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LA-SEMIGROUPS CHARACTERIZED BY THE PROPERTIES
OF INTERVAL VALUED («, 8)-FUZZY IDEALS
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ABSTRACT. The concept of interval-valued (a, ()-fuzzy ideals, interval-
valued (a, B8)-fuzzy generalized bi-ideals are introduced in LA-semigroups,
using the ideas of belonging and quasi-coincidence of an interval-valued
fuzzy point with an interval-valued fuzzy set and some related properties
are investigated. We define the lower and upper parts of interval-valued
fuzzy subsets of an LA-semigroup. Regular LA-semigroups are character-
ized by the properties of the lower part of interval-valued (€, € Vq)-fuzzy
left ideals, interval-valued (€, € Vq)-fuzzy quasi-ideals and interval-valued
(€, € Vq)-fuzzy generalized bi-ideals. Main Facts.
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1. Introduction

The concept of fuzzy sets was first introduced by Zadeh [16] and then the
fuzzy sets have been used in the reconsideration of classical mathematics. Fuzzy
set theory has been shown to be a useful tool to describe situations in which data
is imprecise or vague. Fuzzy sets handle such situations by attributing a degree
to which a certain object belongs to a set. The fuzzy algebraic structures play a
prominent role in mathematics with wide applications in many other branches
such as theoratical physics, computer sciences, control engineering, information
sciences, coding theory, topological spaces, logic, set theory, group theory, real
analysis, measure theory etc. The notion of fuzzy subgroups was defined by
Rosenfled [12]. A systematic exposition of fuzzy semigroup was given by Morde-
son et. al. [7], and they have find theoratical results on fuzzy semigroups and
their use in finite state machine, fuzzy languages and fuzzy coding. Using the
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notions "belong to” relation (€) introduced by Pu and Liu [11], in [8] Morali
proposed the concept of a fuzzy point belonging to a fuzzy subset under nat-
ural equivalence on fuzzy subsets. Bhakat and Das introduced the concept of
(o, B)-fuzzy subgroups by using the belong to relation (€) and quasi-coincident
with relation (g) between a fuzzy point and a fuzzy subgroup, and defined an
(€, € Vq)-fuzzy subgroup of a group [1]. Kazanci and Yamak [4] studied gener-
alized types fuzzy bi-ideals of semigroups and defined (€, € V g)-fuzzy bi-ideals
of semigroups. In [14] Shabir et. al. characterized regular semigroups by the
properties of (a, §)-fuzzy ideals, bi-ideals and quasi-ideals. In [15], Shabir and
Yasir characterized regular semigroups by the properties of (€, €Vq)-fuzzy ideals,
generalized bi-ideals and quasi-ideals of a semigroup.

Interval-valued fuzzy subsets were proposed about thirty years ago as a natu-
ral extension of fuzzy sets by Zadeh [17]. Interval-valued fuzzy subsets have many
applications in several areas such as the method of approximate inference. In
[10] Al Narayanan and T. Manikantan introduced the notions of interval-valued
fuzzy ideals generated by an interval-valued fuzzy subset in semigroups.

In this paper we introduced the concepts of interval-valued (€, € Vq)-fuzzy
ideals, interval-valued (€, € Vq)-fuzzy bi-ideals and interval-valued (€,€ Vq)-
fuzzy quasi-ideals of an LA-semigroup, where «, 8 are any one of {€,¢q, € Vg, €
Aq} with o #£€ Aq, by using belong to relation (€) and quasi-coincidence with
relation (¢) between interval-valued fuzzy set and an interval-valued fuzzy point,
and investigated related properties.

2. Preliminaries

We first recall some basic concepts. A groupoid (5, *) is called a left almost
semigroup, abbreviated as an LA-semigroup, if it satisfies left invertive law:

(axb)*xc=(cxb)*xa Va,b,ceS.

A non-empty subset A of S is called a sub LA-semigroup of S if AA C A and is
called left (resp. right) ideal of S if SA C A (AS C A). By a two-sided ideal or
simply an ideal we mean a non-empty subset of S which is both a left and a right
ideal of S. A non-empty subset B of S is called a generalized bi-ideal of S if
(BS)B C B. A sub LA-semigroup B of S is called a bi-ideal of S if (BS)B C B.
A non-empty subset @ of S is called a quasi-ideal of S if QSNSQ C Q. Obviously
every one-sided ideal of an LA-semigroup S is a quasi-ideal, every quasi-ideal
is a bi-ideal and every bi-ideal is a generalized bi-ideal. An LA-semigroup S is
called regular if for each element a of S, there exists an element = in S such
that a = (az)a. Tt is well known that for a regular LA-semigroup the concepts
of generalized bi-ideal, bi-ideal and quasi-ideal coincide.

We now review some concepts of fuzzy subsets. A fuzzy subset A of an LA-
semigroup S is a mapping A : S — [0, 1]. Throughout this paper S denotes an
LA-semigroup.
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Definition 1. A fuzzy subset A of S is called a fuzzy sub LA-semigroup of S if
for all z,y € S

AMay) = Mz) A Ay).
Definition 2. A fuzzy subset A of S is called a fuzzy left (resp. right) ideal of
S if for all z,y € S

Alzy) = A(y) (resp. A(zy) = A(w)).

A fuzzy subset A of S is called a fuzzy two-sided ideal or simply fuzzy ideal
of S if it is both a fuzzy left and a fuzzy right ideal of S.

Definition 3. A fuzzy subsemigroup A of S is called a fuzzy bi-ideal of S' if for
all z,y,z € S,
A(zy)z) = M) A A(2).
We will describe some results of an interval number. By an interval number
n [0,1], say @, is a closed subinterval of [0,1], that is, @ = [a~,a™], where
0 <a” <at < 1. Let D[0,1] denote the family of all closed subintervals of
[0,1], 0= [0,0] and 1= [1,1]. Now we define <,= A,V in case of two elements
in D0, 1].
Consider two elements @ = [a~,a™] and b = [b~,bT] in D[0,1]. Then,
@ <bif and only if a= < b~ and at < bT.
G=bifand only if a= = b~ and at = b*.
min{a, b} = [min{a~, b~ }, min{a™, b}].
max{a, b} = [max{a~, b}, max{a*t,bt}].

