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OPTIMALITY AND DUALITY IN NONDIFFERENTIABLE
MULTIOBJECTIVE FRACTIONAL PROGRAMMING USING
a-UNIVEXITY
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ABSTRACT. In this paper, a multiobjective nondifferentiable fractional pro-
gramming problem (MFP) is considered where the objective function con-
tains a term involving the support function of a compact convex set. A
vector valued (generalized) a-univex function is defined to extend the con-
cept of a real valued (generalized) a-univex function. Using these functions,
sufficient optimality criteria are obtained for a feasible solution of (MFP)
to be an efficient or weakly efficient solution of (MFP). Duality results
are obtained for a Mond-Weir type dual under (generalized) a-univexity
assumptions.
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1. Introduction

Most of the real world problems which arise in the areas of portfolio selection,
stock cutting, game theory and many decision making problems in management
science etc. are (multiobjective) fractional programming problems. Extensive
researches have been reported in the literature for the multiobjective nonlin-
ear (nondifferentiable) fractional programming problems involving generalized
convex functions by various authors, for details see ([1,4,6-13,15,18-21]) and ref-
erences therein. The areas which have been explored are mainly to weaken the
convexity and to relax the differentiability assumption of the functions used in
developing optimality and duality of the above programming problems. Bec-
tor et al.[3] introduced univex functions by relaxing the definition of an invex

Received September 10, 2013. Revised December 9, 2013. Accepted December 24, 2014.
*Corresponding author.
© 2014 Korean SIGCAM and KSCAM.

359



360 Rekha Gupta and Manjari Srivastava

function and obtained optimality and duality results for a nonlinear program-
ming problem. Jayswal[8] defined a-univexity and its generalizations for a real
valued function and proved duality theorems for a nondifferentiable generalized
fractional programming problem.

Different authors have used different forms of nondifferentiability to obtain
optimality conditions and duality theory for fractional programming problem
under generalized convexity assumptions. Authors like Mond [15], Singh [19],
Zhang and Mond [21] and in the references cited therein considered a class of
nondifferentiable fractional programming problems containing square root terms
in the objective function and derived optimality criteria and discussed duality
theory. Non smooth optimization involves functions for which subderivatives
exist [5]. Square root of a positive semidefinite quadratic form is one of the few
types of a nondifferentiable function whose subdifferential can be written explic-
itly. Square root of a quadratic form can be replaced by a more general function,
namely, the support function of a compact convex set, whose subdifferential can
be simply expressed. For these considerations Mond and Schechter[16] consid-
ered programs which contain support function in objective function and studied
symmetric duality. Kim et al. [9] established necessary and sufficient optimality
conditions and proved duality results for weakly efficient solutions of multiob-
jective fractional programming problem containing support functions under the
assumption of (V, p) invex functions. Later in [10], Kim et al. established duality
results using (V, p) invexity for the same problem with cone constraints.

Motivated by the above researches, in this paper, we consider a nondifferen-
tiable multiobjective fractional programming problem (MFP) over cones with
objective function containing support function of a compact convex set. We
introduce the concept of a-univexity and its various generalizations for a vector
valued function. This generalizes the concept of a-univexity for a scalar valued
function[8]. We also give the examples to show the existence of above defined
classes of functions. Sufficient optimality conditions for a (weakly) efficient so-
lution of (MFP) are derived using these newly defined classes of (generalized)
a-univex functions. A Mond-Weir type dual is proposed for (MFP) and stan-
dard duality theorems are proved assuming the functions to be (generalized)
a-univex.

2. Preliminaries

Let R™ be the n-dimensional Euclidean space and let R} be its non negative
orthant. The following convention for inequalities will be used in this paper. If
x,u € R™, then

r<u & u—2x € int RY;
< u & u—x¢eRY;
x<wu = u—x € R} /{0};

x ¢ u is the negation of x < u.
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Note : For z,u € R, we use x < u to denote z is less than or equal to u.

