JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 27, No. 1, 2014
http://dx.doi.org/10.14403/jcms.2014.27.1.113

THE RELATION BETWEEN MCSHANE INTEGRAL
AND MCSHANE DELTA INTEGRAL

JAE MYUNG PARK*, DEOK HO LEE**, JU HAN YOON*** YouNG
KUk KiM****  AND JONG TAE Lim**#**

ABSTRACT. In this paper, we define an extension f* : [a,b] — R
of a function f : [a,b]r — R for a time scale T and show that f
is McShane delta integrable on [a, b]r if and only if f* is McShane
integrable on [a, b].

1. Introduction and preliminaries

First, we introduce some concepts related to the notion of time scales.
A time scale T is any closed nonempty subset of R. For each t € T, we
define the forward jump operator o(t) by

o(t)=inf{z >t: 2 € T}
and the backward jump operator p(t) by
p(t) =sup{z <t:zeT}

where inf ¢ = sup T and sup ¢ = inf T.

If o(t) > t, we say the t is right-scattered, while if p(t) < t, we say
that t is left-scattered. If o(t) = ¢, we say that t is right-dense,while
if p(t) = t, we say that t is left-dense. The forward graininess function
wu(t) is defined by u(t) = o(t) — t, and the backward graininess function
v(t) is defined by v(t) =t — p(t).

For a,b € T, we define the time scale interval in T by

[a,blr ={t € T:a <t <b}.
A pair § = (01, 0r) of two real-valued functions on [a, b|T is a A-gauge

on [CL, bh‘ by (5L(t) > 0 on (a,b]'[r, 5R(t) > 0 on [a, b)’]r, 5L(a) > 0,5R(b) >
0, and dg(t) > wp(t) for each t € [a,b)r.
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A collection P = {(&;, [ti—1,t:]T)}—, of tagged intervals is a d—fine
McShane partition of [a, bl if ;" [ti—1, t:]T = [a, b]1, [tim1, ti]T C [& —
0(&),& + 0r(&)] and &; € [a,b]t for each i =1,2,--- ,n.

For a partition P = {(&, [ti—1,t]) }Iq, we write

FPY =" (&)t —tinn),
i=1

whenever f : [a,blT — R.

2. The McShane and McShane delta integrals

DEFINITION 2.1. A function f : [a,b]r — R is McShane delta inte-
grable (or Ma-integrable) on [a, b]T if there exists a number A such that
for each € > 0 there exists a A-gauge ¢ on [a, b]T such that

‘ﬂPyHQ<e
for every o-fine McShane partition P of [a,b]r. The number A is called
the Ma-integral of f on [a,b]t, and we write A = (Ma) f: f.

Recall that f : [a,b] — R is McShane integrable (or M-integrable) on
[a,b] if there exists a number A such that for each € > 0 there exists a
gauge ¢ : [a,b] — R on [a, b] such that

ﬂPyUQ<e

for every d0-fine McShane partition P of [a, ].
Let f : [a,blt — R be a function on [a, b]r, and let {(ax,bx)}7>, be
the sequence of intervals contiguous to [a, b|r in [a, b].
Define a function f* : [a,b] — R on [a, b] by

N flag) if t € (ar,b;) for some k.
f(ﬂ_{ f@) i tea, by

It is well-known [6] that f : [a, b]r — R is Henstock delta(or Ha )—inte-
grable on [a, bt if and only if f* : [a,b] — R is Henstock(or H)—integrable,

and (Hp) [7 f = (H) [} f*.
THEOREM 2.2. If f : [a, bl — R is M a-integrable on [a, b]t, then f* :
[a,b] — R is M-integrable on [a,b]. In this case, (Ma) fff = (M) ff I

Proof. Let f : [a,blr — R be Ma—integrable on [a, b]T and let € > 0.
Then there exists a A—gauge 6 = (d,0r) on [a, b such that
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(1) ‘f(P) — (M) fabf| < ¢ for each d—fine McShane partition P =
{(517 [aiv bl])} of [a’ b]T7

(2) 0r(t) = o(t) —tif t € [a,b]}’, where [a,b]7® is the set of all right
scattered points of [a, b|T,

(3) t+0r(t) € [a,bly if t € [a,b]5?, where [a,b]5 is the set of all right
dense points of [a, b]T,

< sp—p(sk) €
(4) 0r(t) < mm{ 5 2k<|f(sk>|+|f<p<8k>>|+1>}
[a, b]rlf = {51, 52,8k, " }’ and

(5) t — 6.(t) € [a, bl if t € [a,b]d, where [a,b]Yd is the set of all left
dense points of [a, b].

if t = s, where

Define a gauge 0! = (6} ,85) on [a,b] by

s1(t) = (0r(t),0r(t)) if t € [a,b]r
(t—p(sk),se —1t) if te(p(se)sk), k=1,2,8,---.