Let X be a set. A mapping A : X — DJ0,1] is called an interval-valued fuzzy
subset ( briefly, an i-v fuzzy subset) of X, where A(z) = [\~ (z), AT (2)] for all
xz € X, where A"and AT are fuzzy subsets in X such that A~ (z) < At (z) for all
zeX.

Let A and i1 be two interval-valued fuzzy subsets of X. Define the relation C
between A and p as follows:

X C fi if and only if A(z) < fi(z) for all 2 € X, that is, A7 (x) < p~(z) and
AT (z) < pt(z). An interval-valued fuzzy subset X in a universe X of the form

X(y) _ { %(7’é [0,0]) li y=x
ify#x

for all y € X, is said to be an interval-valued fuzzy point with support x and
interval value ¢, and is denoted by z;.

J. Zhan et al [19] gave meaning to the symbol :m& where a € {€,q, €
Vg, € Ag}. An interval-valued fuzzy point z; is said to belongs to (resp. quasz—
coincident wzth) an interval-valued fuzzy set A written 7 € X (resp. xtq)\) if
Na) >t (resp. )\( )+ > 1), and in this case z; € VA (resp. a7 € AgA) means
that z7 € X or Iﬂ]}\ (resp. zj € X and l‘%]}\) To say that x;oz)\ means that x~o¢)\
does not hold.
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Let A and /i be two interval-valued fuzzy subsets of an LA-semigroup S. The
product Ao j is defined by

Rome)
_ { VomyAANY) AN i(2)}, Ty, 2 € S, 2= yz
[0,0] otherwise.

3. Main results

Definition 4. An interval-valued fuzzy subset X of an LA-semigroup S is called
an interval-valued fuzzy sub LA-semigroup of S if for all z,y € S

Azy) > Mx) A Ny).

Definition 5. An interval-valued fuzzy subset X of an LA-semigroup S is called
an interval-valued fuzzy left (resp. right ) ideal of S if for all z,y € S

Azy) = My) (resp. May) > A()),

Definition 6. An interval-valued fuzzy subset X of an LA-semigroup S is called
an interval-valued fuzzy generalized bi-ideal of S if for all ,y,z € S

M(zy)z) > Mz) A A(z).
Definition 7. An interval-valued fuzzy sub LA-semigroup X of S is called an
interval-valued fuzzy bi-ideal of S if for all z,y,z € §

M(zy)z) = AM@) A A(2).
Definition 8. An interval-valued fuzzy subset X of an LA-semigroup S is called
an interval-valued fuzzy quasi-ideal of S if

(Xod)A(3oX) <A

where 6 : S — [1,1].

Theorem 1 ([18]). Let S be an LA-semigroup with left identity e such that
(xe)S = xS for all z € S. Then, the following are equivalent

(1) S is regular.
(2) RN L = RL for every right ideal R and left ideal L of S.
(3) A= (AS)A for every quasi-ideal A of S.

4. INTERVAL-VALUED (¢, 5)-FUZZY IDEALS OF
LA-SEMIGROUPS

Let S be an LA-semigroup and «, 8 denote any one of €,¢q,€ Vq, or € Ag
unless otherwise specified.

Definition 9. An interval-valued fuzzy subset X of an LA-semigroup S is called
an interval-valued (o, #)-fuzzy sub LA-semigroup of S, where o #€ Ag, if x7 aA

and Yi, al implies that (xy)min{?l »{2}5}1
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Let A be an interval-valued fuzzy subset of S such that, A(z) < [O 5,0.5] for
allz € S. Let x € S and ¢ € D[0, 1] such that, z; € /\q)\ Then, z; € X and x~q)\
that is, A(z) > ¢ and )\( )+t>1 It follows that 1 < A(z )+t<)\( )+ Mz) =
2X(x), so that A(z) > [0.5,0.5]. This means that {z7:27€ /\q/\} = ¢. Therefore,
the case o =€ Ag in above definition is omitted.

Definition 10. An interval-valued fuzzy subset Xof an LA-semigroup S is called
an interval-valued (o, 8)-fuzzy left (resp. right ) ideal of S, where a #€ Ag, if it

satisfies, y;ax and x € S implies that (xy);ﬁx (resp. (yz);ﬂX ) for all z,y € S.

An interval-valued fuzzy subset X of an LA-semigroup S is called an interval-
valued («, 8)-fuzzy ideal of S if it is both an interval-valued (o, f3)-fuzzy left
ideal and an interval-valued (a, 8)-fuzzy right ideal of S.

Definition 11. An interval-valued fuzzy subset Xof an LA-semigroup S is called
an interval-valued (o, 8)-fuzzy generalized bi-ideal of S, where o #€ Agq, if it
satisfies _ _

for all z,y,z € S and for all t3,t4 € D0, 1], where t3,1, # 0, z7, X and 27, @A

implies that ((my)z)min{%’;4}6x.

Definition 12. An interval-valued fuzzy subset Xof an LA-semigroup S is called
an interval-valued (a, 8)-fuzzy bi-ideal of S, where a £€ Agq, if it satisfies, the
following two conditions. o o N B

(i) For all #,y € S and for all t1,¢2 € D[0,1], where t;,t2 # 0, z7, o\ and
yz,aA implies that (xy)min{;l ’;2}6)\.

(ii) For all z,y,z € S and for all t3,14 € DJ0, 1], where T, ts # 0, x;sozX and
zz, o\ implies that ((2y)2) inz, 7,18

Lemma 1. An interval-valued fuzzy subset Py of an LA-semigroup S is an
interval-valued fuzzy sub LA-semigroup of S if and only if it satisfies,

For all z,y € S and for all t1,t5 € DI0,1], where t1,to # 6, such that

r7, € X and Yz, € A implies that (xy) ny € A

min{t,

Proof. Suppose that \ is an interval-valued fuzzy sub LA- -semigroup of an LA-
semigroup S. Let z,y € S and tl,tz e DJo, 1] where tl,tg # 0, such that,

€ X and Yz, € X. Then )\( ) > 1; and )\( ) > 5. Since X is an interval-valued
fuzzy sub LA-semigroup of S. So May) > min{A(z), A(y)} > min{?y, & }. Hence,
(xy)min{?l,t}} Ss

Conversely, assume that \ satisfies the given condition. We show that X(xy)
mln{)\( ), Ay )}- On contrary, assume that there exist z,y € S such that
/\(xy) < mln{)\( ), My )}. Let t € D[0,1], where £ # 0, such that May) <
t < min{X(z),A(y)}. Then, x5 € X and 57 € X but (my)~€)\ This contradicts
our hypothesis. Thus, X(xy) > min{\(z), A\(y)}. O
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Lemma 2. An interval-valued fuzzy subset A of an LA-semigroup S is an
interval-valued fuzzy left (resp. right) ideal of S zf and only if it satisfies

for all z,y € S and for all T € D[0,1], where t # 0, such that yr € X implies
that (xy); € X (resp. (y x); € X).