Definition 2.1 ([17]). A non empty set C in R" is said to be a cone if for each
x € Cand A >0, Az € C. If in addition C is convex then C is called a convex
cone.

Definition 2.2 ([17]). Let C C R™ be a cone. The set
C*={zeR"|2"2<0,VzeC,
is called the polar cone of C.

We now consider the following nondifferentiable multiobjective fractional pro-
gramming problem:

(MFP) Minimize F(z) = <f1(~’0) +s@D)  ful) +5(I|Dk-)>

gi(x) gr ()
subject to h(z) € C5 , z € Cy,

where f: X = RF g: X — RF and h: X — R™ are continuously differentiable
functions over an open subset X of R". (7 C X and (s are closed convex
cones with non empty interiors in R™ and R™ respectively, D;(i = 1,2,... k)
are compact convex sets in R™ and s(x|D;) = maz{< z,y > |y € D;} denotes
the support function of D;. Let X = {z € X : x € C1, h(x) € C3} be the set of
all feasible solutions of (MFP) and

filx) +s(z|Dy) > 0, g(x) > 0, Vx e X.

For any w = (wy,ws,...,wy) € R* x R* x ... x R" and # € R", 27w =

(xTwy, 2T ws, ..., 2 Twy).

We now review some known facts about support functions. The support
function s(x|C) of compact convex set C C R™, being convex and everywhere
finite, has a subgradient at every x in the sense of Rockafellar[17], that is, there
exists z € C such that

s(y|C) > s(z|C) + 2T (y —z), YyeC.

Equivalently,

2To = s(2|C).
The subdifferential of s(z|C') is given by

ds(z|C) ={z € C: 2Tx = 5(z|C)}.
For any set D C R™, the normal cone to D at any point « € D is defined by
Np(z)={y € R" | y"( —2) <0, Vz¢€ D}.

If C is a compact convex set then y € N (x) iff

s(ylC) = ™y,
or equivalently z € 9s(y|C).
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Definition 2.3. A feasible solution T € Xj is said to be a weakly efficient
solution of (MFP) if there does not exist any x € Xy such that

F(z) < F(@).

Definition 2.4. A feasible solution T € X is said to be an efficient solution of
(MFP) if there does not exist any x € X such that

F(z) < F(@).

We recall the definition of a-univexity for a differentiable real valued function
f:X—=R.

Definition 2.5 ([8]). The function f is said to be a-univex at T € X with
respect to a : X x X — Ry \ {0}, b: X xX — Ry, ¢ : R — R and
n:X x X — R"if for every x € X, we have

b(2.7) 6 (f(2) — f(@) > <ale.7)V f(@),n(@,7) > .

Now to extend the above concept of a-univexity to multiobjective program-
ming we give the following definitions for a vector valued differentiable function
f:X — RF. Assume that « : X x X - R\ {0}, b: X x X - R ¢:R— R
andn: X x X — R".

Definition 2.6. The function f : X — R" is said to be a-univex at T € X
with respect to a, b, ¢, and 7 if for every z € X and for each i = 1,2,... k, we
have

bi(z,7) ¢ (fi(x) = fi(T)) = <a(z,7) v fi(T),n(z,7) > . (2.1)

If (2.1) is a strict inequality for all z # T, then f is said to be strict a-univex
function.

Definition 2.7. The function f : X — RF is said to be pseudo a-univex at
T € X with respect to a, b, ¢, and 7 if for every x € X and foreachi=1,2,... k,
we have

bi(z,7) ¢(fi(x) = fi(T)) < 0 = <alz,7) v fi(T),n(z,7) > < 0.

Definition 2.8. The function f : X — RF is said to be strict pseudo a-
univex at T € X with respect to a, b, ¢, and 7 if for every x € X (z # T) and
for each : = 1,2,..., k, we have

bi(z,7) ¢ (fi(z) — fi(Z)) < 0 = <a(z,7) v [i(T),n(z,T) > < 0.

