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DIFFERENCE CORDIALITY OF SOME SNAKE GRAPHS

R. PONRAJ* AND S. SATHISH NARAYANAN

ABSTRACT. Let G be a (p,q) graph. Let f be a map from V (G) to
{1,2,...,p}. For each edge uv, assign the label |f (u) — f (v)|. f is called a
difference cordial labeling if f is a one to one map and |ey (0) — ey (1)| < 1
where ey (1) and ey (0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph with admits a difference cordial
labeling is called a difference cordial graph. In this paper, we investigate
the difference cordial labeling behavior of triangular snake, Quadrilateral
snake, double triangular snake, double quadrilateral snake and alternate
snakes.
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1. Introduction

Let G be a (p,q) graph. In this paper we have considered only simple and
undirected graph. The number of vertices of G is called the order of G, de-
noted by |V (G)| and the number of edges of G is called the size of G, denoted
by |E (G)|. Labeled graphs are used in several areas such as astronomy, radar,
circuit design and database management [1]. The notion of difference cordial
labeling has been introduced by R. Ponraj, S. Sathish Narayanan and R. Kala
n [3]. In [3, 4, 5, 6, 7], difference cordial labeling behaviour of several graphs like
path, cycle, complete graph, complete bipartite graph, bistar, wheel, web and
some more standard graphs have been investigated. In this paper we investi-
gate the difference cordial labeling behaviour of Triangular snake, Quadrilateral
snake, Alternate triangular snake, Alternate quadrilateral snake. Let x be any
real number. Then |x]| stands for the largest integer less than or equal to x
and [z] stands for the smallest integer greater than or equal to . Terms and
definitions not defined here are used in the sense of Harary [2].
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2. Main results

Definition 2.1. Let G be a (p,q) graph. Let f : V(G) — {1,2,...,p} be a
bijection. Foreach edge uv, assign the label |f (u) — f (v)|. f is called a difference
cordial labeling if f is 1—1 and |ey (0) — ey (1)| < 1 where ey (1) and ef (0) denote
the number of edges labeled with 1 and not labeled with 1 respectively. A graph
with a difference cordial labeling is called a difference cordial graph.

Now we investigate the difference cordial labeling behavior of some snake
graphs. The triangular snake T;, is obtained from the path P, by replacing each
edge of the path by a triangle Cs.

Theorem 2.2. The Triangular snake Ty, is difference cordial.

Proof. Let P, be the path ujug ... u,. Let V(T,) =V (P,)U{v; : 1 <i<n-—1}
and E(T,) = E(P,) U {uv;,viu;y1 1 1 <i<n—1}. In this graph, |V (T},)| =
2n — 1 and |E (T,)| = 3n — 3. For n > 4, define f : V (T},) = {1,2,...,2n — 1}
by

Flu) =2i—1 1<i< g

F o)) =2|5] -1+ 1<i< 7]
f(vnﬂ):{gJ+n—1+i 1gzg_g_
f(vi) = 2i 1<i< g .y

The following table 1 shows that the labeling f defined above is a difference
cordial labeing of T, for n > 4.

TABLE 1

Nature of n | e (0) | ef (1)
n=0(mod 2) [ 322 | 3n=2

n=1(mod 2) | =2 [ 303

We now display a difference cordial labeling for T5, T35 and T} is given in figure
1.
3 5 4 7 6 5
1 2 1 2 3 1 2 3 4
Figure 1.

O

The Quadrilateral snake @,, is obtained from the path P, by replacing each
edge of the path by a cycle Cjy.
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Theorem 2.3. All Quadrilateral snakes are difference cordial.

Proof. Let P, be the path ujus...u,. Let V(Qn) = {vj,w; : 1 <i<n—-1}U
V(P,) and F(Q,) = E(P,) U {uv;, viw;, wiusy1 : 1 <i<n-—1} Note that
[V (Qn) = 3n—2 and |E(Qn)] = 4n — 4. Define a map f : V(Q,) —
{1,2,3,...,3n =2} by f(v1) =3n—3, f (v2) =3n—2, f(w1) =3n—4,

flu) =i 1<i<n
f(p—i) =n+2i 1<i<n-3
flwup—i)=n+2i—1 1<i<n—2.