Proof. Suppose that A is an interval-valued fuzzy left ideal of an LA-semigroup
S. Ifyy e X then A(y ) > t. Since X is an interval-valued fuzzy left ideal of S, so
May) > Ay) > T. Hence, (z Y)7 €N

Conversely, suppose that \ satisfies the given condition. We show that )\(xy)
X(y) On contrary, assume that there exist 2,y € S such that A(zy) < A(y).
Let 7 € D[0, 1], where £ # 0, be such that A(zy) < < A(y). Then, yi € X but
(xy)~€)\ Which contradicts our hypothesis. Hence, A(zy) > A(y). O

Remark 1. The above lemma shows that every fuzzy left (resp. right) ideal of
S is an (€, €)-fuzzy left (resp. right) ideal of S.

Lemma 3. An interval-valued fuzzy subset A of an LA-semigroup S is an
interval-valued fuzzy generalized bi-ideal of S if and only zf it satzsﬁes
For all z,y,z € S and for all t1,ty € DI0,1], where t1,ta # 0, T7, € X and

2z, € X implies that ((zy)z) y € X

min{Z;,%
Proof. Suppose that X is an interval-valued fuzzy generalized bi-ideal of S. Let
z,y,z € S and t1,ty € D[0,1], where 1,1, 7£ 0, such that r7, € X and 27, € A
Then, A(z) > f; and A(z) > f. Since A is an interval-valued fuzzy gener-
alized bi-ideal of S. So M(zy)z) > min{A(z),X(z)} > min{t;,75}. Hence,
((#9)2)) minz, 1y € M

Conversely7 suppose that \ satisfies the given condition. We show that X((xy)z)
> min{\(z), \(2)}. Suppose contrary that )\((xy) ) < mm{)\( ), Mz)}. Let
te D[0,1], where  # 0 be such that )\((xy) ) < T < min{A(z), A(2)}. Then,
7 € X and 2y € X but ((zy)z )min{t,t}e)\' Which contradicts our supposition.
Hence, ((xy)z) > min{\(z), A(z)}. O
Lemma 4. An interval-valued fuzzy subset A of an LA-semigroup S is an

interval-valued fuzzy bi-ideal of S if and only if it satzsfy,
(1) for all x,y € S and ti,ts € DJ0, 1], where t1, b2 #* O Ty, € X and Yz, € h

Inln{tl,tg} € )\ ~ _
(2) for all x,y,z € S and for all t3,t4 € D[0,1], where t3,t4 # 0, 27, € A and
27, € X implies that ((@Y)2)min(zs 7y € X

implies that (xy)

Proof. Follows from Lemma 1 and Lemma 3. (|

Theorem 2. Let X be a non-zero interval-valued (o, B)-fuzzy sub LA-semigroup
of S. Then, the set Ao = {x € S | XN(z) > 0} is a sub LA-semigroup of S.
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Proof. Let 2,y € Ao. Then, A(z) > 0 and )\( ) > 0. Let X(xy) > 0. If
a € {€,€ Vqg}, then x)\(z)a)\ and Vi )a)\ but AMazy) = 0 < min{\(x), X(y)}
and A(zy) + min{A(z), A(y)} < 0+1 = 1. So, (xy)min“(gﬂ) X y)}ﬁ)\ for every
B € {€,q4,€ Ng, € Vg}, a contradiction. Hence, May) > 0, that is, zy € .

Also, xlq)\ and qu)\ but (zy); B)\ for every 8 € {€,q,€ Vg,€ Aq}. Hence,
)\(xy) > 0 that is, zy € )\ Thus, )\O is a sub LA-semigroup of S. U

Theorem 3. Let \ be a non-zero interval-valued (a, B)-fuzzy left (resp. right)

ideal of S. Then, the set Ao = {z € S| X(z) > 0} is a left (resp. right) ideal of
S.

Proof. Similar to the proof of Theorem 2. O

Theorem 4. Let \ be a non-zero interval-valued (a, B)-fuzzy generalized bi-ideal
of S. Then the set Ao = {x € S| A(z) > 0} is a generalized bi-ideal of S.

Proof. Similar to the proof of Theorem 2. U

Theore;vm 5. Let A beNa non-zero interval-valued (o, 8)-fuzzy bi-ideal of S. Then,
the set \o = {x € S| \(z) > 0} is a bi-ideal of S.

Proof. Proof follows from Theorem 1 and Theorem 4. U
5. INTERVAL-VALUED (€, € vVq)-FUZZY IDEALS

Theorem 6. Let A be a sub LA-semigroup of an LA-semigroup S and let X be
an interval-valued fuzzy subset in S such that

~ 0 if xeS\A
)\(as){ 26.\5 if ze€8

Then,

(1) X is an interval-valued (¢, € Vq)-fuzzy sub LA-semigroup of S.

(2) X is an interval-valued (€, € Vq)-fuzzy sub LA-semigroup of S.

Proof. (1) Let z,y € S and #1,t5 € D[0,1], where t1,f, # 0, such that, x;qu
and y; g\. Then, A(z) +t1 > 1 and A(y) +t2 > 1. So, » € A. Therefore,
zy € A. Thus, if mln{tl,tg} <05 5, then )\(xy) > 05 > mm{tl,tQ} Then,
(TY)min{7 5} € X If min{ty, 45} > 0.5, then A(zy) +min{ty, iy} > 0.5+0.5 = 1.
So, (xy)lnin{thtz}q)\. Therefore, (zy)min{tlvtrz} € \/q/\. Then, X is an interval-
valued (g, € Vq)-fuzzy sub LA-semigroup of S.