Definition 2.9. The function f : X — RF is said to be quasi a-univex at
T € X with respect to o, b, ¢, and 7 if for every x € X and foreach: =1,2,... k,
we have

bi(z,7) ¢ (fi(2) = fi(T)) < 0 = <alz,7) v fi(T),n(z,7) > < 0.
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f is said to be (strict) c-univex, (strict) pseudo a-univex and quasi a-univex
on X if it is (strict) c-univex, (strict) pseudo a-univex and quasi a-univex
respectively at every x € X.

We now give the following example to show the existence of vector valued
a-univex function.

Example 2.10. Let X =]0,1[ and f : X — R? is given by
f@) = (fi(x), fo(x)) = (2,22 + 1).

T—u
3
2x, x>0

o) = { -2z, x<0.

Then f is a-univex on X with respect to «, b, ¢ and 7.

Also let, by (x,u) = u,bo(x,u) = + u,n(x,u) =

,a(z,u) =2 + u and

We note that every a-univex function is pseudo a-univex as well as quasi a-
univex but the converse is not true. To illustrate this fact, we give the following
examples of pseudo a-univex and quasi a-univex functions which are not a-
univex.

Example 2.11. Let X = }0, g [ and f: X — R? is given by
f(x) = (fr(x), f2(x)) = (cos z,sinx).
Also let, ¢(z) = 2z, n(z,u) =u—z, a(z,u) = x> + u,

by (z,u) = { 0, wzu and bo(z,u) = {

zu, T<uU

0, u>x
T+ u, u <.

Then f is pseudo a-univex on X with respect to «,b,¢ and n but it is not
T

a-univex on X because for x =

3776
bi(z,u) ¢ (fi(x) = fi(w) < <alz,u) v filw),n(z,u) > .
Example 2.12. Let X = ] ,g[ and f: X — R? is given by
f(x) = (fi(z), f2(x)) = (sinz, cos x).
Also let, ¢(z) = 2z, a(z,u) = z + u,

sinx — sinu S 1 > u
) r=zu > =
n(x,u) = Cos U and by(x,u) = by(z,u) = { 0
0’ T <u 5 T << u.
Then f is quasi c-univex on X with respect to o, b, ¢ and 7 but it is not a-univex
o T
on X because for r = —,u= —
12 3

bi(z,u) ¢ (fi(2) = fi(w) < <alz,u) v filuw),n(z,u) > .

Now, we give the following lemma.
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Lemma 2.13. Assume that f and g are differentiable functions defined from
X to R¥, where X is an open subset of R™ and g(x) > 0 for all x € X. If for

w = (w1, ws,...,wg) € R"XR"%...x R", f(-)+(-)Tw and —g(-) are a-univex
at T € X with res is Ui w )
pect to a, b, ¢ and n and ¢ is linear, then 90 i
a-univer at T with respect to o, b, ¢ and n, where
bi(z,7) = zggb(a:x) Vi=1,2,... k.
Proof. Consider for each i =1,2,..., kand ¢ € X,
vz o (F@ e (@) +3"w
) o (HE5 )
b(nE (fi(z) + 2Tw;) — (fi(@) + 7" wi) s 11
bl W( gi(x) * (fz( ) ) (g (z) gi(w)))
— b (T (f(x)+xTw)f(f(m)+fTw) (f(f)JrfTw)
= bi( >¢( e e (e @)

As ¢ is linear, we have that

(1. T fz(x) +xTwz fz( )+
bile, W( 0@ e )

= b, D) ((filw) + 2" wy) — (fi(®) + T w))

Wb.(x,@(z»(gi(x) +0:(@), Vi=1,2,.. k.

