where {bn} and {c,} are sequences of real numbers satisfying the following
conditions:

() {00} © (0.1). 5 b = o0,
(ii) either imsup,, . cn <0 or 30" |bncy| < 00.

Then, lim, oo a, = 0.

3. Strong convergence theorems
The following is our main result.

Theorem 3.1. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let F: C — C be a mapping which is both §-strongly monotone and
A-strictly pseudo-contractive of Browder-Petryshyn type such that d > (14+))/2,
f: C — C a contraction with coefficient 0 < o < 1 and v be a positive real
number such that v < (1 — \/21%2;;)/@. Let T: C — C be a nonexpansive
mapping and for each i = 1,2,...,m + 2, let A;: C — H be a J;-inverse
strongly monotone mapping and F = ﬂ;’jﬁ VI(C,A;)) N Fiz(T) # 0. Let
{an}oZe, {VintiZy ner and {0in}iZy 22y be sequences in (0,1), and {Bn}32,
be a sequence in [0,1) satisfy the following conditions:

(Bl) Yin + Yi+1,n + Yi+2,n = 1; 0 < lim 1nfn—>oo Yi,n S lim SUPy, o0 Viyn <1
and {d;n} C (0,20;), i=1,2,...,m,
(B2) limy, 00 vy =0, 220:1 an, =00 and limy,_ oo Bp = 0.

(B3) Yooy lompr —an|< 00, 307 [ Byt — Bul< 00, Y02y [int1 — din|
oo .
<00, Yooy | Vins1 —Yin|< 00, i=1,2,...,m+2.

Suppose {x,}22 1 and {y,}52, are sequences generated by xo € C' and
Tnt1 = anVf (TPl = 61,0 A1)y1,0) + BnPo(l — b2, A2) 2y,
+ ((1 = Bu)] — an F)T P (I — 85 0 A3)Y1 1,
Yin = YimnPo I = 0inAi)yiv1n + YirrnPol = div1nAiy1)Yit1n
+ YitanPo(I — divanAive)Vivin, t=1,2,...,m,
(8) Ym+1n = Tn-

Then {zn}ply and {Yin}io) ,=y converge strongly to x* € F, which is the
unique solution of the system of variational inequalities:

(Ajz*,x—2*y >0, VeeF,i=1,2,...,m+2.

Proof. By taking
Uin = Po(I — 6 nAi)Yit1,n,
Vin = Po(I — 8it1nAit1)Yit1,n,
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Win = Po(I —diyondit2)Vitin, t=1,2,...,m.
We shall equivalently write scheme (8) as follows:
Tnt1 = anYf(TPc(I — 61,0 A1) Y1) + BnPo(I — 62.nA2)z,
+ (1 = Bn)I — anF)TPc(I — B3.nA3)Y1m,
Yion = VinWin + Vit1,nVin + Vit2,nWin, =1,2,...,m
(9) Ym+1,n = Tn-

Since {5”1};11;”:1 satisfy in condition (By) and A; is a d;-inverse strongly
monotone mapping, for any z,y € C, we have

I (I = GinAi)z — (I = 850 Ai)y |I?
= || (z —y) = din(Aiz — Aiy) |I°
= |z =y | —20inle —y, Aix — Aiy) + 67, || Aiw — Ay ||

< e —y |1* —20i00i | Aiw — Ay ||* +07, || Aiw — Asy ||?
= 2=y I +6in(din — 26:) || Az — Asy ||
< flz—yl?.
It follows that
(10) [T =dindi)r— (I —dinddyISlz—yll, i=12,....m+2.

Let p € F, in the context of the variational inequality problem the character-
ization of projection (6) implies that p = Po(I — 8 nA4i)p, i =1,2,...,m+2.
Using condition (Bj), (10) and Lemma 2.3, we get

| Yi =2 II?
= || YinPc(I = 0i nA)Yit1,n + Vit1.nPo(I — 0it1,nAit1)Yit1n

+Yir2nPo(l = divonAisa)yivin —p ||
< i | Po(I=8inAd)yi1,n =0 |2 +vitin | Po = Sip1nAis1)Yis1n — |

+Yiton || Po(I = Giyondiz2)yitin —p ||
< Vi | Y1 =2 12 Hviern | viern =2 12 Fviczn | yirrn — 2 |12
= (Vi + Vit 1 +Yiv2,0) (| Yirrn — 2 [I°=1 gis1n =2 |I* .

