J. Appl. Math. & Informatics Vol. 32(2014), No. 3 - 4, pp. 475 - 489
http://dx.doi.org/10.14317/jami.2014.475

STABILITY ANALYSIS OF AN HIV PATHOGENESIS MODEL
WITH SATURATING INFECTION RATE AND TIME DELAY'

MAOXIN LIAO*, SA ZHAO AND MANTING LIU

ABSTRACT. In this paper, a mathematical model for HIV infection with
saturating infection rate and time delay is established. By some analytical
skills, we study the global asymptotical stability of the viral free equilibrium
of the model, and obtain the sufficient conditions for the local asymptot-
ical stability of the other two infection equilibria. Finally, some related
numerical simulations are also presented to verify our results.
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1. Introduction

In recent years, much great attention has been paid to the HIV pathogenesis
model, and a lot of meaningful results have been obtained (for example, see
[1-12, 16, 18]). By analysing these models, scholars had obtained much knowl-
edge about the mechanism of HIV infection, which enhanced the progress in
understanding of HIV and its drug therapies.

It is well known that the following HIV infection model with immune response
was investigated by Perelson et al. in [2].

da(t) _ o _ dz(t) — kx(t)v(t),

dt
WO — L (t)o(t) — Sy(t) — py()=(2), o
) — Noy(t) — po(t),
dztt) = f(z,y,2) — bz(1),
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where x(t),y(t),v(t) and z(¢) represent the concentrations of susceptible cells,
infected cells, virus particles and CTLs at time ¢, respectively. The parame-
ter s(s > 0) is the rate of the new target cells generated from sources. The
uninfected cells die at a rate of d, and k(k > 0) is the constant which describes
the infection rate. Once susceptible cells are infected we can assume that they
die at rate 0 due to the action of free virus particles, and release N new virus
particles during their lifetime. Thus, on average, the virus is produced at rate
Néy(t) and p is its death rate. The infected cells die at a rate of p due to the
action of immune system. The function f(zx,y,z) characterizes the rate of im-
mune response which is activated by the infected cells. Finally, b stands for the
death rate for CTLs.

In [15], Nowak and Bangham assumed that the production of CTLs is not
only dependent on the concentration of the infected cells, but also on the con-
centration of the CTLs, and choose f(x,y,z) = cy(t)z(t) (see, [2]), the model
(1) can be modified as follows:

dz(t)
dt

dyt) _ ka(tyv(t) — dy(t) — py(t)=(t), /

K a
o = Noy(t) - pu(t),

dili(tt) = cy(t)z(t) — bz(t).

Liu [20] analyzed the stability of model (1'). The infection rate between the
HIV virus and susceptible cells may not be a simple linear relationship in [1],
therefore we can consider the saturating infection rate into the model, which is
mentioned in [12]. In addition, time delay can not ignored in model for virus
production, since susceptible cells which is infected by virus generating new
virus may need a period of time. Hence, time delays paly a significant role in
the dynamical properties of HIV pathogenesis models.

Zhu and Zou [4] incorporated a delay into the cell infection equation in model
(1/) and proposed the following model:

=s—dz(t) — kz(t)v(t),

dz(t)
o = s —dz(t) — kx(t)v(t),

(@)
W) Noy(e) - m)

dzl—it) = cy(t)z(t) — bz(t).

In this paper, we incorporate a delay into the virus production equation and
saturating infection rate into the infection equation in model (2). Moreover, we
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z(t)v(t)

consider the lower activity function of the virus particles to susceptible

cells. Further, we propose the followilngﬁ())del:
S0 )
dZ(tt) _ i;a:(tc)lzgg — Sy(t) — py(t)=(t), o
W Noe= 7yt — =) — (),
T — cyvy=(0) =10,

where the state variables x(t),y(¢),v(¢), 2(t) and the parameters in system (3)
have the same biological meanings as in the system (1). a is a constant which
is greater than zero. 7 denotes the lag between the time that the virus infects
susceptible cells and the time that the infected cells generates new virus. the
term e~™" accounts for cells that have been infected at time ¢ but die before
releasing productively virus 7 time units later.

The novelty of the model (3) is that it includes both saturating infection
rate in the infection equation and time delay in the virus production equation,
and that we consider the lower activity function ff:izg of the virus particles to
susceptible cells.