Since f(-)+ (-)Tw and —g(-) are a-univex at T with respect to a, b, ¢ and 7, we
have for each i = 1,2,...,k,

o filz) + 2w fi(@) + 7wy
bi(z, )(b( gi(x) 9i(T) )

<O((x7§) Vv (fz(f) ""_fTwi) ) 77(1‘,5»

(fl(i) ""fTwl) - (z x,T
_mm(m,x)vgz( ), n(z,T))

= BT @) v (F@) + 7w — (i) + Tws) v 6:(7), (2, 7) >

0:(®) v (£(®) + ) — (@) + Fw) v (@), _
< G (e ””)>

(@)
(@)
= o, 7) g’ﬁg””; <v (fi(x) _”T““) , n(x,x)> -
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Therefore,
e (Mg - )
> (az,T) (W) , n(x,a:)>, Vi=1,2,....k
- T (M A
> <a(x,x)v <W> , n(:c,x)>, Vi=1,2,...,k,
where b;(z,7) = zngi(x,x), Vi=1,2,... k. Therefore, (W) is
a-univex at T with respect to «, b, ¢ and 7. O

Remark 2.1. The following are satisfied:

(1) Ifin Lemma 2.13 the functions f(-)4-(-)Tw and —g(-) are assumed to be
strict a-univex and a-univex respectively at T with respect to «, b, ¢ and
71, then moving on the similar lines as in Lemma 2.13, it can be shown

D+ O w\ . . _ .
that (f()()w) is strict a-univex at T with respect to «, b, ¢ and

g9(-)
(2) Since every a-univex function is pseudo a-univex, therefore assuming all

T

the conditions of Lemma 2.13, (W
at T. J

(3) Again by using the fact that every strict a-univex function is strict

SO +()Tw
9(-)

at T if the functions f(-) + (-)Tw and —g(-) are assumed to be strict

a-univex and a-univex respectively at T in Lemma 2.13.

) is also pseudo a-univex

pseudo a-univex, the function < ) is strict pseudo a-univex

We now give an example which illustrates the above Lemma 2.13 and Remark
2.14(2).

Example 2.14. Let X =] —1,1[and f: X — R?,g: X — R? are defined by
f(@) = (fi(x), fo(x)) = (z +2,27),
9(2) = (91(2), g2(2)) = (—a? + 3, —a" + 4).
Also let, a(z,%) = T + 2, by(2,7) = 2% + 72, bo(2,7) = T2 + 1, ¢(v) = z,
n(z,7) = 7% — 2%, w = (wi,wy) = (1,0) and Z = 0. Then <WU> is

a-univex and hence pseudo a-univex at T = 0 with respect to «,b, ¢ and 7 as
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f() 4+ (-)Tw and —g(-) are a-univex at T = 0 with respect to a,b, ¢ and 7,
where

bi(2,7) = b, (2, 7)  fori=1,2.

3. Optimality Conditions

The following lemma giving necessary optimality conditions will be used in
the sequel. The lemma is cited in [10] and can be obtained from [2] and [9].

Lemma 3.1. (Necessary Optimality Conditions) Let T be a weakly efficient so-
lution of (MFP) at which a suitable constraint qualification [14] be satisfied, then
there exist W = (W1, W3, ..., W) € Dy x Dax...x D, \€ RF X >0 andy € Csy
such that

N —T— T

()\T \V4 (W) + VyTh(x)) (x—%) >0, Yx e, (3.1)
7 h(T) = 0, (3.2)

s(Z|Dy) =7 w;, i=1,2,...,k (3.3)

We now establish some sufficient optimality conditions for T € X to be a
(weakly) efficient solution of (MFP) under (generalized) a-univexity defined in
the previous section.

Theorem 3.2. Let T be a feasible solution of (MFP) and that there exist X €
RE XN >0, w = (W, Ws,...,Wg) € Dy X Dy X ... x Dy and y € Cy such that

7) + 71w r
(AT \V/ <f()g;;)) + vyTh(:c)) (x—7)>0, Yz e R", (3.4)
7 h(T) = 0, (3.5)
s(Z|D) =7 w;, i=1,2,...,k (3.6)

Further assume that all the conditions of Lemma 2.13 are satisfied at T and w
with b;(z,T) > 0 for alli=1,2,...,k and a < 0 = ¢(a) < 0. Also if any one
of the following conditions hold:
(a) y'h(-) is a-univex at T with respect to a, by, ¢o and 1 with by(z,T) > 0
and ¢o(a) >0=a >0,
(b) 7Th() is quasi a-univer at T with respect to a, by, ¢o and n with a <
0= ¢0 (a) < 0,
then T is a weakly efficient solution of (MFP).