Which implies that
(A1) Nyin = lI<N2n— < <Nmn — I s~ pl=ln — o]l

First we show that {z,} is bounded. Indeed, we take p € F. Then using

(6), (11) and Lemma 2.4, we have
| #ns1 —p

= [l anyf(TPc(I — d1,nA1y1n) + BnPe(l — 62,0 A2)zn

+((1 =B — anF)TPc(I — 03.nA3)Y1.n — D ||
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| [((1 = Bu)I — anF)TPc(I — 03,0 A3)y1,n — (1 = Ba)l — anF)p
+ ﬁn[PC(I - 527,“42).%'” - p] + O‘n['Vf(TPC(I - 61,71141)91,71 - F(p)] H

—20
< <1ﬂnan (1 - ))nyl,nmwn e
+ o | V(TP =61 nA1)y1n) = 7f(p) | +an [ 7f(p) = F(p) ||
—20
< <lﬂnan (1 21_2)\ va>>| Yin —p ||
+ B | @n —p || +an | 7f(p) = Fp) |l
229
< (1—% (1— — —w) ) | 2n—p|
e70) 1- 21—26_’7(1
Lo L ) |7 @) = F) |
T
-1
—20
< max (1 21_2)\ w) [ 7vf(p) = F@) I 2n —p |l

By induction,

—1
2—26
| 20— p | max (1— 1A—7a> 19/@) ~ F@) Il 20— p |

Therefore, {x,,} is bounded and so are the sequences {y; »};~; ,—,. Now we
claim that
(12) lim || Zp41 — 2, ||=0.
n—oo
From the definition of {y;,}, we have

| Yint1 — Yim ||
= || Yin+1Win+1 + Vit1,n+1%,n+1 T YVi+2,n+1Win+1 — Vin+1Uin
— Yit1,nVin — Yi+2,nWin |
= || Vint1(Wint1 — Uin) + (Vi1 = Vi) Uin + Vir1,n+1(Vint1 — Vin)
+ (Yig1,n+1 — Vit 1,0)Vin + Vit 2,41 (Wint1 — Wip)
+ (Yig2,n+1 — Yit2,n)Win ||
< Vit | Uin1r — tin || Vit 141 || Vinar = Vi |
+ | Yint1 = Vi |l @i ||

+ Yit2,n+1 I Wi n+1 — Win |
+ | Yitt,n41 = Vit [l Vi | + | Vitzne1 = Yivzn (|| i |
= Yin+1 || Po(I = 0int14:)Yitint1 — Po(L — 6int14i)Yit1n
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+ Po(I = 0imt14i)Yit1,n — Po(I — 0 n14:)Yit1n ||

+Yit1,n+1 || Po(I = dig1n+14i+1)Vit1.n+1 — Po(I — dit1 nt14i+1)Yit1 0
+ Po(I = dix1,n+14i+1)Yit1,n — Po(I — dig1,nAit1)Yit1,n |

+ Yito,n41 || Po(I — dit2.nt14iv2)Yit1,n+1 — Po(d — Oit2,nt14i42)VYit1,n
+ Po(I = biv2n1Aiv2)Vivin — Po(I — divanAiya)yitin ||

+ Vit = Vi |l wisn | + | Vier,ne1 = Yiern [l Vi ||

+ | ittt — Yitzn || win ||

< Yint1 || Yittnt1 — Yitin ||

+ Yin+41 | Sint1 = Gin1 ||| Aivitrn ||

+ Vit 1,41 | Yit1,n41 — Vit ||

+ Vit 141 | it 1,n41 = Giv1n || Aiv1¥it1n ||
+Yirontt || Yit1ne1 — Yivin ||

+ Yit2n+1 | Giv2n41 — Siton ||| Aivayivin ||

+ [ Vit = Vi | wign [+ [ Vit 1,m41 = Vit || Vi ||
+ [ Yit2n41 — Vit || win |l

Yint1 || Yit1n41 — Yit 10 [| FYin+1 | Gins1 — Sins1 ||| Aitigrn ||
+ Vit 1,041 | G141 — Sitrn || Ait1yitrn ||

+ Yitznt1 | Git2nt1 — Givzn || AiveYitin |

+ [ Vit = Vi | wign [+ | Yit1,041 = Vit || Vi ||

+ [ Yir2nt1 = Yirzon ||| Wi ||

which implies that for some approximate constant M; > 0,

| Yint1 = Yin |l

< N Yitrne1r = Yivrn |+l a1 = i | + [ it 1,041 — Giern |
+ | Sit2,n41 = Giv2n |+ | Vit — Vi | + | Vint1 — Vi |
+ Yi+2,n+1 — Yi+2,n (] M.