Here, €7 (0) = e (1) = 2n — 2. It follows that f satisfies the edge condition of
difference cordial graph. 0

Next is the alternate triangular snake. An alternate triangular snake A (T5,)
is obtained from a path ujus ... u, by joining u; and u;41 (alternatively) to new
vertex v;. That is every alternate edge of a path is replaced by Cj.

Theorem 2.4. Alternate triangular snakes are difference cordial.

Proof. Case 1. Let the first triangle be starts from uy and the last triangle ends
with Up—1-

In this case, |V (A(T,))] = 222 and |E(A(T,))| = 2n — 3. Define f :
V(A(T,) = {1,2,...,2%2} by f(u1) =1,

—2

Flusy) =3i+1 1g¢§”2
—2

f (ugit1) = 3i 1§i§n2
—2

Flu)=3i—1 1§z’§”2

and f (up) = 2272, In this case ef (0) =n — 1 and ef (1) = n — 2 and hence f

is difference cordial labeling.

Case 2. Let the first triangle be starts from w; and the last triangle ends
with u,. Here |V (A(T,))| = %* and |E(A(T,))| = 2n — 1. Define a map
fV(A(T))—{1,2,...,%} by

Fuz) = 3i — 1 1§igg
f(UQifl):?)i—Q 1§ZS§
f(vi) = 3i 1<i<z.

Since ey (0) =n —1 and ey (1) =n, f is a required difference cordial labeling.
Case 3. Let the first triangle be starts from us and the last triangle ends with
. Note that in this case, |V (4 (T,))| = 2%~ and |E (A (T,))| = 2n—2. Define
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an injective map f: V (A(T,)) = {1,2,..., 2%} by

3n—1
flu) =—5

1

f(ugio) =6i—5 1<i< if n=1(mod 4
4
1

131’3”1 if  n=3(mod 4)
1

F (uagi1) = 6i — 2 1<i<?” if  n=1(mod4
4

1§i§n;3 if n = 3 (mod 4)
1

Ugi_1) = 3i 1<i<™2 if n=1(mod 4
4
1

1§i§n1_ if n = 3 (mod 4)
1

ugi) = 6i 1<i<?” if n=1(mod 4
4
~3

1§i§n4 if n = 3 (mod 4)
1
Flu)=3i—1 1§z’§”2

Here ef (0) = n — 1 and ef (1) = n — 1. Therefore, f is a difference cordial
labeling.

Case 4. Let the first triangle be starts from u; and the last triangle ends with
un,—1. This case is equivalent to case 3. O

Now we look into alternate quadrilateral snake. An alternate quadrilateral
snake A (Q,) is obtained from a path wujus...u, by joining wu;, u;4+1 (alterna-
tively) to new vertices v;, w; respectively and then joining v; and w;. That is
every alternate edge of a path is replaced by a cycle Cy.

Theorem 2.5. All alternate quadrilateral snakes are difference cordial.

Proof. Case 1. Let the first cycle Cy be starts from ug and the last cycle be
ends with u,_1. Note that in this case, |V (4 (Qn))| =2n—2and |E (A (Qn))] =
5n-8 Define f: V (A(Qn)) = {1,2,...,2n — 2} as follows:

fu) =1
Flvsi1) =8i—4 193% if  n=0(mod 4)
193”;2 if  n=2(mod 4)
—4
Fva) = 8i +1 195”4 if  n=0(mod 4)
l<i< =2 if  n=2(mod 4)
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f(wai—1)=8i—3 1§i§% if n =0 (mod 4)
1§i§n;2 if n =2 (mod 4)
[ (wa;) = 61 1§i§n14 if n = 0 (mod 4)
1§i§n;2 if n =2 (mod 4)
F(usi) = 4i — 2 1§¢§";2
Fugisy) = 4i — 1 1§¢§";?

