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1. Introduction

The notion of I-Convergence is a generalization of the concept of statistical
convergence which was first introduced by H.Fast [5] and later on studied by
various mathematicians like J.A.Fridy [6,7], Kostyrko, Salat and Wilezynski [19],
Salat, Tripathy, Ziman [29] and Demirci [3].

Also a double sequence is a double infinite array of elements xy; € R for all
k,l € N (see [14,15]). The initial works on double sequences is found in Bromwich
[1], Basarir and Solancan [2] and many others. Throughout this article a double
sequence is denoted by & = ().

Next we discuss some preliminaries about I-convergence (see [12],[30]).

Let X be a non empty set. Then a family of sets IC 2% (power set of X) is
said to be an ideal if I is additive i.e A,B€El =AU Be€l and hereditary i.e A€l,
BCA=Bel.

A non-empty family of sets £(I) C 2% is said to be filter on X if and only if
o ¢ £(1), for A, Be £(I) we have ANBe £(I) and for each A € £(I)and ACB
implies B€ £(I). An Ideal IC 2% is called non-trivial if I# 2X. A non-trivial
ideal IC 2% is called admissible if {z : {z} € X} CIL.

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J#I
containing I as a subset. For each ideal I, there is a filter £(I) corresponding to
Lie £(I) = {K C N : K° e I},where K° = N-K.
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Definition 1.1. A double sequence (z;;) € w is said to be I-convergent to a
number L if for every € > 0. {(¢,j) €N x N : |z;; — L| > €} € 1. In this case we
write I-lima;; = L. (see [17))

The space oc! of all I-convergent sequences to L is given by
ol = {(wij) €w:{(i,j) €N xN : |z;; — L| > €} € I,for some LE G

Definition 1.2. A sequence (z;;) € w is said to be I-null if L = 0. In this case
we write I-lim x;; = 0.

Definition 1.3. A sequence (z;;) € w is said to be I-cauchy if for every e > 0
there exists a number m = m(e) and n = n(e) such that

{(1,§) €W XN :|zij — Tpnn| > €} €1

Definition 1.4. A sequence (z;;) € w is said to be I-bounded if there exists M
>0 such that {(i,7) €N X : |z;;] > M}.

Definition 1.5. Let (z;5), (y;;) be two sequences. We say that (z;;) = (y;;) for
almost all (i,j) relative to I (a.a.k.r.I), if {(i,5) €N XN : x;; # i} €1

Definition 1.6. For any set E of sequences the space of multipliers of E, denoted
by M(E) is given by

M(E)={a € w:ax € E for all x € E}(see[28]).

Definition 1.7. A map A defined on a domain D C X i.eh: D C X — Rissaid
to satisfy Lipschitz condition if |i(z) — A(y)| < K|x — y| where Kis known as the
Lipschitz constant.The class of K-Lipschitz functions defined on D is denoted by
he (D,K).

Definition 1.8. A convergence field of I-convergence is a set
F(I) = {x = (zi;) € loo : there exists I — limz € R}.

The convergence field F'(I) is a closed linear subspace of I, with respect to
the supremum norm, F(I) = I, N 2c!(See[23]).

Define a function f : F(I) — R such that fi(z) = I — limz, for all x € F(I),
then the function & : F(I) — R is a Lipschitz function ([11,4,13]).

Definition 1.9. The concept of paranorm is closely related to linear metric
spaces [16]. It is a generalization of that of absolute value.

Let X be a linear space. A function g : X — R is called paranorm, if for all
x,y, 2 € X,

(PL) g(z) =0if =0, (P2)g(—x)=g(x), (P3)g(z+y)<g(x)+gy),
(P4) If (\,) is a sequence of scalars with A, = A (n — c0) and x,,a € X with
Zn — a (n — 00) , in the sense that g(z, —a) — 0 (n — 00) , in the sense that
g ATy — Aa) = 0 (n — 00).
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A paranorm g for which g(x) = 0 implies = 6 is called a total paranorm
on X, and the pair (X, g) is called a totally paranormed space.(See[23]). The
idea of modulus was structured in 1953 by Nakano.(See[24]). A function f :
[0,00)—[0,00) is called a modulus if
(1) f¢) =0ifand only if t =0, (2) f(t+u)< f(t)+ f(u) for all t,u>0,

(3) f is increasing and (4) f is continuous from the right at zero.