It follows that

(13) || Yin+1 — Yin ||

m
< @1 =T |+ D> [ Gmsr = Gjin | + | Gj1m41 — Oj1m |
=i
+ | 6j42nt1 = Oivan | + [ Vint1 — Vin | + | Vine1r — Vi |
+ [ Vit2nt1 — Viton [1M;.

Indeed, we have

| Zns1 —zn ||
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| anvf(TPc(I = 61,nA1)y1,n) + BnPo(I — d2,nA2)Tn
+((1 = Bn)] — anF)TPc(I — 03.n,A3)11,n
— a1V f(TPc(I — 61, n—141)Y1.n-1) — Bn—1Pc(I — 62 pn—142)Tn_1
—((1 = Bn-1)I —an 1 F)TPc(I —03n-143)y1,n-1 ||
| [((1 = Bu)I — anF)TPe(I — 03,0 A3)Y1,n
—((1 = Bp)I — anF)TPc(I — d5n-143)y1,n—1]
+ [((1 = Bu)I — anF)TPo(I — 63,n—1A3)Y1,n-1
—((1 = Bn-1)I —an 1 F)TPc(I = 63n—1A43)Y1,n-1]
+ BnlPo(I — d2,nA2)xn — Po(I — 02,0 A2)Tn—1]
+ Bu[Pc(I — 62 nA2)xn_1 — Po(I — d2.n—1A2)Tpn_1]
+ (Bn = Bn—1)Pc(I = b2,n—142)Tn—1 + anY[f (T Pc(I = 61,0 A1)Y1,n)
= f(TPc(I - 51,n71A1)y1,n71)]
+ (an — an—1)vf(TPc(I — 61,n-141)y1,n-1) ||

2—20
< (1 Brn— o < V1o )) | (I —63.nA3)Y1,n— T — I3 n—143)y1.n—1 ||

+ | Bn = Bu—1 [ TPc(I — 63,n-143)y1,n—1 |

+ [ an —an—1 ||| FTPc(I — B3n-143)y1,n-1 ||

+ B || Tn = o1 || +6n | 02,0 — d2,n—1 ||| A2zp—1 ||

+ [ Bn = Br—1 |[| Po(I = 02n—1A2)Tn—1 || +omya || 1 — y1n—1 ||
+lan —an_1 [y | f(TPe(] = 61,n-141)y1,n-1) ||

2—26
S (15710471 (1 1_)\ 7a>> ”yl,n*yl,nfl ||
[2 —26
+ (1 _ﬁn — Qp (1 - 1\ _>> |63,n - 53,71—1 |H AByl,n—l ||

+ | Bn = Bn—1 | TPc(I = 63n—143)yn—1 ||

+ o — a1 |[| FTPo(I = 03 n—1A43)y1,n-1 |

+ Bn H Tpn — Tn-1 H +Bn | 02,0 — 02,n—1 ||| AoTp—1 H
+ | B = Bu—1 ||| Pe(I — d2,n—142) 01 ||

+an —an-1 [ 7| fF(TPc(I = 61,n-141)y1,0-1) |,

which implies that for some approximate constant M > 0,

(14) [ zngr — @ ||

2—26
S (1/8710571(1 1_)\7a>>|yl,nyl,nl|




630

HOSSEIN PIRI

+Bn | 2n — Tt || [ 63,0 — 03—1 | + | B — Bt | + | @ — a1
+ | 62,71 - 62,71—1 | + | ﬁn - Bn—l || Qp — Op—1 |]M
Substituting (13) into (14), we obtain

(15)

| Zng1 — 2 ||

< (1 Y n n
>~ (07 1 — )\ Yo Tn Tn—1

m
+ Y 1 6m = Gt |+ [ 6551m = Gjm1 |+ [ Vim — Vin—1 [1M;
j=1

+ [| 53,71 _63,71—1 | + | ﬁn _Bn—l | + | Qp — Op—1 |
+ | 52,71 - 52,7171 | + | /Bn - ﬂnfl || Qp — Op—1 ”M

Thus, using condition (Bs) and Lemma 2.6 to (15), we conclude that

lim || Zp41 — 2, ||=0.
n—oo

In this stage we well show that

(16)

Tim s~ g =0,
nlggo | vi;n = Yit1n [[= 0,

lm || win —Yit1n =0, i=1,2,...,m.
n—oo

By p € F in (11) and the definition of {x,}, we have

(17)

IN

IN

| Zni1 —p |

| cny (T Po(I = d1,nA1)y1,n) + BuPo(l — b2, A2) Ty,

+ (1 = B)I — an F)TPo(I — 63,0 A3)y1.n —p |2

| 1((1 = )] — an F)T Po(I — 030 A3)y1.n — ((1 = Bu)] — an F)p]