The table 2 given below shows that f is a difference cordial labeling.

TABLE 2

Nature of n | ef (0) | ey (1)
n=0(mod 4) | 228 | 2n-8

1
n =2 (mod 4) —5”210 —5”4*6

Case 2. Let the first cycle Cy be starts from w; and the last cycle be ends with
uy,. Here, |V (A(Qn))] =2n and |E (A (Qn))| = 222, Define f: V (A (Qn)) —
{1,2,...,2n} by

Fugis) =8i—7 1<i<® if n =0 (mod 4
4
1gi§”12 if  n=2(mod 4)
F(v4io) = 8i — 6 1<i<® if n =0 (mod 4
4
1gi§”;2 if  n=2(mod 4)
Fugi) =8i—3 1<i<® if n =0 (mod 4
4
1gi§”;2 if  n=2(mod 4)
F (ug;) = 8i — 2 13@3% if  n=0(mod 4)
—9
1gi§"4 if  n=2(mod 4)
Flvgi1) =8i—5 1<i<® if n =0 (mod 4
4
2
1gi§"1 if  n=2(mod 4)
1 (vgi) = i 1<i<® if n =0 (mod 4
4
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—2

1§i§n4 if  n=2(mod 4)

Flwai1) = 8i—4 132’3% if  n=0(mod 4)
2

1§i§n1_ it n=2(mod 4)

fwe)=8i—1 1§i§% if n = 0 (mod 4)
—2

1§i§n4 if  n=2(mod4).

In this case the following table 3 shows that f is a difference cordial labeling.

TABLE 3
Nature of n | e (0) | ef (1)
— Sn—4 on
n=0 (mod 4) E 57{T_2

Case 3. Let the first cycle C4 be starts from us and the last cycle be ends
with u,. Note that |V (A(Qy))| = 2n — 1 and |E (A (Qn))| = 252, Define

fw)=2n-1

1

Fugios) = 8i -7 1§z’§”4 if  n=1(mod4)
1

1§i§n1_ it n=3(mod4)
—1

F(ugi1) = 8i— 6 1§i§n4 if  n=1(mod 4)
1

1§i§n1_ it n=3(mod4)
—1

ugi) = 8i — 3 1<i<? if  n=1(mod4
1
~3

1§i§n4 if  n=3(mod 4)
~1

F(ugigr) = 8i— 7 1§z’§”4 if  n=1(mod4)
—3

1g¢§”4 if  n=3(mod 4)
~1

Voi—1) = 81 — Sign— if n=1(mod 4
f 8i — 4 1 -
1

1g¢§”1 if  n=3(mod 4)
~1

F(va) = 8i— 1 1<i<’ if  n=1(mod4)
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1§i§n;3 if  n=3(mod4)

f(wei—1)=8i—5 1§i§nT_1 if n =1 (mod 4)
1g¢§”11 if  n=3(mod 4)

F (wa;) = 8i 1§¢§”;1 if  n=1(mod 4)
1g¢§”;3 if  n=3(mod4).

The following table 4 shows that f is a difference cordial labeling.

TABLE 4

Nature of n | ef (0) | ef (1)
n=1(mod 4) | 2222 [ 222

n=3(mod 4) [ 22T | 223

Case 4. Let the first cycle Cy be starts from u; and the last cycle be ends with
u,_1. This case is equivalent to case 3. O

Next investigation is about the irregular triangular snakes. The irregular
triangular snake IT,, is obtained from the path P, : ujus ... u, with vertex set
V(IT,) =V (P,) — {v; : 1 <i<n—2} and the edge set E (IT,) = E(P,) U
{uivi,viqu 01 S ) S n — 2}

Theorem 2.6. The irregular triangular snake is difference cordial.

Proof. Clearly |V (IT,)| =2n—2 and |E (IT,)| = 3n—>5. Define f : V (IT,) —
{1,2,...,2n — 2} as follows:
Case 1. n is odd.