The remainder of the paper is organized as follows. In Section 2, some useful
preliminaries are given. Section 3 is dedicated to the stability of the viral free
equilibrium, which is obtained by employing Liapunov function. In Section 4 and
Section 5, by carrying out a detailed analysis on the transcendental characteristic
equation of the linearized systems at the two infected equilibria, we respectively
get sufficient conditions for locally asymptotical stability of the two equilibria.
Further, some related numerical simulations are illustrated to verify conclusions
in Section 6. Finally, some conclusions are given.

2. Preliminaries

In this section, in order to prove our main results in this paper, we shall
consider the positivity and boundaries of solutions of system (3). After that,
three equilibria and the basic reproduction number Ry are also given.

Let X = C([—7,0]; R*) be the Banach space of continuous function form [—7, 0]
to R* equipped with the norm

[ell= sup [(0)],
<0

—T<0<

where ¢ € C. By fundamental theory of FDEs and biological reasons, there is a
unique solution (x(t), y(t),v(t), 2(t)) to system (3) with initial conditions:
{x(@) > 0,y(0) = 0,0(0) > 0,2(0) > 0,0 € [-7,0]

(z(0),y(0),v(0),2(0)) € X. (4)
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The following Lemmas are useful.

Lemma 2.1. Suppose that x(t),y(t),v(t), z(t) is the solution of system (3) sat-
isfying initial conditions (4). Then x(t) > 0,y(t) > 0,v(t) > 0,z(t) > 0 for
allt > 0.

Proof. Form each equation of the system (3), we can obtain
t
2(t) = z(0)e — [y (dth 2 ) de +/ — [y (d+k 1faizg>)d5dn
0

t
— 713(5+pz(5))d5 5’3(77)”( ) 7[ (6+pz(e))de
y(t) = y(0)e +/ kil—l—av( ] dn,

t

v(t) = v(0)e M + / Noy(n — T)e_"”e_”(t_")dn,
0

2(t) = 2(0)elo (cv(©)=b)de

Obviously, z(t) > 0, z(t) > 0 for all ¢ > 0. Next we only prove y(t) > 0,v(¢) > 0.

Suppose that y(¢) > 0 does not hold. Then there exists t; > 0, ¢; is the first
point which pass through the x-axis and make y(t) < 0, which satisfies y(t1) = 0
and y'(t1) < 0. We can obtain by the second equation of the system (3) as
follows:

y'(t) =k

If t € [0,%1], then

z(t1)v(th)

_a(t)u(ty)
1+ av(ty) F

—oy(h) —pylt)z(t) = k= e

< 0. (5)
t1
y(t1) > 0,v(t;) = v(0)e H —|—/ Noy(n— T)e_mTe_”(tl_")dn >0,
0
and z(t) > 0 for all ¢t > 0. We get

Y (t) =k

z(t)v(t)

1+av(ty) —
This is contradicted with (5), then y(¢) > 0. By a recursive demonstration and
initial conditions, we can easily get v(¢) > 0. The proof is complete. O

Lemma 2.2. Suppose that x(t),y(t),v(t),z(t) are the solution of system (3),
each of them is bounded.

Proof. We define

mT

F(t)::E(t)+y(t)+e v(t+7)+i 2(t), ¢ = min{d, 5,u,b}

2N
For boundedness of the solution, we define

mT

F'(t) =a'(t) +y/ (1) + 5

= s dalt) — Syt) - S

V(t+T) + %z’(t)

mT

po(t+71) — ?z(t)
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mT

<s—qle(t) () + 5
=s—qF(t).

o(t+7)+ %z(t)]

From Lemma 2.1 we know the solution of system (3) is positive, which implies
that F(t) is bounded, and so are z(t), y(t),v(t) and z(t). The proof is complete.
(]

Now, we give three equilibria for system (3) and the basic reproduction num-
ber Ry. Define that
_ ksNe™™7
= T
where Ry is the basic reproduction number.

(1) When Ry < 1, we can obtain the first equilibrium

S
EO = (E7 07 07 0)
which implies that the virus are absent. Fj is the only biologically meaningful
equilibrium.