Ruckle in [25,26,27] used the idea of a modulus function f to construct the
sequence space

X(f) ={x=(zx): >_ f(|zxl) < o0}
k=1

This space is an FK space ,and Ruckle proved that the intersection of all such
X (f) spaces is ¢, the space of all finite sequences.

The space X (f) is closely related to the space Iy which is an X(f) space with
f(z) =z for all real > 0. Thus Ruckle proved that,for any modulus f

X(f)Clyand X(f)* =l
Where

X(N)*=A{y= () €w: Y _ flywar]) < oo}
k=1

The space X (f) is a Banach space with respect to the norm

llel] =D f(laxl) < oo.(See[22)).

k=1

Spaces of the type X (f) are a special case of the spaces structured by B.Gramsch
in[10]. From the point of view of local convexity, spaces of the type X (f) are
quite interesting.

Symmetric sequence spaces, which are locally convex have been frequently
studied by D.J.H Garling [8,9], G.Ko6the [18].

The following subspaces of w were first introduced and discussed by Maddox
[22,23].

llp)={rew: Z |zk|PF < oo},
k
loo(p) = {x € w : sup |z |P* < oo},
k
cp) ={r€w: lilgn|xk —[|P* =0, for some | € C},
co(p) ={r €w: lilgn |zk [P =0, },

where p = (pi) is a sequence of striclty positive real numbers.
After then Lascarides[20,21] defined the following sequence spaces

loo{p} = {x € w: there exists r > 0 such that sup |zgr|PFt; < oo} ,
k
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co{p} = {x € w: there exists r > 0 such that 1i]£n |xgr|PEty = 0} ,

o0
{p} = {x € w: there exists r > 0 such that Z |xpr Pt < oo} )
k=1

where t;, = plzl, for all k € V.
We need the following lemmas in order to establish some results of this article.

Lemma 1.10. Let h = irlgfpk and H = suppy. Then the following conditions
k

are equivalent. (See[18]).

(a) H< oo and h>0. (b)co(p) =co orlec(p) =loo- (¢) loc{p} =loc(p).
(d) co{p} = co(p)- (¢) Up} = U(p).

Lemma 1.11. Let Ke £(I) and MCN. If M¢I, then MNK ¢1.(See[29,30]).
Lemma 1.12. If I C 2%X and MCX. If M ¢1, then MNK ¢1.(See[29,30]).

Throughout the article I, ¢!, ¢}, m! and m{ represent the bounded , I-convergent,
I-null, bounded I-convergent and bounded I-null sequence spaces respectively. In
this article we introduce the following classes of sequence spaces.

ol (f,p) = {(zi) €w: f(Jwsj — L|P9) > € for some L} € T
20(f,p) = {(wij) € w: f(lwiy["7) > e} €T

2o (f,p) = {(2ij) € wrsup f(lzi;[P) < o0} €1

Also we write
le(f,p) = 2CI(f7p)m QZOO(f7p) and Qmé(fvp) = QCé(fvp)m QZoo(fap)
2. Main results

Theorem 2.1. Let (pij) € 2le. Then o' (f,p), 2cb(f.p), 2m!(f,p) and
om (f,p) are linear spaces.