Proof. Suppose that T is not a weakly efficient solution of (MFP). Then there
exists some x € X such that
. D (7 = D
filw) + s@D)  fil@ +s@D:) gy g
9i() 9i(T)
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Using the fact that s(xz|D;) > z7w; for all i = 1,2,...,k and s(Z|D;) = 7°w;,
we have for each i = 1,2,...,k that

fi(x) +aTwi _ fi(z) + s(z|Di) _ fi@+s@D) _ fi(@) + 7" w;

gi(x) B gi(x) 9:(T) (@
. T (7 iknn
= flw) r o fil@) +f‘ Yi <o, (3.7)
gi(x) 9:(T)
. . Ti
Now assume that (a) holds. By Lemma 21&(]“()—5—(())11}) is a-univex at
g .
7 with respect to a,b, ¢ and 1 where b;(x,7) = gigxi bi(x,T). Since a < 0 =
gi\®
$(a) < 0 and b;(z,7) > 0, (3.7) gives
T e (@) H 2w fi(T) +x%> :
bi(x,x — — <0, Vi=1,2,...,k. 3.8
(w0 (£2122 L (3.
. . Ti
Using the definition of a-univexity of (W), (3.8) implies
9(-)
o (fi@ +xTwi> _ > .
alz,T — | , n(z,7T) ) <0, Vi=12 ... k.
(o (KL e
Since A > 0, therefore multiplying each of the above inequalities by \; and
summing over ¢ = 1,2,...,k, we get that
_~T _ [ f@) +xTw> _ >
a(z,T) A — |, n(x,T < 0. 3.9
(ate) 3" 7 (HLEEE) o) (39
As (3.4) holds for all z € R™, we have
_ —T—
PRV, (W) + i (@) = 0. (3.10)

Now using (3.10) in (3.9) we get that
(a(z,7) VY h(E@), n(z,z)) > 0.
Since 5 h(-) is a-univex at T € Xj, the above inequality implies
bo(z,T) ¢o (7" h(z) — 7" h(@)) > 0.
Using (3.5), we get
bo(,Z) ¢o(y" h(z)) > 0.
As by(x,Z) > 0 and ¢g(a) > 0= a > 0, we have
77 h(z) > 0. (3.11)
But as x is feasible for (MFP) and 5 € Cs, we get that
7 h(x) <0,
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which contradicts (3.11). Hence 7 is a weakly efficient solution of (MFP).
. . T
Assume that (b) holds. Using Remark 2.14(2), we have that <M

pseudo a-univex at T with respect to a, b, ¢ and n where b; (z, ) =

0. Also as a < 0= ¢(a) <0, (3.7) gives

bi(2, 7)o <fi(x;J(rx‘ﬁ§Tw" - fi(x;;;f“”) <0, Vi=1,2,....k  (3.12)

. . Ti
Now (W) being pseudo a-univex at T, (3.12) implies

_ fi(@) + 95Twi) _ > .
alz, 7))V | ———— | , n(z,x <0, Vi=12,...,k.
(atem) v (2222 (@7)
Since A > 0, therefore multiplying each of the above inequalities by \; and
summing over 1 = 1,2,...,k, we get

_ T f(@) +:cTw) _ >

alz,x) A v( , Nz, < 0. 3.13

(atwm) LT e (313)

As (3.4) holds for all z € R™, we have
o (f(a:) —i;fTﬁ

9(7)
Because x is feasible for (MFP) and 5 € Cs, we get that
@Th(x) <0.