(2) When Ry > 1, Ry = dcp,em"ﬁ-s(?ljz-&-k)Néb < 1. Besides Ej, system (3) has the
second biologically meaningful equilibrium FE; which represents that the virus
are present and CTLs are absent, that is,
sNa + pe™  due™ d

Ry—1),——(Ry—1),0].
N(da + k) ’N(da—i—k)( o~ 1) o pFo— L)

(3) When R; > 1, the last equilibrium in system (3) is E2 which represents

that both virus and CTLs are present.

s(cpe™ + Ndab) b N&b 6 )

Ry

Ei = (z1,y1,v1,21) = <

—(Ry —1)

E = = -
2 = (2,42, 2, 22) (dcuem'r + (da+ k)NSb’ ¢’ cpe™ " p

3. Stability of the viral free equilibrium Fj

In this section, we mainly consider the stability of the viral free equilibrium Ejy
by employing Liapunov funtion.

Theorem 3.1. If Ry < 1, the viral free equilibrium Eqy of system (8) is globally
asymptotical stable for any time delay T > 0.

Proof. In order to discuss the stability of the viral free equilibrium Ey = (3,0,0,0)
for system (3), we define the following Lyapunov function.

—mT —mT —mT

V() = © : (:c(t)—2)2+‘%Ty(t)+ﬁv(t)+8pedc z(t)+5‘siw /Hy(a)da.

Calculating the derivative of V' along the solution of system (3), we get

V/ |gy=e"™" (m(t) - 2) (—d <m(t) - 2) - kwv(t)>

1+ av(t)
SSIQNCILES \KS:
d 1+ av(t)

6 —mT

olt) = 80 = pu(=(0)| +

+ [y(t) =yt —7)]
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—mT

+ g (N8 Ty(t = 7) = (1)) + T (eu(®)=(t) — (1)

—— (d+ f—v®) ) (=) - i)2 Rt v

1+ av(t) d 2 1+av(t)
- %v(t) -
<- (d+k1 fg ) o(t)~ )+ kSQeﬂ"T o(t) = 2u(t) - Spbz;"” A(#)
— (d+k1f52 ) 2 27%( fRo)v(t)fWZ(t).
From Lemma 2.1, z:(t) > 0,y(t) > 0,v(t) > 0,2(¢t) > 0, Ry < 1, we can get

%4 |(3)§ 0.

If and only if (x(t),y(t),v(t), 2(t)) = (5,0,0,0), we obtain V' |3y= 0. Hence,
the viral free equilibrium Ej of system (3) is globally asymptotically stable from
Lyapunov-LaSalle in [13]. The proof is complete. O

4. Stability of equilibrium FE; inactivated by CTLs

In this section, we mainly discuss the stability of the CTL-inactivated infec-
tion equilibrium F; by analyzing the characteristic equation. First, we linearize
system (3) at F; to obtain

dx kvq kxq
= o (—d— t) — —— (¢
dt ( 1+ avy Ja(t) (1+avl)2v( )
dy kv kxq

z(t) — dy(t) + v(t) — py12(t),

dt  1+av (1+avi)? 6)
W = Nyt~ ) - (),
%~ (e —)=00)
The associated characteristic equation of system (3) at E; becomes
(A+b—cyn) (A+0)(A+p)(A+d+ 1 k”;vl)dee*W(Hd)J#l)zef”) =0. (7)

It is clear that a root of the equation (7) is
kscN — dcue™™ — (da + k)N b
Né(da + k)

which has a negative real part by calculating under R; < 1. We can give the
remaining roots by the solutions of the transcendental equation as follows

k’Ul _ kxl
— N mT - -
avl) de (/\+d) (1+a01)2

Alzcyl—b:

e =0. (8)

A+0)A+p)(A+d+ 0

Rewrite equation (8) as

AP+ Ao (T)A2 + A1 (T)A + Ao(7) — (B1(7)A + Bo(7))e ™™ =0, (9)
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where
Ag(7) = 64+ p+d+ —0
T =
2 1% 1+a/U17
A7) = 0+ (6 + p)(d+ —1
1\7)=0u H 1+G/U1 9
k‘vl
A =
O(T) 6:“’(d+ 1 —|—av1)’
kxiNde ™"
B =
I(T) (1"‘@'[}1)2 )
dkxiNde™ ™"
B -
O(T) (1+av1)2

If 7 = 0, equation (9) becomes
AP+ A5 (0)A% + (A1(0) — B1(0))A + (Ao(0) — Bo(0)) = 0. (10)