Proof. Let (), (yij) €2 ¢! (f,p) and «, B be two scalars. Then for a given € > 0.
We have

{(’L,]) clN xIV : f(|(E” — L1

Pis) > T;\}l, for some L; € C} el

Pii) > ﬁ, for some Lo € C} el

{(i,j)eN XM 2 f(lyiy — Lo -

where
M, = D.maxzx {1,sup |e|Pi } , M> = D.mazx {1,sup |ﬁ|p”} and D = mazx {1,2H_1} ,
i, %,

where H = supp;; > 0. Let
4,

A1 = {(Z,]) ceN xIV : f(l:l?w — L1

pij)<ﬁ, forsomeL1€C}€I
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A2 = {(’L,j) clN xIV : f(ly” —L2
be such that A{, A5 € I. Then
Az ={(i,j) €N x N : f(|[(awij + Byiz) — flaLy + BL2)[P7) < €}

D4 (i,§) €N %I : [P f(lws; — La|P) < ——]|a|P.D
2M;

y €
sz)<m, forsomeLgeC}GI

NS (i,5) €N < : |BP9 f(lysj — La|P¥) < —=—|BIP¥.D
2M,

Thus A§ = AS N A € I. Hence (axi; + Byi;) € 2c'(f,p). Therefore oc!(f,p) is
a linear space. The rest of the result follows similarly. O

Theorem 2.2. Let (p;;) € aloo. Then om!(f,p) and om}(f,p) are paranormed
spaces, paranormed by g(z;;) = sup f(\xw|prj) where M = maz{l,supp;;}
1,J ,J
Proof. Let x = (z;;),y = (yi;) € 2m!(f,p).
(1) Clearly,g(z) = 0 if and only if 2 = 0.
(2) g(x) = g(—=x) is obvious.
(3) Since B4 <1 and M > 1,using Minkowski’s inequality and the definition of
f we have

Pij Pij Pij
sup f (|5ng + yij| ™ ) <sup f (\ng| M ) +sup f <|yz;| M )
,] ¥

z’J
(4) Now for any complex A we have (\;;) such that A;; — A, (4, j — 00).
Let x;; € om!(f,p) such that f(|z;; — L|P7) > e.
Therefore,

9wy — L) = sup f (Joig = LI3) < sup f (o3 ) +sup £ (12/5).
0,J 0,J (2]

Hence g(A\ijzij — AL) < g(Nijzij) + g(AL) = Nijg(zi;) + Ag(L) as (i,5 — 00).
Hence om!(f,p) is a paranormed space. The rest of the result follows similarly.
O

Theorem 2.3. A sequence x = (x;;) € am!(f,p) I-converges if and only if for
every € > 0 there exists No € N x N where N. = (m,n), m and n depending
upon € such that

{(0,5) €W <N : f(lzij —an.[P9) < e} € 2m!(f,p) (1)
Proof. Suppose that L = I — limx. Then
BgZ“LﬁENXNf@M—LWj<§}Em%ﬁm,bﬁﬂ6>0

Fixing some N, € B, we get

- € €
TSty =

lzy, — 2P <|zn, — L 3

Pij +|L7{ZZU
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which holds for all (4, j) € B.. Hence
{(i,5) €N xN : f(lzi; — an,
Conversely, suppose that
{(i,5) €N <N : f(|lzi; — an,

That is {(i,j) €N XN : (|Jz;j — N,
the set

i) < et e am!(f,p).

i) < ek € am!(f,p).
Pis) < ek € oml(f,p) for all € > 0. Then

C.={(i,j) EN XN : 25 € [z, — €, xn, + €} € am! (f,p) for all € > 0.

Let J. = [zn. — €, xn. + €]. If we fix an € > 0 then we have C. € om!(f,p) as
well as Cc € om! (f,p). Hence C, N Cs € omI (f,p). This implies that

J=J.NJs #¢
that is
{(4,5) EN xN : x5 € J} € am’(f,p)
that is
diamdJ < diamJ,
where the diam of J denotes the length of interval J. In this way, by induction
we get the sequence of closed intervals

Jo=Ig20 D . DI D e,

with the property that diaml < %diam[k,l for (k=2,3,4,.....) and

{(i,j) €N XN : a5 € I} € omI(f,p) for (k=1,2,34,......).

Then there exists a £ € NI where (i,j) € N x ¥ such that { = I — limz. So
that f(§) = I —lim f(x), that is L = I — lim f(x). O

Theorem 2.4. Let H = supp;; < oo and I be an admissible ideal. Then the
4,J
following are equivalent.