) + vy WT) =0. (3.14)

Using (b), (3.5) and above inequality, we obtain
bo(,7) ¢o(7" h(z) = 7" h(7)) < 0.
As 5Th(-) is quasi a-univex at T, we obtain from above inequality that
(a(z,7) VT h(EZ), n(z,7)) < 0. (3.15)
Adding (3.13) and (3.15), we get that
<a(m7x) <>\T v <Jw> +vyTh(x)> : n(x,w)> < 0,

which contradicts (3.14). Hence T is a weakly efficient solution of (MFP). O

Theorem 3.3. Let T be a feasible solution of (MFP) and that there exist A €
RF X >0, w = (Wr1,Wa,...,wx) € Dy x Dy x ... x Dy and § € Co such that the
conditions (3.4) - (3.6) hold. Assume that all the conditions of Lemma 2.13 are
satisfied at T and w with b;(x,Z) > 0 foralli =1,2,...,k anda < 0 = ¢(a) < 0.
Also assume that 3T h(-) is a-univex at T with respect to o, by, o and 1 with
bo(z,T) > 0 and ¢g(a) > 0= a > 0. Then T is an efficient solution of (MFP).
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Proof. Suppose that T is not an efficient solution of (MFP). Then there exists
some x € X such that

fi@) + s(@|Di) _ fi(@) + s@|D3)

gi() 9i(T)
and 11(@) +5(|Dj) - [i(@) +if|Dj)
9;() 9;()

Using (3.6) and the fact that s(x|D;) > aTw;, i = 1,2,...,k, we have for all
i=1,2,...,k, i+ j that
fi@) +s@Dy) _ fi(@) +T W

fi(x) +2Tw; _ fi(x) + s(z|D;)

< < =
gi(x) B 9i() B 9i(T) 9i(T)
and
fi(@) +atwy _ fi(@) +s(2|D;) _ f5(@) + 5@ D;) _ fi(@) + 7 w5
gj(x)  ~ 9;() 9;(T) 9;(7)
That is,
filz) +2"wi _ fi(@) + 3w . oy
— — <0, Vi=1,2,...,k, i#j5 (3.16)
9i(w) 9i(T)
and DO HTW i@ T WG (3.17)
9;(x) 9i(T)
Since f(-) + (-)Tw and —g(-) are a-univex at Z with respect to a,b,¢ and 1,
. . Ti
therefore by Lemma 2.13, (W) is a-univex at T with respect to
gi(x)

a,b, ¢ and 1 where b;(z,T) = bi(x,) >0 for all i = 1,2,...,k. Using the

assumption that a < 0 = ¢(a) < 0 where ¢ is linear, (3.16) and (3.17) give

z)i(x,x)sb(fl(x;?; 2 fl(“c;?x")” wt) <O, V=12 k i#]
and bj(z,T) ¢ <fj<x;;(rxx)TW _ i (x;;(FST%> <0.

. NTw
Using a-univexity of (W) in last two inequalities, we get
g .
_ fi(@) + =" w; _ . .
al,T) v | ————— | , n(x,T) ) <0, Vi=1,2,...,k, i #]
9:(7)

and <a(a:,ac) \V4 (M> , n(x,a:)> < 0.
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Since A > 0, therefore multiplying each of the above inequalities by A; and
summing over ¢ = 1,2,..., k, we get

<7 _ [ f@) +asTw> _ >
alx,T) A —_— |, n(x,T < 0.
(atem) 3" 7 (HLEEE) o)
Rest of the proof follows on the lines of proof of part (a) of Theorem 3.2. O

Theorem 3.4. Let T be a feasible solution of (MFP) and that there exist X €
RF X >0, w = (Wr,Wg,...,Wg) € D1 x Dy x ... x Dy, and § € Cy such that
the conditions (3.4) - (3.6) hold. Assume that all the conditions of Lemma 2.13
are satisfied at T and W with f(-) + () W being strict a-univex at T. Further
assume that TLh(-) is quasi a-univex at T with respect to a, by, o and 1. Also
let a <0=¢(a) <0 anda <0= ¢o(a) <0. Then T is an efficient solution of
(MFP).