[ (ugiz1) =2i—1 l<i< gw
f(u2i):2_g—‘+2i_1 1§z§_n;2_
f(vaim1) =2i 1§i§_n;T
f(vzi)—Z_n;T‘_'_Qi 1<i< n;2

Case 2. n is even. Label the vertices u; (1 <i<n-—1)andv; (1 <i<n)as
in case 1 and assign the label 2n — 2 to the vertex u,. The following table 5
gives the nature of the edge condition of the above labeling f. It follows that f
is a difference cordial labeling. 0

The difference cordial labeling of irregular triangular snake IT}s is given in
figure 2.
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TABLE 5

Nature of n | e (0) | ef (1)
n=0(mod 2) [ 322 | 328

2
n=3(mod 2) | =2 [ 30D

2 12 4 14 6 16 8 18 10 20

VD.9.9.9.9.9.9.9.9.0N

1 13 3 15 5 17 7 19 9 21 11 22
Figure 2.

The irregular quadrilateral snake 1Q,, is obtained from the path P, : ujus ..., up
with vertexset V (IQ,) =V (Py)U{v;,w; : 1 <i <n —2}and edgeset E (IQ,) =
E (Pp) U {uvs, wittipo, v;w; : 1 <i<mn—2}.

Theorem 2.7. The irreqular quadrilateral snake is difference cordial.

Proof. Clearly, |V (IQ,)| =3n —4 and |E (IQ,,)| = 4n — 7 respectively. Define
f:VIQ,) —{1,2,3,...,3n—4} by

flui) =i 1<i<n

fw)=n+2i—-1 1<i<n-2

fw) =n+2i 1<i<n-—2.
Since ey (0) = 222 and ey (1) = 28, it follows that f is a difference cordial
labeling. 0

A double triangular snake DT, consists of two triangular snakes that have
a common path. That is, a double triangular snake is obtained from a path
U1, Uz ... Uy by joining u; and u; 1 to a new vertex v; (1 <i<n—1) and to a
new vertex w; (1<i<n-—1).

Theorem 2.8. Double triangular snake DT, is difference cordial iff n < 6.

Proof. For n < 6, the difference cordial labeling is given in figure 3. Conversely,
suppose n > 6 and f is a difference cordial labeling of the double triangular
snake. Here, |V (DT,)| = 3n — 2 and |E (DT,)| = 5n — 5. We observe that
the maximum value of ey (1) does not exceed 14+ 2(n—1) 4+ 1 = 2n. Hence
es (0) > ¢—2n > 3n— 5. Therefore, e¢ (0) —ef (1) > n—5, a contradiction. O

A double quadrilateral snake D@, consists of two triangular snakes that have
a common path.
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Figure 3.

Theorem 2.9. The double quadrilateral snake is difference cordial.

Proof. Let V(DQ,) = {u;:1<i<n} U {v,w,z,y;:1<i<n-—1} and
E (DQy) = {withigr1, Uivs, 0;w;, Wii, TiYi, Wittiy1, Yibir1 : 1 < i < n — 1}. Clearly,
[V (DQy)| = 5n — 4 and |E(DQy)| = 7Tn — 7. Define a map f : V(DQ,) —
{1,2,...,5n — 4} as follows:

Flug) =3i—2 1§i§{";’2J
flo)=3i—1 1§z‘§gJ
f (wy) = 3i 1§¢§[§J
f(z;))=3n+2i—3 1<i<n-1
f(yi)=3n+2i—2 1<i<n-—1

Fopgey) =3 |5 | +i2 1<i< |27
n-+ 2 n—2 . . n

f(vL%JH):i%_ . _+{ 5 -‘4—22—3 1<i< 5] -1
n-+ 2 n—2 . . n

f(“’L%JH):?’ 5 _+{ 5 l+2z—2 lézé[ﬂ—l.