(a) (zi5) € o' (f,p);

(b) there exists(y;j) € 2c(f,p) such that x;; = yij, for a.a.k.r.I;

(c) there exists(yi;) € 2c(f,p) and (zi;) € 204(f,p) such that x;; = yij + 2ij
for all (i,7) €N <X and {(i,7) €N XN : f(|lyi;; — L|P¥) > €} € I;

(d) there exists a subset J x K where J = {j1,Ja,...} and K = {k1 < ka....}
of N XV such that J x K € £(I) and nli_>ngo f(xj, g, — L|Pinkn) = 0.

Proof. (a) implies (b)

Let (z;5) € 2¢'(f,p). Then there exists L € Csuch that
{(i,j) €N < : f(|z;; — L|P9) > €} € 1.

Let (my) and (n:) be increasing sequences with m; and n; € ¥ such that
{(0,7) < (me,ne) = f(Jzig = LIPY) > ep € 1.

Define a sequence (y;;) as

Yij = &5, for all (¢,7) < (mq,nq).
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For m; < k < myq1,t €N.
zij, if |wy; — LI <71,
Yii = {L, otherwise.
Then (y;;) € 2¢(f,p) and form the following inclusion
{k <mu:aiy # g C{00,5) <mus f(log — LIP9) > e} €1
We get x;; = y4;, for a.akr.L

(b) implies (c)
For (z;;) € 2¢/(f,p). Then there exists (y;;) € 2¢(f,p) such that z;; = y;;, for
a.akrl Let K = {(i,5) €N XN : x;; # s}, then (4,5) € I.
Define a sequence (z;;) as

Tij — Yij, if (7’73) € K7
#ij = 0, otherwise.

Then 25 € ‘2¢h(f,p) and yi; € 2¢(f,p).

(c) implies (d)
Let Py = {(i,j) €N x ¥ : f(|x;;|Pi7) > €} € I and

K = Plc = {(il,jl) < (iz,jg) < (ig,jg) < } S f([)

Then we have lim f(|z;, ;, — L|Pinin) = 0.
n— oo

(d) implies (a)
Let K = {(i1,j1) < (i2,J2) < (i3,73) < ...} € £(I) and nl;n;o fllxi,j,—L
0. Then for an € > 0, and Lemma 1.10, we have
{(i,4) €N XMW : f(lwij — LIP7) = e} € K U{(i,)) € K : f(lwi; — L|P9) = €}
Thus (zi;) € 2/ (f,p). O

Pinjn) =

Theorem 2.5. Let (p;;) and (¢;;) be a sequence of positive real numbers. Then
omd(f,p) 2 ami(f,q) if and only if(‘liinKinf ZIZ > 0, where K¢ CIN x IV such
if)e :

that K € 1.

Proof. Let ( h;rnK inf%’j > 0 and (7i;) € 2md(f,q). Then there exists 8 > 0
i.4)€

such that p;; > Bg;;, for all sufficiently large (i,j) € K.

Since (z;;) € 2m{(f,q), for a given € > 0, we have

By ={(i,j) €N XN : f(|wi;|7) > e} €1
Let Go = K¢ U By Then Gy € I. Then for all sufficiently large (i, j) € Go,
{(6,7) €N X : f(l2ijP7) = €} C{(i,5) €N x W : f(lzy;|*%) > €} € L.
Therefore (z;;) € 2md(f,p). O
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Corollary 2.6. Let (p;;) and (gi;) be two sequences of positive real numbers.
Then omb(f,q) 2 ami(f,p) if and only zf lim inf > Lii > (0, where K¢ CN xN

i,5)EK
such that K € 1.

Theorem 2.7. Let (p;;) and (gi;) be two sequences of positive real numbers.
Then om}(f,q) = am}(f,p) if and only if h)mKlnf Pi > 0,and lim inf L2 >

(ij)ek — Pi
0, where K CIN xIW such that K¢ € I.

Proof. On combining Theorem 2.5 and 2.6 we get the required result. (|

Theorem 2.8. Let h = 1nf p” and H = supp;j. Then the following results are
()]
equivalent. (a) H < 0o and h>0. (b) 2b(f,p) = 20b.