(2) Let z,y € S and t,15 € DJo, 1], wherety, t5 # 0, such that, r7, € X and
Yz, € X. Then, A(z) > £, and A(y) > 11. So, # € A and y € A. Therefore, zy €
A. Ifmin{ty, t2} < 0.5, Ehen Azy) 2~0.5~2 mi{ljtl,igv}. SS, (TY)min{t, 5} € A Ef
min{t1, 2} > 0.5, then A(zy)+ min{t1,t2} > 0.5+ 0.5 = 1. So, (2Y)ninz, 73 9N
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Therefore, (2Y) (7, 73 € VgA. Hence, X is an interval-valued (€,€ Vq)-fuzzy
sub LA-semigroup of S. O

Theorem 7. Let L be a left (resp. right) ideal of S and let X be an interval-
valued fuzzy subset in S such that

~ 0 if z € S\L
{263 ifzel
Then,
(1) Xis an interval-valued (g, € Vq)-fuzzy left (resp. right) ideal of S.
(2) Xis an interval-valued (€, € Vq)-fuzzy left (resp. right) ideal of S.

Proof. Similar to the proof of Theorem 6. (]

Theorem 8. Let B be a generalized bi-ideal of S and let X be an interval-valued
fuzzy subset in S such that

X(z)—{ 0 ,vifacES\B

>05 ifzeB

Then,

(1) \ is an interval-valued (g, € Vq)-fuzzy generalized bi-ideal of S.
(2) X is an interval-valued (€, € Vq)-fuzzy generalized bi-ideal of .

Proof. Similar to the proof of Theorem 6. (|

Theorem 9. Let B be a bi-ideal of S and let X be an interval-valued fuzzy
subset in S such that

N 0 ifzeS-1B
Mw_{z&éﬁxeB

Then,

(1) \ is an interval-valued (¢,€ Vq)-fuzzy bi-ideal of S.

(2) Xis an interval-valued (&,€ Vq)-fuzzy bi-ideal of S.

Proof. Follows from Theorem 6 and Theorem 8. O

Lemma 5. Let \ be an interval-valued fuzzy subset of an LA-semigroup S.
Then X is an interval-valued (€, € Va)-fuzzy left (rzght) ideal of S if and only if
Azy) > min{A(y),0.5} ( Mazy) > min{\(z),05} )

Proof. Let A be an interval-valued (€, € Vg)-fuzzy left (right) ideal of S. On
contrary, suppose that Mzy) < mm{/\( ),0.5}. Choose, ¢ € D[0,1], where 7 # 0,
such that, A(zy) < £ < min{A(y),0. 5} Then, y; € X but (xy);€ Vg VgA. Which is
contradiction. Hence, A(zy) > min{A(y),0.5}. Conversely, assume that A(zy) >
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min{\(y),05}. Let y; € X then f(y) > . Now, A(zy) > min{A(y),0.5} >
mln{t05} If £ < 0.5, then )\(xy)>t So, (zy); € X If£> 05, then )\(xy)
05. So, (xy)y € A. If £ > 0.5, then)\(xy)>05 So, A(zy) +1>05+05=1.

So ,(xy);q)\. Therefore, (zy); € VgA.

O

Corollary 1. Let X be an interval-valued fuzzy subset of an LA-semigroup S.
Then, X is an interval-valued (€,€ Vq) fuzzy two- sided ideal of S if and only if
Azy) > mln{)\( ),0.5} and Nzy) > mm{)\( ),0.5}.

Lemma 6. Intersection of interval-valued (€, € Vq)-fuzzy left ideals of an LA-
semigroup S is an (€, € Vq)-fuzzy left ideal of S.

Proof. Let {Xl}le 1 be a family of interval-valued (€, € Vq)-fuzzy left ideals of S.
Let z,y € S. Then,

(Nier i) (@y) = Nier(Ai(zy))
Since each ); is an interval-valued (€, € Vq)-fuzzy left ideal of S. So, Xi(aﬂy) >
/\iEI{)\i (y), 05} Thus,

(/\ielxi)(l‘y) = /\ieI(Xi(xy))

Hence, Aje IXi is an interval-valued (&, € Vq) fuzzy left ideal of S. O

Similarly, we can prove that intersection of interval-valued (€, € Vgq)-fuzzy
right ideals of an LA-semigroup S is an interval-valued (€, € Vq)-fuzzy right
ideal of S. Thus, the intersection of interval-valued (€, € Vq)-fuzzy two-sided
ideals of an LA-semigroup S is an interval-valued (€, € Vq)-fuzzy two-sided ideal
of S.

Now, we show that If A\ and g are interval-valued (€, € Vq)-fuzzy ideals of an

LA-semigroup S, then Ao i £ min{x, i}
Example 1. Consider an LA-semigroup S = {1,2,3,4},
1 2 3 4

=W ww
=W Ww W w

3 4
1 4
3 4
4 4

IO JUIN N

Let A and /i be interval-valued fuzzy subsets of S such that (1) = [0.8,0.9)],
M2) = [0.7,0.75],  A(3) = [0.6,0.65], A(4) = [0.5,0.55], fi(1) = [0.2,0.3],
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fi(2) = [0.6,0.65], i(3) = [0.5,0.55], fi(4) = [0.7,0.75]. Then, A and i are
interval-valued (€, € Vq)-fuzzy ideals of S. Now,

(Ao 7i)(3) = Vazuy {A(z) A Ti(y)}
= v{[0.2,0.3],[0.5,0.55], [0.6,0.65] }

= [0.6,0.65] £ min{(\, 72)(3)}
= [0.5,0.55]

Hence, X o Ji % min{\, i} in general.

Theorem 10. An interval-valued fuzzy subset A of an LA-semigroup S is an
interval-valued (€, € Vq)-fuzzy sub LA-semigroup of S if and only if A(xy) >
AMz) AX(y) N0} forallz,y € S.