Next, we consider the distribution of all roots of Eq.(10). Noting that Ry > 1
and

42(0) (41(0) = Bu(0)) = (4s(0) = Bo(0)) = 8%)u+8(6 + 1) (d + Ji%)

2
+ 0% + (0 + o) <d+%) roxw (d+%>

s O (o 0y

(14 av1(0))? 1+ av1(0)
For
_ kz1(0)  dop*a(Ro(0) —1)
on 5N(1 +avi1(0)2 k(u+sNa) >0,
we can get
kx1(0)
2, _§N§—1\Y)
On = ONO o
kx41(0)
2 _ _ it
o = N o~ %
kv1(0) kz1(0) kv1(0)
— 0N > 0.
M a (0) 1+ av1(0)2 T + avy (0)

So we can obtain

45(0)[41(0) = B1(0)] = [40(0) = Bo(0)] > 0.
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Note that the case Ry > 1 holds and the Routh-Hurwitz criterion in [14] for
cubic polynomials is applicable, we can get that all roots of (10) have negative
real parts for 7 = 0.

We know that all roots of (9) continuously depends on 7, which can be verified
in [17]. As 7 increases, this steady state will remain stable until one or many roots
cross the imaginary axis. Clearly, if Ry > 1, then A = 0 is not a solution of (9)
since Ag(0) — Bo(0) > 0, thus this crossing may occur only at pure imaginary
roots. We consider A = iw with w > 0. Then

—w?’i — AQ(T)wz + Al(T)Wi —+ Ao(’T) = [Bl (T)Wi + Bo(T)]eiTWi.
Separating the real parts and imaginary parts,we may get
Ao(1) — Ag(T)w? = By (T)wsin 7w + By(7) cos Tw,
Ay (T)w — w?® = By (1)wcos 7w — By(7) sin Tw.
which, together with 7 > 0, implies that
N(w) = o + [43(7) — 241 (r)]e* + [AZ() — 240(r) As(7)
— B(r)w? + A3(r) — B3(r) (11)
=0.
A straightforward calculation shows that
N'(w) = 6w® + 4[A2(1) — 241 (7)]w® + 2[A2(7) — 24 (7) As(T)
— B(7)]w,w € (0, +00).
By computing, we have

_ dépPa(Ry — 1)
on—Bu(r) = k(u + sNae=™T) >0,

dép?e™™ (da + k)(Rp — 1
Ap(T) — Bo(1) = K k(,uim‘f - a)s(Ng ) > 0.

Further, we get

AZ(7) — 2A1(1) = 82 + 1% + (d + : J’i”;vl )2 >0,
A2(7) = 240(r) Aa(r) — B3 (r) = (8 + B (7)) (5 — Ba (7)) + (6% + u2)(d + %P >0,

A3 (1) — B3 (1) = [Ao(7) + Bo(7)][Ao(7) — Bo(7)] > 0.
Therefore, N'(w) > 0 holds and N(w) is monotonically increasing function in
w € (0,+00), and we have calculated N(0) = A3(7) — B3() > 0. So, equation
(11) has no positive solutions, which implies that all roots of (9) has no pure
imaginary roots for 7 > 0 under Ry > 1.
Hence, we can summarize the above results and obtain the following theorem.

Theorem 4.1. Let Ry > 1. Then (1) if Ry < 1, equilibrium E; which is not
activated by CTLs is locally asymptotically stable; (2) if Ry > 1, equilibrium Ey
becomes unstable and there appears the other equilibrium FEs.
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5. Stability of equilibrium F5 activated by CTLs
In this section, we discuss the stability of the CTL-activated infection equi-
librium F5 by analyzing the characteristic equation. Assume

_ kscN -
~ depe™ + (da + k)N &b

Ry 1.