The following table 6 shows that fis a difference cordial labeling of DQ,,. O

TABLE 6

Nature of n | e (0) | ef (1)
n=0(mod?2) [ 28 | o8

n =1 (mod 2) —7"2_7 —7"2_7

A double alternate triangular snake DA (T},) consists of two alternate trian-
gular snakes that have a common path. That is, a double alternate triangular
snake is obtained from a path ujus...u, by joining u; and u;; (alternatively)
to two new vertices v; and w;.
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Theorem 2.10. Double alternate triangular snake DA (T,,) is difference cordial.

Proof. Case 1. The triangles starts from u; and end with w,. In this case,
|V (DA(T,))| = 2n and |E (DA(T,))| = 3n — 1. Define an injective map f :
V(DA (T,)) — {1,2,...,2n} by

fu)=2i—1 1<i<n
fv)=4i—2 1§z§g
f(w;) = 4i 1§z’§g.

Since ey (1) = 2 and ey (0) = 222, f is a difference cordial labeling of DA (T},).
Case 2. The triangles starts from uy and end with u,—1. Note that In this
case, [V (DA(T,))| =2n —2 and |E (DA(T,))| = 3n — 5. Label the vertices v;
and w; (1§i§"7_2) as in case 1 and define f(u;) =2i—3, 2 <i<n-—1,
f(u1) =2n—3and f(u,) = 2n — 2. Since ey (1) = 22=% and e (0) = 324, f
is a difference cordial labeling of DA (T5,).

Case 3. The triangles starts from us and end with u,. It is clear that in this
case, [V (DA(T,))| =2n—1and |E(DA(T,))| = 3n — 3. Label the vertices v;
and w; (1 <3< "T_l) as in case 1 and label u; (2 <i<n—1) asin case 2 and
define f(u1) = 2n — 1. Since ey (1) = ey (0) = 323, f is a difference cordial
labeling of DA (Ty,).

Case 4. The triangles starts from u; and end with u,,_;. This case is equivalent
to case 3. O

Finally, we look into the graph double alternate quadrilateral snake. A double
alternate quadrilateral snake DA (Q,) consists of two alternate quadrilateral
snakes that have a common path. That is, it is obtained from a path wjus ... uy,
by joining u; and w; 41 (alternatively) to new vertices v;, x; and w;, y; respectively
and adding the edges v;,w; and x;y;.

Theorem 2.11. All double alternate quadrilateral snakes are difference cordial.

Proof. Case 1 The squares starts from u; and end with u,. In this case,
[V (DA(Qn))| =3nand |E(DA(Qy))| = 4n—1. Defineamap f : V(DA (Qn)) —
{1,2,...,3n} by

f(u;) =3i—1 1<i<n

f(vi) =6i—5 1§i§z§g
f(w;) =6i—2 1§2§z§g
fla)=6i—3 1<i<i<g
f(y:) = 6i 1§z’§z§g.
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Since ey (1) = 2n and e; (0) = 2n — 1, f is a difference cordial labeling of
DA(Qn).

Case 2. The squares starts from ug and end with u,_1. In this case, |V (DA (Qy))|
=3n—4and |F (DA (Q,))| = 4n—7. Label the vertices v;, w;, 2;, y; (1 <i< "7_2)
as in case 1 and define f (u;) =3i—4, 2 <4 <n,and f(u;) =3n —5. Since
er (1) =2n—3and ey (0) = 2n—4, f is a difference cordial labeling of DA (Q,,).
Case 3. The square starts from ug and end with u,,. In this case, |V (DA (Q,))| =
3n—2and |E (DA (Q,))| = 4n—4. Label the vertices v;, w;, z;,y; (1 <i< 251)
as in case 1 and label u; (2 <i<n) as in case 2 and define f(u1) = 3n — 2.
Since ey (1) = ey (0) =2n — 2, f is a difference cordial labeling of DA (Q,,).
Case 4. The square starts from u; and end with w,_;. This case is equivalent
to case 3. 0
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