Proof. Suppose that T is not an efficient solution of (MFP). Then there exists
some x € X such that

fi(x) + s(z|D;)

<

gi(z) 9i(T)
fi(x) +s(z|Dy)  fi(@) + s(z|Dy)
and gj () = 9;()

Using (3.6) and the fact that s(z|D;) > a7w;, i = 1,2,...,k, we have for all
i=1,2,...,k, i+#j that

fi(z) + 2"w;

fi(z) +5(z|Di) _ fi@) +s@D:) _ fi(@) + 7w

w@ - @ - a@®  a®
and
fi(@) + «"w; < fitw) +5(|D;) _ fi(@ +s(@D;) _ fi@) +77 w5
gi(x)  ~ g9;(x) 9;(@) g;(®)
That is,
(z) + zTw; (T) + T w;
fi( ;J(rx) i _ il ;_J(rx) <0, Vi=1,2,...,k, i#5  (3.18)
(z) + 2Tw; (Z) + 7 w;
and 1i( ;:(_x) i Bl ;j—;x) 1 <0. (3.19)

Since f(-) + (-)Tw is strict a-univex and —g(-) is a-univex at T with respect

. VAT
to a, b, ¢ and 7, therefore by Remark 2.14(3), (W) is strict pseudo
g .
a-univex at T with respect to a, b, ¢ and 1 where b;(x,T) = gl(f) bi(z,Z) > 0

9i(T)
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for all i = 1,2,..., k. Thus by using the assumption that a < 0 = ¢(a) < 0,
(3.18) and (3.19) give

file) +a"w;  fi(@) + 7w
9i(x) 9:()

bi(x,a:)(b( ) <0,Vi=1,2,....k. (3.20)

. . Ti
Using the definition of strict pseudo a-univexity of (W), (3.20) im-
g .
plies
o (fi®@ +x%) _ > .
alz, 7))V | ———— | , n(z, T <0, Vi=1,2,... k.
(atem) v (HE22 (@.7)

Since A > 0, therefore multiplying each of the above inequalities by A; and
summing over ¢ = 1,2,...,k, we get

<oz(:z:,:17) YR, (W) : n(x,l’)> < 0.

Rest of the proof follows on the lines of proof of part (b) of Theorem 3.2. (]

4. Duality
Now we consider the following Mond-Weir type dual of (MFP).

(MFD)  Maximize (Wv)

9(u)
subject to
g(u) b '
T
v =t (37 (L) 4 ot 2 o (1.2
yeCyy NeRF, X>0, w= (w,...,w) € Dy x...x Dy, (4.3)
where w; (i =1,2,...,k) is a vector in R" and u?w = (uTw1, ..., uTwy).

Theorem 4.1. (Weak Duality) Let x be feasible for (MFP) and (u,y, \,w) be
feasible for (MFD). Assume that

(@) f(-)+ (-)Tw and —g(-) are a-univex at u with respect to a, b, ¢, n with
¢ linear and yTh(-)+vT(-) is a-univer at u with respect to o, by, ¢y and
n for allv € CY,

(b) a <0 = ¢ola) <0, a <0 = ¢(a) <0 and bi(z,u) > 0 for all
i=1,2,... .k

then F(z) £
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Proof. Let us suppose on the contrary that

that is,

fi(x) + s(z|D;) - fi(w) + uTw;

9i(x) gi(u)
Using the fact that s(z|D;) > z7w; for all i = 1,2,...,k, we get that
fi(z) + 2Tw; - filu) + uTw;

. Vi=1,2,...,k.