. . . ( mT 4 A
Then F5 exists and we linearize system (3) at E2(dc;(ecﬁf+(;;+%?\)rabv %, Cﬁ’e‘f}ff , %(R1 —

1)) is given by

dr kvo ko

— =(-d- O R —

o = T as,"® (1+Cw2)2v( )

W B ) (54 pm)y() + 2 u(t) — pya(t)

dt 1+ ave paa)y (1 + avy)? PYazitl; (12)

d

= Noe™"Ty(t —7) = pot),

dz

pri cz2y(t) + (cya — b)z(t).
At Fs, cyo — b =0 holds. Let « =d + 1_";221)2,5 = (1_‘1_“;52)2,7 =0+ pz =90R;.
The characteristic equation of system (3) near Ej is given by

A+ a3\ 4+ X + ag A+ ag — (b2A? +bid)e M = 0. (13)

where

a3 =p+a+ Ry,
as = 0R1p+ a(p+ 0R1) + bd(Ry — 1),
a1 = 0Ryap+bd(Ry — 1) (o + p),
ag = aubd(Ry — 1),
by = opuRy,
by = déuR;.
By the well-known Routh-Hurwitz criterion in [14], we easily obtain that any
roots of (13) have negative real part for 7 = 0. Further, we get equilibrium Es

is also locally asymptotically stable when 7 > 0.
Rewrite the equation (13) as

DN\ = M 4 azX® + ash? + ah +ag — (A2 + b A)e ™ =0, (14)

The characteristic equation (14) is a fourth-order transcendental equation.
Moreover, D(\) is defined as characteristic function corresponding to corollary
2.38 in [19]. Therefore, we may introduce corollary 2.38 in [19] to discuss the
stability of equilibrium Fs.

Let A = iw(w > 0). Then we have

D(iw) = wt — agiw® — asw? + ayiw + ag — ( — bow? + bliw)e*im =0.
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Let R(w) and I(w) is the real parts and imaginary parts of D(iw), respectively.
We obtain

R(w) = ReD(iw) = w* — agw? + ag + byw? coswr — biwsinwr,
I(w) = ImD(iw) = —azw® + a1w — bjw cos wr — byw? sinwr.
For |sinw7| < wr(w,7 > 0) and | coswt| < 1, we have
R(w) < w* — (ag — by — by7)w? + ag, w € (0, +00),
R(w) > w* — (ag + by + b17)w? + ag, w € (0, +00),
I(w) < wlay + by — azw? + byw?7), w € (0,400),
I(w) > w(a; — by — azw? — bow?7), w € (0,400).
Let
R (w) = w* — (ag — by — by7)w? + ao,
R™(w) = w* — (ag + by + by7)w? + ag,
I'(w) = w(ay + by — azw? + byw?7),

I (w) = w(a; — by — azw? — bow?7).
Then, according to theorem 2.37 in [13], we easily get
R~ (w) < R(w) < R (w), w € (0,+00),
I (w) < I(w) < It (w), w € (0,+00).

In addition, when

1 1. kseN — (da+k)N6b
T<T:min{,ln 5 (da + k) }7 (15)
uw'm dep
we have
as —bot = p+a+0R (1 — pr) >0,
kUQ
—b; =0R bda(R; — 1) +b6pu(Ry — 1) > 0.
ar —b 1M1+av2+ (R — 1) +bop(Ry — 1) >
Therefore, the equation I (w) = 0 only has one positive solution 1, = 4/ a(f;j)b;T;
the equation I~ (w) = 0 also only has one positive 7o = aa; Jr_bb;T. Further, we
have 1 < n;.
When (15) holds, we can still get that
kv
a2—b2—blT:/,Ld-‘r(SRld(l—uT)—f—(Sb(Rl—1)+(M+(5R1) 2 >0

1+ avs
(a2 — by — b17)? —dao = [(n + R ) + 6b(R1 — 1) — dud Ri7)* — 4ubd(Ry — 1)
k"UQ
> 7z — —
> 25[1 T avs +d(1 — mp)][pRia + Ribé(Ry — 1)]
> 0.
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Thus, the equation R (w) = 0 has two real positive roots ¢;" and ¢ satisfying

(:f_z ((ag—bg—blT)-f—\/(aQ—bg—b17’)2—4a0>;

2

and

+ (ag—bg—blT)—\/(ag—bg—blT)2—4ao %
G = 5 .

Clearly, we have (5 < (.
Similarly, we can obtain that the equation R~ (w) = 0 has two real positive
roots ¢; and (, satisfying

1
= ((ag+b2+b17)+\/(a2+b2+b17)2—4a0>2
C =

2

and

_ (a2+b2+b17')—\/(a2+bg+b17)2—4a0 :
Cz): 9 :

Further, we have ¢ < (7,
Thus, under (15), both R (w) and R~ (w) have two real positive roots, re-
spectively. It is also easy to verify the following:

Q1= [min(cf7<f)amax(<;=Cf)] = [CfragfL
Q2 = [mm(ﬁz_agr)amax(fz_a(;)] = [C2_7<;_]

Hence, the intervals ()1 and () are disjoint.