Proof. Suppose that H < oo and h > 0,then the inequalities min{l,s"} <
sPis < max{l,s"} hold for any s > 0 and for all (i,j) € N x . Therefore the
equivalence of (a) and (b) is obvious. O

Theorem 2.9. Let f be a modulus function. Then ¢ (f,p) C 26/ (f,p) C 205 (f,p).
The strict inclusions follow from the strict inclusion of the spaces

260(f) C 2c!(f) C 25 (f) (see [13]).

Proof. Let (z;;) € 2c!(f,p). Then there exists L € C'such that
I —1lim f(|z;; — L|?¥) = 0.

We have

Fllwigh) < 500 — LP) + 3 F(LIP)

Taking supremum over (i, j) both sides we get (x;;) € IL_(f,p) and the inclusion
2cb(f,p) C 2cl(f,p) is obvious. Hence ocl(f,p) C 2c/(f,p) C 20l (f,p) and
the inclusions are proper. O

Theorem 2.10. If H = supp;; < oo,then for any modulus f, we have

i,
ol M(m!(f,p)), where the inclusion may be proper.

Proof. Let a € »l% . This implies that sup |a;;| < 1+ K. for some K > 0 and all
4,J

(i,7). Therefore x = (x;;) € om!(f,p) implies

sup f(|asjzi;[P9) < (1+ K)"sup f(|ai;|P) < oc.

1,] ]
which gives oll C M( om!(f,p)). To show that the inclusion may be proper,
consider the case when p;; = ﬁ for all (z,7). Take a;; = (i x j) for all (4, j).
Therefore € om!(f,p) implies

) o 1
sup f(|aijzij|"7) < sup f(|i x j|G0) sup f(|zi5]7) < oo.
2,3 1,3 2,3

Thus in this case a = (a;;) € M( om!(f,p)) while a ¢ 5ll_. O
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Theorem 2.11. The function h: om!(f,p) — R is the Lipschitz function,where
omI(f,p) = 2c/(f,p) N 2loo(f,p), and hence uniformly continuous.

Proof. Let x,y € om!(f,p),x # y. Then the sets
A ={(i,5) €N XX : |aij — h(x) [P = ||z —yl[} € 1,

Ay ={(0,7) €N XN : |ys; = h(y)|" > [lz —yll} € L.
Here ||z — y|| = sup f(|z;; — y”|1717]) where M = max{1,supp;;}
i\j i\j
Thus the sets,

By = {(i,j) €M x X : |zi; — h(z) "7 < |lz —yl[} € 2m!(f,p),

By = {(i,j) € x W : |yy; — h(y)|"" < ||z —yl[} € 2m(f,p)-

Hence also B = B, N B, € am!(f,p), so that B # ¢. Now taking (i,7) in B
such that

[h(x) = h(y) [P < [P(x) = 245" + |2s; — yi P9 + lys; — R()IPY < 3|z —yl].

Thus & is a Lipschitz function. For om{(f,p) the result can be proved similarly.

O
Theorem 2.12. If x,y € om!(f,p),then (z.y) € m!(f,p) and h(zy) =
h(x)h(y).
Proof. For € > 0
By ={(i,j) €N x X : |z — h(x)|P7 < e} € 2m!(f,p),
By, = {(i,j) €N xV : |y;; — h(y)[P7 < e} € om’(f,p).
Now,
|@i5i5 — (@) (Y)[P9 = |wijys; — i h(y) + 2i50(y) — h(z)h(y) [P
< zigP9lyig — Ry [P + [A(y) [P |2i; — B(z) [P (2)
As om!(f,p) C loo(f,p),there exists an M € R such that |z;;|P¥ < M and

|[A(y) [P < M. Using eqn(2) we get
|53 — h(x)h(y)

For all (i,j) € B, N By, € am!(f.p). Hence (z.y) € m!(f,p) and h(zy) =
h(x)h(y). For omd(f,p) the result can be proved similarly. O

Pii < Me+ Me=2Me
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