+ BulPo(I = 02,0 A2)tn — pl + an Y f(TPc(I — 610 A1)y1n) — Fpl |12
| (1= Bn)I — anF)TPe(I — 03,0 As)y1n — (1 = Bn)] — anF)p ||?
+ 28, (Pc(I — 62,nA2)xn — D, Tny1 — D)

+ 20, (Vf(TPc(I — 01,nA1)Y1,0) — F'py g1 — D)

226 )
< _ _ _ _ —
= (1 Bn Qp (1 1 — )\ ’7(1) ) H yl,n p H

+ 2B (Po(I — 02,nA2)Tn — P, Tng1 — D)

+ 200 (v f(T'Pc(I = 61,nA1)Y1,0) — Fp,Tny1 — p)

| y1n — 2 [I* +2Bn(Pc(I = 62.nA2)xy — P, Tnt1 — D)
+ 200 (Vf(TPc(I = 61,0 A1)Y1,n) — FDy Tyt — p)




SOLUTIONS OF SYSTEMS OF VARIATIONAL INEQUALITIES 631

< | yin —p |I? +2Bn(Pc(I = 62,0 A2)2y — P, Tnt1 — D)
+ 2an<’7f(TPC(I - 51,71141)91,71) —Fp,xpnqy1 — p)-

From (6), (11), (17) and Lemma 2.3, we have (for i =1,2,...,m)

| pir —p |I°
| YinPo(I — 8i nAi)Yit1n + Yit1,n Po(I — 0it1,nAit1)Yit1n
+ virenPo(I = diyonAiva)yivin —p |
+ 28, (Pc(I — 62,nA2)xn — D, Tny1 — D)
+ 20, (Y f(T P (I = 01,0 A1)Y1,0) — D, X1 — p)
Vi || Po(I=0inA)yir1n—0 > +Yit1n | Pe(I=0i11nAig1)yiv1n—p |I?
+ itz | Po(I = diyonAiva)yirin —p ||
+ 2B (P (I — 62,0 A2)Tn — P, Trny1 — D)
+ 200 (Y f(TPc(I = 61,nA1)Y1n) — Fp, Tny1 — p)
<Ain || Wix1,n = D) = Gin(Aiyir1n — Aip) > +Yit1n | Yi10 — 0 |I?
+ Yitzm | Yisrn — 0 |I> 4280 (Pc(I — 820 A2)T0 — P, Tng1 — p)
+ 20, (Yf(TPc(I — 61,nA1)Y1,0) — F'p, Tng1 — p)
<Aimlll Yiv1,n =2 1?4670 | Aitiirr,n — Aip |I”

IN

IN

— 20in(Aiyis1n — Aip, Yis1n — D))+ Yitrn | Yirrn —p I
+Yit2n || Yiv1n — D H2 +26p(Pc (I — 02,0 A2)Tn — P, Tnt1 — p)
+ 200 (Vf (TP (I = 61,0 A1)y1,n) — Fp,2ngr — p)
< (Vion + Yis1,n + Vo) | Yisr1n — D ||2 +6i2,n | Aiyit1,n — Aip H2
—205,00; || Aityiv1.n — Aip |* +28,(Po(I = 83,0 A2)xn — P, Tny1 — p)
+ 20 (Y f(TPo(I = 01,nA1)Y1,0) — FP, Tpt1 — p)
< N @n =p 1* +0i0(8in — 26:) || Aiyir,n — Aip |2
+ 2B (Po(I — 02,0 A2)Tn — P, Tng1 — D)
+ 20 (Y f(TPe(I = 01,nA1)Y1,0) — P, X1 — p)

which implies that

(18) = 8in(bin —20) || Aiyirrn — Aip |I°

ln =2 1* = | @1 = p I +2B0(Pe(l = 2,0 A2)x — P, Tps1 — p)
+ 20, (VfF(TPc(I — 61041 )1 n) — FD,Znt1 — )

[l zn —p Il + [ Zngr =P ] | Znsr — 20 ||

+ 28, (Pc(I — 62,nA2)xn — D, Tny1 — D)

+ 200 (Vf(TPc(I = 01,nA1)y1n) — Fp, Tnia — ).