Assume that D = {(¢, [ui, vi])}, is a 6! —fine McShane partition of
[a,b]. Let i <mn and k € N be given. Suppose That (p(sk), sk) € (ui, vi),
(p(sk), sk) 2 (ui,v;) and (p(sk), sk) N (ui,v;) # 0. Then we note that the
substituting (¢, [p(sk), sk] N [wi, vi]) and (G, (p(sk), Sk)° N [ui, v;]) instead
of (¢, [ui, vi]) in D does not alter the value of f*(D).

Hence we may assume that

(p(sk), sk) C (ui, vi) or (p(sk), sk) D (ui, vi) or (p(sk), sx) N (i, vi) =0
for each 2 < n and k£ € N.

Let K be the set of all k € N such that (u;,v;) C (p(sg), si) for some
i <n. Then K is clearly a finite set. Denote K = {ki,ka,, - ,kq}.

Let AJ = {Z < 7’L|(’U¢,Ui) C (p(Skj),Skj)} for j = 1727' 1,4,

q
A:UAj and B=1{1,2,---,n}— A
j=1

If i € B, then (; € [a,b]r and u;,v; € [a, b]T.
Let Ajl- = {i € Aj|p(sk;) < ¢ < sp;} and A? =A; - Ajl-.
Define

(=9 plsk) if i€Al (j=1,2,q)
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Let D' = {(¢},[ui,vi])}?y. Then clearly D! is a ¢'—fine McShane
partition on [a,b] and ¢} € [a,b]r for each i < n, and

|f*(DY) = (D)

= |07 = £l - w)

€A

Jj=1 ieAl

ZZ o)l (vi — )
j=1 el

q

Z[ DI+ 1 (o)) D (05 = )|

oAl
zGAj

el £ Colsi )+ 1f (s,)l)
22’“ 5 (1£(p (sk))|+|f(5k3)|+1)

For each j, choose Aj, 1; € A; such that
LY = mi 1 Ly — 1
f(&,) = min f(&G) and  f(C,,) grel%f(éz ).

Then the partitions
Dy = {(¢ lui,vi))li € BYUL{(Gy, [o(sx;), s, D)1 = 1,2, -+, a}

and
Dy = {(¢} [wi,vi))[i € BY UG, [o(sk,), sk, ))ld = 1,2, ,q}

are both d—fine McShane partitions on [a, b]T and

=Y F(CHwi— +ZZf<@ )

i€EB Jj=li€A;
q
<D FCH 0= wi) + Y F(G) sk, — plsw,))
ieB Jj=1

b
— f(D}) < (Mm/ fre

Similarly, we have



The relation between McShane integral and McShane delta integral 117

b
f1(DY > F(DY) > (Ma) / foe

so that |f*(D') — (Ma) f;f\ <e.
Hence,

b
£(0) = 1) [ ] < 1£7(D) = DY) +
< 2e.
Thus, f* is McShane integrable and

(M)/abf*=<MA>/:f.
]

THEOREM 2.3. If f* : [a,b] — R is M-integrable on [a,b], then f :
[a,b]T — R is Ma—integrable on [a, b|t.

rh - i) [ ]

Proof. Suppose that f* is M-integrable on [a, b]. Define g : [a,b] — R

by
o) = [Flp@) +1f B if te[a, b7
0 if té€la,b]—[a,bl%.
Then since [a, )5 is a countable set, g = 0 a.e. on [a,b]. Hence, g is
M-integrable on [a,b] and (M) ffg = 0. Let € > 0. Then there exists a
gauge 6 = (01,0g) on [a, b] such that
b

)= 0n [

a

<€ and g(D)] <€

for each d—fine McShane partition D of [a, b].
Define a A—gauage 0! = (6},6%) on [a, bl by
o1 (t) = 6.(t) if € la,b]r
Sr(t) if t€[a,b]Hd

Or(t) =
o(t)—t if ¢ € [a,b]E.