Proof. Suppose that X is an interval-valued (€, € Vq)-fuzzy sub LA- semigroup of
S. On contrary, suppose that there exist x, y € S such that, )\(xy) < )\( )/\)\( A
0.5}. Choose, t € D0, 1], wheref # 0, such that, A(zy) < £ < Mz) A Xy )/\O 5}.
Then, z7 € X and Yy € A but (zy);€ Vg Vg, which is contradiction. Thus, )\(xy)
)\( ) A )\( ) A 0.5} for all z,y € S. Conversely, assume that May) > Mz) A
/\( ) A 05} for all z,y € S. Let Ty, € X and Yp, € X for #1,1, € D[0,1]. Then,
Mz) > 15 and A(y) > t2 So, )\(scy) > min{A(z), A(y), 0.5} > mln{tl,t2,05}
Now, if min{#1t,} < 0.5, then A(zy) > min{f1,%}. Then, (:zzy)mm{t1 oy € e If
min{ty, %} > 0.5, then A(zy) > 0.5. Then, A(zy) + mln{tl,tg} >05+05=1.
S0, (TY)min{z,, tz}q)\ Therefore, (2Y) iz, 51 € VgA. Hence, X is an interval-
valued (€, € Vq)-fuzzy sub LA-semigroup of S. O

Theorem 11. An interval-valued fuzzy subset Py of an LA-semigroup S is an
interval-valued (€, € Vq)-fuzzy generalized bi-ideal of S if and only if M((xy)z) >
Ax) AX(2) A0S for all z,y € S.

Proof. Straightforward. O

Theorem 12. An interval-valued fuzzy subset Py of an LA-semigroup S is an
interval-valued (€, € Vq)-fuzzy bi-ideal of S if and only if it satisfy the following
conditions

(i) Azy) > Ma) A A(y) A0S for all 2,y € S.

(i) A((zy)z) = A(x) AX(y) A 0.5} for all z,y,z € S.
Proof. Follows from Theorem 10 and Theorem 11. U

Definition 13. An LA-semigroup S is called a left regular if for each element
a of S, there exists an element z in S such that a = (aa)z.
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Lemma 7. FEvery interval-valued (€,€ Vq)-fuzzy generalized bi-ideal of a left
reqular LA-semigroup S, with left identity e, is an interval-valued (€,€ Vq)-
fuzzy bi-ideal of S.

Proof. Let X be any interval-valued (€, € Vq)-fuzzy generalized bi-ideal of a left
regular LA-semigroup S, with left identity e. Let a,b € S. Then, there exists
an element = € S such that a = (aa)z. Thus, we have

ab = ((aa)x)b = ((aa)(ex))db
= ((ae)(az))b = (a((ae)z))b
= (a((ae)x))b = a((ae)x)b.

Thus, we have A(ab) = A(a((ae)z)b) > Xa) A A(b) A 0.5}. This shows that
X is an interval-valued (€, € Vg)-fuzzy sub LA-semigroup of S and so X is an
interval-valued (€, € Vq)-fuzzy bi-ideal of S. O

Definition 14. An interval-valued fuzzy subset X of an LA- -semigroup S is
called an interval-valued (€, € Vq)-fuzzy quasi-ideal of S, if it satisfies Naz) >
(X0d)(x)A(BoN)( )/\0 5 where 4 is an interval-valued fuzzy subset of S mapping
every element of S on 1, that is, 6(z) = 1.

Theorem 13. Let \ be an interval-valued (€, € Vq)-fuzzy quasi-ideal of an LA-
semigroup S. Then the set Ao = {x € S : XN(x) > 0} is a quasi-ideal of S.

Pmof In order to show that )\o is a quasi-ideal of S, we have to show that
SXo MAoS C Xo. Let a € SAo N AoS. ThlSlmpllesthatGES)\ and a € \oS.
So, a—sxanda—yrforsomesreSand:ﬂyG)\ Thus, )\( ) > 0 and
Ay) > 0. Now,

Xa) > (Xod)(a) A (doX)(a) AO5}

Since
(00 N)(a) = \/a:pq{g(p) AXq)} because a = sz
> 5(5) A X(@) = A(x)
Similarly,
(A0d) = Vaepg{Ap) Ad(q)} because a = yr
> AMy) Ad(r) = Ay)
Thus,

Xa) > (Ao d)(a) A (doN)(a) ADB
> Az) AA(y) A 0D
>0 ( because A(z) > 0 and A(y) > 0)
Thus, a € . So, SXO N XOS - Xo. Hence, XO is a quasi-ideal of S. O
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Remark 2. Every interval-valued fuzzy quasi-ideal of S is an interval-valued
(€, € Vq)-fuzzy quasi-ideal of S.

Definition 15. Let S be a non-empty LA-semigroup. Let A be any subset of
S. Then, an interval-valued characteristic function of A, is the function C'4 of
S into D0, 1] defined by

=~ 1 ifxeAd
Calw) = { 0,0] if z¢A
Lemma 8. A non-empty subset Q of an LA-semigroup S is a quasi-ideal of

S if and only if interval-valued characteristic function Cq is an interval-valued
(€, € Vq)-fuzzy quasi-ideal of S.

Proof. Suppose that @ is a quasi-ideal of S. Let 5@ be an interval-valued
characteristic function of Q. Let # € S. If # ¢ Q, then x ¢ SQ. If x ¢ SQ, then
(00Cg)(x) = 0. So, (Cqod)(z)A(doC)(z)A05} =0=Cq(z). Hence, Cq is
an interval-valued (€, € Vq)-fuzzy quasi-ideal of S.

Conversely, assume that Cg is an interval-valued (€, € Vg)-fuzzy quasi-ideal
of S. Let a € QS N SQ. Then, there exist b,c € S and z,y € Q such that,
a = xb and a = cy. Then,

(Cq ©0)(a) = Vazpe{Co(p) Ad(q)} > Cqlz) AS(b) =TAT =1
So, (éQ 06)(a) = 1. Similarly,
(60CQ)(a) = Vazpg{(p) A Co()} > 3(c) ACqly) =TAT=1
So, (6 0 Cg)(a) = 1. Hence,
Cola) > (Cgod)(z) A(60Cq)(x) A0S =05

Thus, é@(a) =1, which implies that a € Q. Hence, SQNQS C Q, that is, Q is
a quasi-ideal of S. O

Lemma 9. An interval-valued characteristic function Cy, is an interval-valued
(€, € Vq)-fuzzy left ideal of S if and only if L is a left ideal of S.

Proof. Suppose that L~is a left ideal of S and z,y € S. If y € L, then zy € L.
So, Cr(y) = Cr(zy) = 1.