N

A

IN

IN
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Using (12), (18) and condition (Bs), we get
(19) nh_}lrr;o | Aiyit1n —Aip||=0, i=1,2,...,m.
Repeating the same argument as above, we conclude that
nlggo | Ait1Yivin — Aip1p =0,
(20) nh—>Holo | Aivoyitin — Aigop |=0, i=1,2,...,m.
From (3), we have
| i —p [I”
| Pa(I = 0inAi)yis1m — Po(I = 6inAip) ||?
(I = 0inAi)yiv1n — (I = GinAi)p, Uisn — P)
ST = GonAd)yisrn — (T =60 Ap |7 + | i~ p |
— | (I = i A)yir1,n — (I = 0inAi)p — (i — p) |I°]

IN

IN

1
§[|| Yirin —p 17+ [ win —p ||
— | (I = BimnAi)Yiz1n — (I = 85 Ai)p — (uim — p) |I7]

1
= Ul irin =P I7 + T i =2 I* = | gisrn = win [I?

+ 2600 (Yit1,m — Ui Ailiv1n — AiD) — Op | Aitpizrn — Aip |7,

So we obtain

i =2 12< 1 Yirrn =2 12 = | ir1,0 — i [
+ 20; 0 (Yit1,n — Win, AilYit1,n — AiD)

(21) =670 | Ayizan — Aip |17, i=1,2,...,m.
By using some method as (21), we have

[ vim =2 IP< | i1 =2 17 = | gis1n — vin |

+ 25i+1,n<yi+1,n — Vin, Ai+1yi+1,n - Ai+1p>

(22) - 61'2+1,n || Ait1Yiv1,n — Aip1p ||2, i=1,2,...
and

lwip =2 IIP< [ Yitrn =2 1P = || Yiv1,0 — wisn |I”

+ 20420 (Yit1,n — Vin, AitaYit1,n — AitroD)

(23) — 6o | Airayiin — Aipap I, i=1,2,...

From (17), (21), (22), (23) and Lemma 2.3, we have

I @nsr —p |

< | Yim —p II? +2Bn(Pe(I — 62,0 A2)Tn — P, Tnt1 — D)



IN

IN

<

IN
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+ 20, (Vf(TPc(I = 01,0 A1)Y1,0) — Fp, Tns1 — D)

| YinPo(I — 8i nAi)Yit1n + Yit1,nPo(I — dit1 nAit1)Yit1n

+ YirenPo(I = diyonAiva)yivin —p |

+ 2B (Pc(I — 02,nA2)Xn, — Py Tny1 — P)

+ 20‘n<7f(TPC(I - 51,nA1)y1,n) —Fp,xpnq41 — p>
Vi | Wi =2 1* i1, || vin — 2 |12

+Yiton | Win —p |I* 4280 (Po(I — 02, A2)Tn — Py Tpt1 — p)

+ 20‘n<7f(TPC(I - 51,nA1)y1,n) —Fp,xpqe1 — p>
%n[” Yi+1ln — P ||2 = Yi+1,n — Uin ||2

+ 20; 1 (Yit1,n — Win, AilYiv1,n — AiD)

=670 Il Atizrn — Aip |IP] + Yisrnlll viv1m =2 17 = | Yit1n — vimm I?
+ 20it1,0Yit1,n — Vi, Ait1Yit1,n — Air1D)

— 62 1m Il Ais1Yiv1n — Aigrp |7

+Yit2nlll Yit1,0 —p ||2 =l Yit1,n — Wi ||2

+ 20;42.0(Yit1,n — Vipn, AitaYit1,n — AitraD)

- 51'24-2,71 || Ai+2yi+1,n — Aijap ||2]

+2Bp(Pe(I = 02,0 A2)Tn — P, Tny1 — p)

+ 20‘n<7f(TPC(I - 51,nA1)y1,n) —Fp,xpy1 — p>

(Yirn + Vit + Yivzn) | Yirrn = 2 12 +5in[= | Yis1,0 — i |12
+ 265 n Yit1,n — Wiy Aitlizin — Aip) — 07, || Avyizin — Aip 7]
Vit tn[= | Y10 = vin |12

+ 20i41.0Yit1,n — Vi, Ait1Yit1,n — Air1D)

— 62 1m Il Ai1Yiv1n — Aigap |17]

+Yir2nl— | Yiv1,n — Wi |12 +28i12.n0(Yit1,n — Vi, AivoVitin — AitaD)
— 62vom || Aisaiv1n — Aigap |7]

+ 2B (Pc(I — 02,nA2)Xn, — Py Tny1 — P)

+ 200, (Y f(TPc(I = 01,0 A1)Y1,0) — Fp, Tns1 — D)

| Zn =D I? +inl= || Yit1.n — Wi [I* +26i0 Yit1,n — Wins Ailit1,n — Aip)
=07 | Aiirrn — A 112l + Yirrn[— | iv1m — vim |I?