Thus, by summarizing the above result, we know that corollary 2.38 in [19]
is applicable if the following two conditions are satisfied.
(1) R7(0) > 0;
(2) I (w) >0, for w € Q3.

In fact,

R7(0) = lim R(w)=ag= pbda(Ry —1) > 0.
w—0t

Furthermore, when w € (0,732), we have
I (w) = w(a; — by — azw? — byw?7) > 0.

Note that Qo = [¢5 , ()], therefore, if (§ < 1o, then the second condition (2)
holds. In turn, we knows that ¢;7 < 7 is equivalent to

O'(T) = (a1 — bl)(a3 + bQT)(CLQ — by — blT) — (Cl1 — b1)2 — ao(ag + bgT)2 > 0.
Hence, we have following conclusions according to corollary 2.38 in [19].

Theorem 5.1. When Ry > 1 and the case (15) holds. If o(7) > 0, then the
equilibrium FEy is locally asymptotically stable.
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Remark. o(7) > 0 is clearly a sufficient but not necessary condition of stability
for the equilibrium Fs.

6. Numerical Simulations

In order to illustrate feasibility of the results of Theorem 5.1, we use the
software Matlab to perform numerical simulations.

Example 1. Consider the following system:

d‘z f) = 5—0.03z(t) — 00014453%’

d?(/T(tt) - 0.0014453% = 0.33y(t) — 0.05y(t)=(t), 16)
dl:zsft) = 158.4e "%y (t — ) — 1.80(t),

d%g” — 0.29(1)=(t) — 0.32(2).

For the parameters from (16), we calculate by using the software Matlab
Ry =4.1717 > 1,7 = 0.4 < min{0.5556, 13.9684}, 0(0.4) = 0.2782 > 0.

Numerical simulations show that the equilibrium FEjs is locally asymptotically
stable (See Fig. 1).

Example 2. Consider the following system:

d%’f) =5~ 0.03z(t) — 0.001%22(”7

d%(tt) = 0.001% —0.32y(t) — 0.05y(t)=(1), an
dz:lit) — 12.8¢7 027y (¢ — 1) — 2.80(t),

dz(tt) = 0.2y(t)2(t) — 0.32(t).

For the parameters from (17), we calculate by using the software Matlab
R; =1.5531 > 1,7 = 0.2 < min{0.3571,2.3027}, ¢(0.2) = —0.0015 < 0.

Numerical simulations show that o(7) > 0 is clearly a sufficient but not necessary
condition of stability for the equilibrium FEs; even if o(7) < 0, Es is locally
asymptotically stable (See Fig. 2).

7. Conclusion

In this paper, we have established a mathematical model for HIV with sat-
urating infection rate and time delay by considering the lower activity function
ffiﬁig of the virus particles to susceptible cells, and have carried out a compete

analysis on the stability of the the three equilibria of the model.
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FIGURE 1. Numerical simulations show that the equilibrium F5
is locally asymptotically stable when 7 = 0.4 < 7 = 0.5556 and
0(0.4) =0.2782 > 0.

Our results show that viral free equilibrium Fj of system (3) is globally asymp-
totically stable for any time delay 7 > 0 by using the well-known Lyapunov-
LaSalle theorem when the basic reproduction number Ry = W
< 1; When Ry > 1 and Ry < 1, Ey becomes unstable and there occurs the sec-
ond biologically meaning equilibrium FE; which is not activated by CTLs, and
the equilibrium F; is asymptotically stable by carrying out a detailed analysis
on the transcendental characteristic equation of the linearized system (3) at Ej;
When R; > 1, E; becomes unstable and there occurs internal equilibrium Fs
which is activated by CTLs. We have proved and numerically confirmed the
asymptotical stability of Es satisfying the case o(7) > 0 and under additional
conditions (15).

However, for the case o(7) < 0 under (15), we are unable to make a conclusion
because numerical simulations have shown the possibility that may still be stable,
which requires us to further study.
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FIGURE 2. Numerical simulations show that the equilibrium F5
is locally asymptotically stable when 7 = 0.2 < 7 = 0.3571 and
0(0.2) = —0.0015 < 0.
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