Cr(zy)=1>05=CL(y) A0S
If y ¢ L, then Cp(y) = 0. So,
Cr(y) A05=0< Cp(ay)

Thus, 5’L is an interval-valued (€, € Vq)-fuzzy left ideal of S.

Conversely, assume that Cp, is an interval-valued (€, € Vq)-fuzzy left ideal of
S. Letye Land z € S. As

Cr(zy) > CrL(y) A 0.5 = 0.5.
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This implies that Cp,(zy) = 1, that is, zy € L. So, L is a left ideal of S. O

Similarly, an interval-valued characteristic function C r is an interval-valued
(€,€ Vq)-fuzzy right ideal of S if and only if R is a right ideal of S. Hence,
it follows that interval-valued characteristic function 51 is an interval-valued
(€, € Vq)-fuzzy two-sided ideal of S if and only if I is two-sided ideal of S.

Theorem 14. Every (€, € Vq)-fuzzy left ideal of S is an (€, € Vq)-fuzzy quasi-
ideal of S.

Proof. Let x € S. Then
(60 N)(®) = Vaey{0(y) A X(2)} = Vay=A(2)
This implies that
(0o N)(2) A 0.5 = Vary-{0(z) AA(2)} A OB

Thus, (8 0 \)(z) A 0.5} < Ma). Hence, A(z) > (00 N)(z) A 0.5} > (Ao d)(x) A
(0o X)(x) A0.5}. Thus, A is an interval-valued (€, € Vq)-fuzzy quasi-ideal of S.
Similarly, we have this result for interval-valued (€, € Vq)-fuzzy right ideals. O

Similarly, we can show that every interval-valued (€, € Vq)-fuzzy right ideal
of S is an interval-valued (€, € Vq)-fuzzy quasi-ideal of S.

Lemma 10. Let S be an LA-semigroup with left identity e, such that, (xe)S =
xS. Then every interval-valued (€, € Vq)-fuzzy quasi-ideal of S is an interval-
valued (€, € Vq)-fuzzy bi-ideal of S.

Proof. Suppose that X is an interval-valued (€, € Vq)-fuzzy quasi-ideal of an
LA-semigroup S. Let z,y € S. Then
Azy) > (X0 3)(zy) A (30 N)(xy) A0S

= (Vay=ab {A(@) A (0} A (Vay=pe{0(0) A Ma)}) 105

> {A(2) A 3(y)} A {3(x) A X(y) A 05}

> {A(z) AT} A{TAXy) A0}

= A(x) AX(y) A 05
So,

Azy) > M) A A(y) A 05}
Also, if z,y,z € S then

M(wy)2) = (Ao d)((wy)z) A (50 A)((wy)2) A 0.5}
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Now,
(30 N)((29)2) = V(ay)2=pa {3(p) A M@)}}
= V(ay)z=pa{l V Mg)}
> \z)
So,
(60 N)((zy)2) > A(2)
Also,

(X © g)((xy)z) = v(my)z:pq{x(a) A g(b)} = v(my)z:pq{x(a) A T}
Since (zy)z = (zy)(ez) = (ve)(yz) € (ze)S = zS. So, (zy)z = xr for some
r € S. Then,

(X0 )((#9)2) = Varcar{Ma) AT} = X(2)
Thus,
M(zy)z) > Ma) AA(z) A0S
Hence, X is an interval-valued (€, € Vq)-fuzzy bi-ideal of S. O

6. LOWER AND UPPER PARTS OF INTERVAL VALUED
(€,€ vVq)-FUZZY IDEALS

Definition 16. Let A be an interval-valued fuzzy subset of an LA-semigroup S.
We define upper and lower parts AT and A\~ of \ as follows.

M(z) = AMz) V05, A (z)=Ax)A05

Lemma 11. Let A and 1 be interval-valued fuzzy subsets of an LA-semigroup
S. Then, the following holds.

() AR =3 Afic (i) GV = (Vi) (i) (Rof)™ = (A o)
Proof. (i) Foralla e S
AAR) ™ (a) = (AAR))(a) A0S
= Ma) A i(a) A0.5
= (\(a) A 0.5} A {fi(a) A 0.5}
=X (a) A i (a)
— (0 AR )
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— {X(@) A5}V {fila) A 05}
— 3 (@) Vi ()
= (A" ViT)(a)
Thus,
AV~ =" Vi ). .
(iii) If @ is not expressible as a = be for some b, ¢ € S, then (Aofi)(a) = 0. Thus,
(Aofi)(a) = (Xof)) NO5} =0
Since a is not expressible as a = be, so (X‘ o i~ )(a) = 0. Thus, in this case
(Nom)™ =" of")
If a is expressible as a = zy for some z,y € S then
(Xof)~(a) = (Xofi)(a) A 05
= (Va=ay {A(@) A i(y)}) 7 05
= Va—ay {A(z) A Ji(y) A 0.5}
= Va=ey {{Mx) A 05)} A {((y) A 05)}}
= Vazay (X (@) A (1)}
= (A" ofi)(a)
Thus,
(Nom)™=("of)
U

Lemma 12. Let A and 1 be an interval-valued fuzzy subsets of S. Then, the
following hold.

i) AA@T =XTAET (i) AvE)T =T VvET (i) Aem)™ > (AT on)
If every element x of S is expressible as x = be, then (X o)t = (X*‘ opn™)
Proof. (i) For all a € S

AAD (@) = A AT)(a) v 0.5}
= {Ma) Afi(a)} V05
= {\Ma) vV 05} A {ji(a) v 0.5}
= X\ (a) A it (a)
= (A" ATT)(a)
Thus, N N
Avmt=xtvat.
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AV i) (a) = AV E)(a) v 0.5)
= Xa) V fi(a) Vv 0.5}
= {A(a) v 0.5} v {ji(a) v 0.5}
= X*(a) Vi (a)
— Vit (a)
Thus, N N
(v i) =3 vt
(iil) If @ is not expressible as a = be for some b, ¢ € S, then (X ofi)(a) = 0. Thus,
(XofiyH(a) = (Xofi)(a) v 05 = 035

But (At o fit)(a) = 0. So, AT o it < (Ao ji)*.If a is expressible as a = xy for
some z,y € S, then

(Xofi)*(a) = (Ao fi)(a) V05

= Va—ay (M) A i(y)} V 0.5}

= Vamay ({Mx) V 05} A {i(y),05})

= Vo {AT (@) AT (1)}

= (A" o i) (a)
Thus, B N

(Aofi)t =Xt o pit.
O

Definition 17. Let A be a non-empty subset of an LA-semigroup S. Then the
lower and upper parts of an interval-valued characteristic function is

~_ .. _J]0505]ifacA ~ [ 1,7 ifac A
Cala) = { 0.0 ifaga 4 Cile)= { 05,05 ifag A -

Lemma 13. Let A and B be non-empty subsets of an LA-semigroup S. Then
the following properties hold

(i) (CanCp)™ =Chnp (i) (CaVC s}~ =Cyp (i) (CaoCr)™ =Chp
Proof. The proof is obvious. O

Lemma 14. The lower part of an interval-valued characteristic function 55 1
an interval-valued (€, € Vq)-fuzzy left ideal of S if and only if L is a left ideal of
S.