+ 20;41,n0(Yit1,n — Vipn, Ait1Yit1,n — Aix1D)

- 51'24-1,71 H Ai+1yi+1,n —Aip1p H2]

+Yiron = | Yis1n — Win I* #2620 Yit 1.0 — Vin, AivoYirin — Airap)
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=671 0m || AiaYitin — Aivap |1°]
+2B8n(Pc(l — 62,0 A2)Tn — P, Tnt1 — D)
+ 20‘n<7f(TPC(I - 51,nA1)y1,n) —Fp,xpy1 — p)-

Which implies that

Vi | Yit1n — Ui ||2
<llzn=pll+ [l Zptr =] | nt1 — 2 ||

+ Yi,n 2000 (Yit 1,0 — isns AilYit1,n — Aip)

— 07 1 Aiyisrn — Aip 2]+ virnl= | Wit1n — vin ||

+ 20410 (Uit 10— Vins Ait1Yit 10— Ai1D) = 031 || Aiprtirnn—Aivap ||°]

+ Yiron[— || Yit1,n — Wi [|* 4260420 Uit 1.0 — Vins AipoYit1n — Aigap)
— 0% | Aivoyivin — Aigop |12 + 28, (Po(I = 02,0 A2)Tn — P, &ni1 — )
+ 20, (Yf(TPc(I = 61,0 A1)Y1,0) — F'p, Tpt1 — D),

Vit || Yit1n — Vi ||2
<llzn—pll+ I Zppr =2 ] | @nt1 — 20 ||
Vil | Yit10 = Uin [* 42000 Yit 1,0 — Wiin, Aiis1,n — Aip)
=020 | At 10— Aip 2]+ Vit 1,020 41,0 (Wit 1,0 = Vins Ait1Yis1,0— Air1p)
- 61'2—1-1,71 | Aiv1¥isin — Aierp [P+ Yieom [ | Yiv10 — win ||

+ 25i+2,n<y¢+1,n*1)i,m Ai+2yz‘+1,n*x4i+2p> - 5i2+27n || Ai+2yi+1,n*Az‘+2p ||2]
+ 2ﬂn<PC(I - (52,71142)1'” — Dy Tpt+1 — p>

+ 2an<7f(TPC(I - 51,71141)91,71) —Fp,xpq41 — p>

and

Yi+2n || Yit1n — Win ||2
<llzn—pl+ Tzat1 —p I Znt1 — zn |l
+ Yi,n (2050 (Yit 1,0 — Uin, AiYit1,n — Aip)
— 07 1 Ay rn — Aip 2]+ virnl= | Wit1n — vin ||
+ 20410 (Uit 10— Vions Ait1Yit 10— Ait1D) = i1 | Ait1Yivr,n— Aipap %]
+ Yi+2,n[20i42,n Wit 1,0 — Vi, Ait2Yit1,n — Ait2p)
— 67 om || AivaYivin — Aivap |17]
+ 28, (Pc(I — 62,nA2)xn — D, Tny1 — D)
+ 20, (v f(TPc(I — 51,nA1)yl,n) — Fp,xny1 —p)-
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Therefore using condition (Bz), (12) and (19) and (20) we get (16). We now
show that

(24) nh_}rrgo | , — Ty ||= 0.
Since T is nonexpansive, we get
| 2n = Tan [|[< || 20 — Zps1 | + || Zpg1r = TPl — 63,0 A43)y1.n ||
+ | TPc(I = 03,0 A3)y1n — TPc(I — 63,0 A3)y2,n ||
+ | TPc(I = 03,0 A3)y2,n — Ty2,n | + | Ty2,n — Ty |
< || Tn — Tn+1 || +on ” 'Yf(TPC(I - 51,nA1)?J1,n)
— FTPc(I — 930 A3)y1n || +6n || Po(I — 62,nA2)zy
= Po(I = b3.0A3)y1n | + [ Y10 — Y2, |l
+ || Po(I = 03,0 A3)y2,n — Y2 | + || y2,0 — 20 ||
< H Tn — Tn+1 H +on ” 'Yf(TPC(I - 51,nA1)?J1,n)
— FTPc(I — 330 A3)y1.n ||
+ Bn || Po(I — 02,0 A2)xn — Po(l — 63,0 A3)Y1,n ||

(25) + [ win =y | +Z | Yin — Yit1n | -
i=1
Since {ay,} and {f,} satisfy in condition (Bz). From (12) and (16), we get
(24).
Next, let us show that there exists a unique x* € F such that

(26) limsup((F — vf)z*, 2" — x,) <O0.
n— oo

Let @ = Pr. Then Q(I — F + «f) is a contraction of H into itself. In fact,
we see that

| QU - F+~f)x—QUI—-F+~f)y

SIT-FHyflz=T-F+vf)yl

< =By~ (= Fly | +7 1 1) - £) |

=l (= (= D) P~ (- (= ) F)y 471 7@~ 1) |
< dm (1= (=27 eyl +ralz-y]

Q=7 lz-yltyalz-yl,

and hence Q(I — F +~f) is a contraction due to (1 — (7 —ya)) € (0,1).