(o) a o YiThae ok
fi(a:;J(rxg);Twi N fi(u;_j(uuq;Twi <0, Vi=12,...,k (4.4)

By (a) as f(-) + (-)Tw and —g(-) are a-univex at u with respect to a, b, ¢ and
. AT
7, therefore by Lemma 2.13, (W

g9()
gi(m)bi(ﬂc,u) >0 foralli=1,2,...,k. Thus by
i(u

) is a-univex at u with respect to

a,b,¢ and n where b;(z,u) =
using the assumption that a < 0= ¢(a) <0, (4.4) gives

b (w,u) ¢ (fi(x)”Twi - fi(u)Jr“Twi) <0, Vi=1,2... k.

gi(x) gi(u)
Now s (W”) is - univex at u, we get
ot (B ) o i

Since A > 0 by (4.3), therefore multiplying above inequality for each i =
1,2,...,k by X\; and summing over ¢+ = 1,2,...,k, we get that

<a(m,u) My (W) , n(m,u)> < 0. (4.5)

From the dual constraint (4.1), we have

- (AT v (W"> + vyTh(u)> € Cy,

g(u)
therefore there exist v € C7 such that
T
v=— (/\T \V/ (f(u)—|—uw> + VyTh(u)> . (4.6)
g(u)

On using (4.6) in (4.2), we obtain
yTh(u) +vTu > 0. (4.7
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Since z is feasible for (MFP), y € Cy and v € Cf, we have
yTh(z) +vTz <0, (4.8)
therefore (4.7) and (4.8) together give
yTh(u) + v u > yTh(z) + 0T
= y'h(z) + vz —yTh(u) —ovTu < 0.
From assumption (b) as a < 0 = ¢g(a) < 0 and by(z,u) > 0, therefore
bo(z,u) ¢o (y"h(z)+v "z —yTh(u) —vTu) < 0.

Since yTh(-) +vT(+) is a-univex at u with respect to a, by, ¢o and 7, therefore
the above inequality gives

< afz,u) (VyTh(u) +v), n(z,u) > <0,

which on using (4.6) reduces to

< a(z,u) NI (

This contradicts (4.5). Hence,

O

Theorem 4.2. (Strong Duality) Let T be a weakly efficient solution of (MFP)
at which a suitable constraint qualification [14] be satisfied. Then there exist
ANERFAN>0,7€Cy andw = (W1, W, ..., W) € D1 X Dy X ... x Dy such
that (T,7, A\, W) is feasible for (MFD) and the objective function values of (MFP)
and (MFD) are equal. Furthermore, if the assumptions of weak duality Theorem
4.1 hold for all the feasible solutions of (MFP) and (MFD), then (Z,9,\, W) is
weakly efficient for (MFD).

Proof. Since T is a weakly efficient solution of (MFP), therefore there exist \ €
RE X >0,y € Cy and W = (Wy,Ws,...,wWx) € D; X Dy X ... x Dy such that
(3.1),(3.2) and (3.3) hold. Since T € C; and C} is a closed convex cone, therefore
for any x € C1, we have z + T € Cy. Thus replacing x by = + T in (3.1), we get

T f@ +zTw g
()\ v ( ) + vyTh@c)) 220, Vel
9(T)
That is,
— —T—
- ()\T v (ﬂa’)”w> + VyTh(x)> €. (4.9)
9(T)
Also by letting x = 0 and x = 2T in (3.1), we get
T

<>\T v (W) + VyTh(x)) 7=0. (4.10)
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Therefore by using (3.2) and (4.10), we have that

— —_T—
7 h(T) -7 (AT \V/ (ﬂx)wu) + vyTh(x)> =0. (4.11)
9(7)

Thus (4.9) and (4.11) imply that (7,7, \,w) is feasible for (MFD) and the
objective function values of (MFP) and (MFD) are equal. Since the assumptions
of weak duality hold for all the feasible solutions of (MFP) and (MFD), we get
that (Z,7, A\, W) is a weakly efficient solution of (MFD). O

5. Conclusion

This paper generalizes the concept of a-univexity for a real valued function
by defining the concept of a-univexity, pseudo a-univexity and quasi a-univexity
for a vector valued function. Examples have been included to show the existence
of these functions. Sufficient optimality criteria have been obtained for (MFP)
by using the above defined classes of (generalized) a-univex functions. Assuming
the functions to be a-univex duality is established between (MFP) and its Mond-
Weir type dual (MFD).
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