Proof. The proof is obvious. O
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Similarly, we can prove that the lower part of an interval-valued characteristic
function CN']; is an interval-valued (€, € Vq)-fuzzy right ideal of S if and only if
R is a right ideal of S. Thus, lower part of an interval-valued characteristic
function C; is an interval-valued (€, € Vq)-fuzzy two-sided ideal of S if and only
if I is a two-sided ideal of S.

Lemma 15. Let Q be a non-empty subset of an LA-semigroup S. Then, Q is
a quasi-ideal of S if and only if lower part of an interval-valued characteristic
function Cg is an interval-valued (€, € Vq)-fuzzy quasi-ideal of S.

Proof. Suppose that @ is a quasi-ideal of S. Let 56 be lower part of an interval-
valued characteristic function of Q. Let x € S. If z ¢ Q then z ¢ SQ or x ¢ QS.
If 2 ¢ SQ, then (6 0 Cy)(z) = 0 and so,

(Cqod)(@)A(doCq)(x) A0} =0=Cg(x)
If z € Q, then
Cq(z) =05 > (Cg 0d)(x) A (50 Cp)(x) A0S}

Hence, 55 is an interval-valued (€, € Vq)-fuzzy quasi-ideal of S. Conversely,

assume that 6’6 is an interval-valued (€, € Vq)-fuzzy quasi-ideal of S. Let
a € SQNES then there exist b, ¢ € S and x,y € @ such that a = zb and a = cy.
Then,

(Cg ©0)(a) = Vazpe{Cq () A ()} > {Cq(x) NO(D)} =05AT =05
So,

(Cg 0 d)(a) =035

Similarly,

(60Co)(x) = Vapa{d(p) ACG(g)} > 8(c) ACq(y) =1 A05 =05
So,

Hence,
Co(x) > (Cgod)(a) A(doCg)(a) AOB =05

Thus, Cg(a) = 0.5. This implies that a € Q. Hence, QSN SQ C Q, that is, a
quasi-ideal of S. O

We have shown in Lemma 1 that every fuzzy left (right) ideal of an LA-
semigroup S is an (€, €)-fuzzy left (right) ideal of S. Obviously, every (€, €)-
fuzzy left (right) ideal of S is an interval-valued (€, € Vq)-fuzzy left (right) ideal
of S. But interval-valued (€, € Vq)-fuzzy left (right) ideal of S need not to be
interval-valued fuzzy left (right) ideal of S.
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Example 2. Consider the LA-semigroup given in Example 1. Then, the interval-

valued fuzzy subset A of S defined by A(1) = [0.8,0.9], A(2) = [0.7,0.75],

A(3) = [0.6,0.65] and A(4) = [0.5,0.55] is an (€, € Vq)-fuzzy left ideal of S but A
is not an interval-valued fuzzy left ideal of S, because A(3) = A(1.2) = [0.6, 0.65]
and A(2) = 0.7. So, A(1.2) # A(2).

Theorem 15. For an LA-semigroup S the following conditions are equivalent.
(1) S is regular.

(2) AAR)™ = (Ao fi)~ for every interval-valued (€, € Vq)-fuzzy right ideal X
and every interval-valued (€, € Vq)-fuzzy left ideal [t of S.

Proof. First we assume that (1) holds. Let A be an interval-valued (€, € Vq)-
fuzzy right ideal and g an interval-valued (€, € Vq)-fuzzy left ideal of S. Let,
a € S then

(Ao i)~ (a) = (Ao fi)(a) A 05
= (Va=y={\() A 7i(2)) A 0.5}
— Vazy: (\(y) A Ji(2) 7 05)
= Va=y:({A(y) A 0.5} A {7i(2) A 0.5} 1 0.5)
< Vaye (My2) A fily2) A 05)
= Aa) Afi(a) A 05
= (AA)(a) A0S
= (AR (a)
So, (Nofi)” < (AN
Since S is regular, so there exists an element « € S such that, a = (az)a.
So,
(Aofi)™ = (Xofi)(a) A0S
— (Vaey:{A(y) A i) A O
> {Aaz) Afi(a)} A0S
> {Xa)AN0.5A(a)} A0S}
= Xa) Afi(a) A 0D
= (An7}(a) A0S
— AR (a)
So, B -
(Aop)™ = (AAp)~
Thus, N B
(Rofi)” = (AAJ)



Interval valued («, 3)-fuzzy ideals 423

Conversely, assume that (2) holds. Let R and L be right ideal and left ideal
of S respectively. In order to see that RN L = RL holds. Let a be any element
of RN L. Then, by Lemma 14, the lower part of an interval-valued characteristic
functions 51; and CV'E of R and L are interval-valued (€, € Vq)-fuzzy right ideal
and interval-valued (€, € Vq)-fuzzy left ideal of S, respectively. Thus, we have

GEL = (6]; oCr)~ (by Lemma 13)
—(@rACL)~  (by (1)
= Cpnr
Thus, RN L = RL. Hence, by Theorem 1, S is regular and so (2)=-(1). O

Theorem 16. Let S be an LA-semigroup with left identity e such that (xe)S =
xS for all x € S. Then, the following conditions are equivalent.

(1) S is regular.

2) (FANAR)™ < (oA o))~ for every interval-valued (€,€ Vq)-
fuzzy right ideal p every interval-valued (€,€ Vq)-fuzzy generalized bi-ideal A
and every interval-valued (€, € \/q) -fuzzy left ideal 1 of S.