Therefore, by Banach’s contraction principal, Px(I — F 4+ v f) has a unique
fixed point z*. Then using (6), z* is the unique solution of the variational
inequality:

(27) ((vf—F)z",x —2*) <0, VxeF.
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We can choose a a subsequence {x,,} of {x,} such that
(28) limsup(yf(z*) — Fa*, 2z, —2*) = lim (yf(z*) — Fa*, 2, — 2").
n—00 J—0o0

Because {zy, } is bounded, therefore {x,, } has a subsequence {z,, } such that
Tp;, — 2. Without loss of generality, we may assume that x,; — 2. it follows
from (24) and Lemma 2.2 that z € Fiz(T).

Now, let us show that fori = 1,2,...,m+2,z € VI(C, 4;). Let U;: H — 2H
be a set-valued mapping defined by

. _J Aiz+ Nez, xeC,
U“””‘{@, rgC,

where Ngx is the normal cone to C at x € C. Since A; is monotone. Thus U
is maximal monotone see [18]. Let (z,y) € G(U;), hence y — A;x € Neox and
since u; n, = Po(I — 6;,nAi)Yit1,n, therefore (x — u; pn,y — A;x) > 0. On the
other hand from u; », = Po(Yit1,n — dinAi¥it1n), we have

(® — Ui ps Win — Yit1,n — OinAiYit1n)) > 0,
that is,
Uin — Yi+1mn
61' n

)

(T — Ui, +AYirin) >0

Therefore, we have

(T — Ui, y)
> (@ — Ui, Aix)
Uin; — Yit+ln;

5 + AilYiyin;)
i,nj

> <:C — Ujny, A1z> - <:C = Uiny,

U; n; Yi+1 ]
= <:C — Ujny, Azl' - Aiyi+1,nj>

61’,7”’

=T — Ui, Ai — Al ;) + (& — Ui, Aitlin; — Ailivin,)

Ui p: — Y )
— (&~ im,, W&—yzﬂam
2,15
Uing; — Yitlng
> (2 = Ui,y Aillin; — Ailitin,) — (T — Uin;, %>
,M5
Uing; — Yitln,
> (T = Uiy, Aittiing — AiYit1n;)— || T — un; || % |-
,M5
NOtiDg that lim; || Uin; —Yit1,n; ||: 0, lim; o0 || Yi+1n —Tn H: 0, T, —Zz

and A; is %—Lipschitzian, we obtain
(x — z,y) > 0.
Since U; is maximal monotone, we have z € U;lo, and hence

2 eVIC,A), i=1,2,....,m.
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Repeating the same argument as above for v; ,, and w; ,,, we conclude that
2eVIC, A;), i=2.3,...,m+2.
Therefore z € F and applying (27) and (28), we have
lim_>sup<(7f — F)a™,z, —a™) <0.

Finally, we prove that z, — 2* as n — oo. Takeing 7 = 1 — (/222 and

using (6), (11), and Lemma 2.5, we have

| @1 =2 [°= || any f(TPe(I = 81,0 A1)Y1,n) + BuPe(l — 62,5 A2)Ty
+ (1= Bu)I — a F)TPo(I — 63, A3)y1,n — ™ ||

[ (A= Bp)I — anF)TPo(I — 63,0 A3)y1,n
— (1= B — an F)T Pc(I — 03, A3)z"]
+ Bn[Pc(I — 02,0 A2)xy — Po(l — 02,0 A2)x™]
+an[yf(TPe(I = 81,0A1)y1,n) — Fa*] |2

< [ [((L = Bu)] — an )T Po(l — 63,0 A3)yn
— (1= B — anF)T Pc(I — 03, A3)z"]
+ BnlPo(I = 62, A9)wy, — Po(I — 63, A2)x*] ||
+ 20, (Vf(TPc(I — 61,0 A1)y1.0) — Fo*, xpy1 — 27)
<[(1 = Bn = anT) | Y10 — 2" || +Bn || 2 — 2™ |]?
200 (7 (Po(I = 81,0 A1) Tyn) — Fa*, i — )
< =B —ant) | 20 —a* || +8n || &0 — 2* |12

+ 20, Y(f(TPc(I — 610 A1)y10) — f(2%), Tp1 — ™)
+ 20 (f(2") = Fa™, mp gy — 27)
< (1= ant)? | zn—a" |I* +anyal] 2, —2*
+ 20 (vf(a*) — Fo*, 1 — ).