Assume that D = {(&, [u;, v;])}, is a 6! —fine McShane partition of
[a,b]r. Let A ={i <nl& € [a, 0], [§,0(&)] C [uwi,vil},

B={1,2,---,n} — A
For each i € A, choose a §—fine McShane partition D; = {(&;;, [uj, vij])}§;1
of [&, (%))
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Let D* = {(&, [ui, v b U{ (€ [us, €D)li € A,us < 63U [ Usea Di).
Then D* is a d—fine McShane partition of [a, b], and

(D) = (D) = | Y2 HE)0(6) = &) = D2 D7 F* () (v — )|

€A i€A j<p;
=[S [reeE —a) - X e - uy)
€A J<pi
&ij<o(&)
Z flo vU_uU)”
1<p;
&ij=0(&)
- T [ - flote)] vy —u)
€A j<p;
&ij=0(&)
<Y [+ o] (v ) < e
€A j<p;
&ij=0(&)

Hence,

sy on [

b
< /(D) - f*(D") ﬂ@ﬂ«%/*

Thus, f is Ma—integrable on [a, b and
b b
) [r=0n [r

From Theorem 2.2 and 2.3, we get the following theorem.

THEOREM 2.4. A function f : [a,blr — R is Ma— integrable [a, b]T
if and only if f* : [a,b] — R is M-integrable on [a,b]. In this case,

i) = [

We next verify the basic properties of the McShane delta integral.
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THEOREM 2.5. Let f : [a, bl — R and let ¢ € [a, b].

(1) If f is Ma—integrable on [a, b]T, then f is M —integrable on every
subinterval of [a, b].

(2) If f is Ma—integrable on each of the intervals [a,c]t and [c, b]T,
then f is Ma—integrable on [a,blr and

<MA>/abf=<MA>/acf+<MA>/cbf.

Proof. (1) If f is Ma—integrable on [a, b]t, then f* is M-integrable
on [a,b]. Since f* is M-integrable on every subinterval of [a,b], f is
Ma—integrable on every subinterval of [a, bjr by Theorem 2.4.

(2) If f is Ma—integrable on each of [a,c|r and [c,b]r, then f* is
M-integrable on each of [a, c] and [c, b]. By the property of the McShane
integral, f* is M-integrable on [a, b] and

(M)/abf*z(M)/acf*HM)/cbf*-

By Theorem 2.4, f is Ma—integrable on [a, ¢|r and [c, b]r and

b c b
(Ms) [ 1= 0t) [ £+ 01 [
O
THEOREM 2.6. Let f,g : [a,blr — R be Ma— integrable on [a,b|y.

Then af + (g is Ma—integrable on [a,b]t for every a, 3 € R and

b

() [ ’(af + Bg) = a(Ma) / " f B [ s

Proof. If f and g are Ma—integrable on [a,b]T, then f* and g* are
M-integrable on [a,b]. Hence af* + [Sg* is M-integrable on [a,b], and

(M) [} (ef*+Bg") = a(M) [} f*+B(M) [} g*. By Theorem 2.4, af+5g
is Ma—integrable on [a,b]T and

) | '(af + Bg) = a(Ma) / " f B / .
]

THEOREM 2.7. (Monotone Convergence Theorem) Let {f,} be a
monotone sequence of Ma—integrable functions defined on [a,b]y and
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suppose that {f,} converges pointwise to f on [a,b|y. If
limy, o0 (Ma) fab fn is finite, then f is Ma—integrable on [a,b]T and

s) [ 1= i) [,

Proof. Let {f,} be a monotone sequence of Ma—integrable functions
on [a,b]r. Then by Theorem 2.4, {f*} is a monotone sequence of M-
integrable functions on [a,b], and {f}} converges pointwise to f* on
[a,b]. Since (MA)f(f fn = (M) fab [ for each n, lim,_o(M) f(f fris
finite. By the Monotone Convergence Theorem for the M-integral, f* is
M-integrable on [a, b] and

M)/abf*=nlggo(M)/abf§~

By Theorem 2.4, f is Ma—integrable on [a, by and

b
(Mp) f—nhm (Mp) / fn-
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