3) (FANAR)™ < (oA o))~ for every interval-valued (€,€ Vq)-
fuzzy right ideal p, every interval-valued (€,€ Vq)-fuzzy bi-ideal X and every
interval-valued (€, € Vq)-fuzzy left ideal i of S.

(4) (FANAR™ < ((poX) o) for every interval-valued (€,€ Vq)-
fuzzy right ideal p, every interval-valued (€, € Vq)-fuzzy quasi-ideal X and every
interval-valued (€, € Vq)-fuzzy left ideal i of S.

Proof. (1)=(2)

Let ﬁ,X and g be any interval-valued (€,€ Vq)-fuzzy right ideal, interval-
valued (€, € Vq)-fuzzy generalized bi-ideal and for any interval-valued (€, € Vq)-
fuzzy left ideal of .S, respectively. Let a be any element of S. Since S is regular,
so there exists an element € S such that a = (ax)a. Hence, we have

((FoX) o)™ (a) = (Vazy{ (7o N)(y) A Ji(2)) A 05
Now, a = (ax)a = (ax)(ea) = (ae)(za) = a(za) because (ze)S = xS for all
z€S.

VazyA (7o N)(y) ATi(2)) A 05
N(a) Afi(wa) A 0.5
a=pa{P(P) A X)), {7i(a) A 0.5} A 05

((FoX) o) (a) = (
(po
(v
{plax) A Na)} A {fi(a) A 0.5}
{
{r
(

AVARRAVARRLV]

v

(p(a) A 05) AXNa)} Afi(a) A0S
pla) A X(a)} Afi(a) A 05
(BAN AR (a)
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Thus,
(FAX) AR (@) < ((FoX) o i)~

Hence, (1)= (2).

(2) =>(3) is straight forward because every interval-valued (€, € Vq)-fuzzy
bi-ideal is an interval-valued (€, € Vq)-fuzzy generalized bi-ideal of S.

(3)=(4) is also straight forward because every interval-valued (€,€ Vq)-
fuzzy quasi-ideal is an interval-valued (€, € Vq)-fuzzy bi-ideal of S.

(4)=(1) Let p and g be any interval-valued (€, € Vq)-fuzzy right ideal and
any interval-valued (€, € Vq)-fuzzy left ideal of S respectively. Since § is an
(€, € Vq)-fuzzy quasi-ideal of S, by the assumption, we have

(BAR)(a) = (pAR)(a) A0S

={{pAS}ARE}NO5

=({(p A3} AED) ()

<((pod)om)(a)

= ((pod) o fi)(a) A0S

= Vaze{ (70 9)(b) A Ti(e)} A 0.5

= Vazse{Vimpg (P(p) A 3(0)} A i(€)} A 05

= Vazbe{Vopa{P(0)} A i)} A 0.5

= Vazbe{Vope {{B(p) A 0.5}} A i(c)} A 0.5

< Vazte{ Vo—pa{P(p2)} A i(e)} 1 05

= Va=ue{{A(b) A fi(c)}} A 0.5

= (pofi)(a) A 05

— (FoR) ()
Thus, it follows that (p A z)~ < (po )~ for every interval-valued (€, € Vq)-
fuzzy right ideal p and every interval-valued (€, € Vq)-fuzzy left ideal f of S.

But (popn)” < (pAp)~ always. So, (popu)” = (pApn)~ . Hence, it follows from
Theorem 15 that S is regular. (|

Theorem 17. Let S be an LA-semigroup with left identity e such that, (xe)S =
xS, for allx € S. Then, the following conditions are equivalent.

(1) S is regular.

(2) AAR)™ < (Nofi)~ for every interval-valued (€, € Vq)-fuzzy quasi-ideal
X and every interval-valued (€, € Vq)-fuzzy left ideal [ of S.

(3) AAR)™ < (Mo fi)~ for every interval-valued (€, € Vq)-fuzzy bi-ideal A
and every interval-valued (€, € Vq)-fuzzy left ideal i of S.

(4) (X Ap)~ < (X o)~ for every interval-valued (€, € Vq)-fuzzy generalized

bi-ideal A and every interval-valued (€, € Vq)-fuzzy left ideal [t of S.



Interval valued («, 3)-fuzzy ideals 425

Proof. (1)=(4)

Let A and & be any interval-valued (€, € Vq)-fuzzy generalized bi-ideal and
any interval-valued (€, € Vq)-fuzzy left ideal of S respectively. Let a be any
element of S. Then, there exist an element x € S such that a« = (ax)a. Thus,

we have
(Ao )~ (a) = (Ao i)(a) A U5 = Vary{A(Y) AJil2)} A 05

Now, a = (az)a = (az)(ea) = (ae)(ra) = a(ra) because (ze)S = xS for all
x € S. So,

(a) A fi(za) A 0.5
> Aa) A {fi(a) A0S} A0S
fi)(a) A 0.5}

Hence, (Ao i)~ > (AAJI)~.

(4)=(3) is obvious because every interval-valued (€, € Vq)-fuzzy bi-ideal is
an interval-valued (€, € Vq)-fuzzy generalized bi-ideal of S.

(3)=(2) is obvious because every interval-valued (€, € Vq)-fuzzy quasi-ideal
is an interval-valued (€, € Vq)-fuzzy bi-ideal of S.

(2)=(1)

Let A be an interval-valued (€, € Vq)-fuzzy right ideal and f be an interval-
valued (€, € Vq)-fuzzy left ideal of S. Since every interval-valued (€, € Vq)-
fuzzy right ideal of S is an interval-valued (€, € Vq)-fuzzy quasi-ideal of S. So,

(Aofi)™ > (AAJi})~. Now,

(Ao i) (a) = (Ao fi)(a) A0

< Vazy={A(y2) A 0.5} A {fi(y2) A 0.5}
= {Ma) A fi(a)} A O
=AApn)(a) A0S
= (AAT)(a)
So, Nofi)™ < (AAR)™. Hence, (Aofi)” = (AAJi)~ for every interval-valued

(€, € Vq)-fuzzy right ideal \ of S and every interval-valued (€, € Vq)-fuzzy left
ideal i of S. Thus, by Theorem 15, S is regular. O
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