So we reach the following

1P+ @1 =™ [|7]

| Zpgr —a* |2
1+a272—2an7+an7a . 112
< 1 | 2 — 2™ ||
— apyQ
2a * * *
by (o) ~ Fa' 2t — )
— apyQ
2(1 — ya) — apT? 9
<(1- _ g
(1= a, 2208 g, o |
2(1 — ya) — a2 2 N N N
ap (T =ye) = an (vf(z*) — Fo*, xpp1 — x™).
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It follows that
(29) | Zng1 — 2 [P< (1= bn) | @0 — 2" ||* +bnca,

where

2(1 — ya) — a, T2

b, =«
" " 1 —ayya

and
2

2(r — ya) — a, 72

Cn = (vf(2*) = Fa*, pq1 — ).
Since {ov, } satisfies in condition (Bsz), we have Y b, = oo and by condition
(B2) and (26), we get limsup,,_, ¢, < 0. Consequently, applying Lemma 2.6,
to (29), we conclude that z, — z*. Since || yin — z* ||<|| @ — z* ||, for
1=1,2,...,m, we have y; , = z*.

By the careful analysis of the proof of Theorem 3.1, we obtain the following
theorem. Because its proof is much simpler than the proof of Theorem 3.1, we
omit its proof.

Theorem 3.2. Let C' be a closed convex subset of a real Hilbert space H.
Let F: C — C be a mapping which is both §-strongly monotone and A-strictly
pseudo-contractive of Browder-Petryshyn type such that 6 > (1+X)/2, f: C —
C be a contraction with coefficient 0 < a < 1 and v be a positive real number

such that v < (1 — ,/%)/a. Let T: C — C be a nonexpansive mapping

and for each i =1,2,...,m, let A;: C — H be a d;-inverse strongly monotone
mapping and F = (i~ VI(C, A;))NFiz(T) # 0. Let {a,}52, and {51-7"}?;’1;0:1

be sequences in (0,1), and {8}, be a sequence in [0,1) satisfy the following
conditions:

(Bl) {511»”} C (0, 251), Z = 1, 2, e, My
(B2) limy ooy =0, D07 | @y = 00 and lim,—,o B, = 0.

(B3) Yoo2y lant1 —anl< 00, 3507 | Brgr — Bul< 00, 220700 [0int1 — din
<oo, t=1,2,...,m.

Suppose {xn oy and {yn}i2) oy are sequences generated by xo € C' and
Tpt+1 = an’)’f(xn> + Bnn + ((1 - ﬂTI)I - anF>TPC(I - 51,nA1>y1,n7
Yin = Po(l = 0inAi)Yiv1m, i=1,2,...,m,
Ym+1n = Tn-

Then {xn}p2y and {yin}io) aey converge strongly to x* € F, which is the
unique solution of the system of variational inequalities:

(Ajx*,x—o*) >0, VexeF,i=12,....,m.

Corollary 3.3 (See Yao and Yao [21]). Let C' be a closed convex subset of
a real Hilbert space H. Let A be a d-inverse strongly monotone mapping of
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C into H and let T be a nonexpansive mapping of C into itself such that
Fiz(S)NVI(C,A) #0. Suppose x1 =u € C and {x,} and {y,} are given by

Yn = PC(I - AnA)Z'nv
Tnt1 = Qutt + Bpxn + YT Po(I — Ay A)yn,

where {an}, {Bn}, {Cn} are three sequences in [0,1] and {\,} is a sequence in
[0,2a]. If {an}, {Bn}, {n} and {\.} are chosen so that A, € [a,b] for some
a,b with 0 < a <b <20 and

(B1) an+Bn+ym =1,

(BQ) lim,, 00 0 = 0, 22021 On = 00,

(B3) 0 < liminf, e Ay < limsup,, . An < 1,
(B4) llmn_ﬂxj()\n_i_l - )\n) =0.

Then {xn}52, converges strongly to Ppiy(synvi(c,a)t.-

Proof. Tt suffices to take FF = I, f = %u, Al = A, 61n = M, Yin = YUn,
Y =1—=0n —ayp, forn € Nand Po(I — 6;,4;) = I, for i = 2,3,...,m, in
Theorem 3.2.
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