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THE RELATION BETWEEN MCSHANE INTEGRAL
AND MCSHANE DELTA INTEGRAL
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Kuk Kim****, and Jong Tae Lim*****

Abstract. In this paper, we define an extension f∗ : [a, b] → R
of a function f : [a, b]T → R for a time scale T and show that f
is McShane delta integrable on [a, b]T if and only if f∗ is McShane
integrable on [a, b].

1. Introduction and preliminaries

First, we introduce some concepts related to the notion of time scales.
A time scale T is any closed nonempty subset of R. For each t ∈ T, we
define the forward jump operator σ(t) by

σ(t) = inf{z > t : z ∈ T}
and the backward jump operator ρ(t) by

ρ(t) = sup{z < t : z ∈ T}
where inf φ = supT and supφ = inf T.

If σ(t) > t, we say the t is right-scattered, while if ρ(t) < t, we say
that t is left-scattered. If σ(t) = t, we say that t is right-dense,while
if ρ(t) = t, we say that t is left-dense. The forward graininess function
µ(t) is defined by µ(t) = σ(t)− t, and the backward graininess function
ν(t) is defined by ν(t) = t− ρ(t).

For a, b ∈ T, we define the time scale interval in T by

[a, b]T = {t ∈ T : a ≤ t ≤ b}.
A pair δ = (δL, δR) of two real-valued functions on [a, b]T is a4-gauge

on [a, b]T by δL(t) > 0 on (a, b]T, δR(t) > 0 on [a, b)T, δL(a) ≥ 0, δR(b) ≥
0, and δR(t) ≥ µ(t) for each t ∈ [a, b)T.

Received December 24, 2013; Accepted January 16, 2014.
2010 Mathematics Subject Classification: Primary 26A39; Secondary 26E70.
Key words and phrases: time scales, McShane delta integral, 4-gauge.
Correspondence should be addressed to Ju Han Yoon, yoonjh@cbnu.ac.kr.



114 J. M. Park, D. H. Lee, J. H. Yoon, Y. K. Kim, and J. T. Lim

A collection P = {(ξi, [ti−1, ti]T)}n
i=1 of tagged intervals is a δ−fine

McShane partition of [a, b]T if
⋃n

i=1[ti−1, ti]T = [a, b]T, [ti−1, ti]T ⊂ [ξi −
δL(ξi), ξi + δR(ξi)] and ξi ∈ [a, b]T for each i = 1, 2, · · · , n.

For a partition P = {(ξi, [ti−1, ti])}n
i=1, we write

f(P) =
n∑

i=1

f(ξi)(ti − ti−1),

whenever f : [a, b]T → R.

2. The McShane and McShane delta integrals

Definition 2.1. A function f : [a, b]T → R is McShane delta inte-
grable (or M4-integrable) on [a, b]T if there exists a number A such that
for each ε > 0 there exists a 4-gauge δ on [a, b]T such that∣∣∣f(P)−A

∣∣∣ < ε

for every δ-fine McShane partition P of [a, b]T. The number A is called
the M4-integral of f on [a, b]T, and we write A = (M4)

∫ b
a f .

Recall that f : [a, b] → R is McShane integrable (or M-integrable) on
[a, b] if there exists a number A such that for each ε > 0 there exists a
gauge δ : [a, b] → R+ on [a, b] such that∣∣∣f(P)−A

∣∣∣ < ε

for every δ-fine McShane partition P of [a, b].
Let f : [a, b]T → R be a function on [a, b]T, and let {(ak, bk)}∞k=1 be

the sequence of intervals contiguous to [a, b]T in [a, b].
Define a function f∗ : [a, b] → R on [a, b] by

f∗(t) =

{
f(ak) if t ∈ (ak , bk ) for some k .

f(t) if t ∈ [a, b]T.

It is well-known [6] that f : [a, b]T → R is Henstock delta(or H4)−inte-
grable on [a, b]T if and only if f∗ : [a, b] → R is Henstock(or H)−integrable,
and (H4)

∫ b
a f = (H)

∫ b
a f∗.

Theorem 2.2. If f : [a, b]T → R is M4-integrable on [a, b]T, then f∗ :
[a, b] → R is M-integrable on [a, b]. In this case, (M4)

∫ b
a f = (M)

∫ b
a f∗.

Proof. Let f : [a, b]T → R be M∆−integrable on [a, b]T and let ε > 0.
Then there exists a ∆−gauge δ = (δL, δR) on [a, b]T such that
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(1)
∣∣f(P) − (M∆)

∫ b
a f

∣∣ < ε for each δ−fine McShane partition P =
{(ξi, [ai, bi])} of [a, b]T,

(2) δR(t) = σ(t) − t if t ∈ [a, b]rs
T , where [a, b]rs

T is the set of all right
scattered points of [a, b]T,

(3) t + δR(t) ∈ [a, b]T if t ∈ [a, b]rd
T , where [a, b]rd

T is the set of all right
dense points of [a, b]T,

(4) δL(t) < min
{

sk−ρ(sk)
3 , ε

2k(|f(sk)|+|f(ρ(sk))|+1)

}
if t = sk, where

[a, b]lsT = {s1, s2, sk, · · · }, and
(5) t − δL(t) ∈ [a, b]T if t ∈ [a, b]ldT , where [a, b]ldT is the set of all left

dense points of [a, b]T.

Define a gauge δ1 = (δ1
L, δ1

R) on [a, b] by

δ1(t) =

{
(δL(t), δR(t)) if t ∈ [a, b]T
(t− ρ(sk), sk − t) if t ∈ (ρ(sk ), sk ), k = 1 , 2 , 3 , · · · .

Assume that D = {(ζi, [ui, vi])}n
i=1 is a δ1−fine McShane partition of

[a, b]. Let i ≤ n and k ∈ N be given. Suppose That (ρ(sk), sk) 6⊂ (ui, vi),
(ρ(sk), sk) 6⊃ (ui, vi) and (ρ(sk), sk)∩ (ui, vi) 6= ∅. Then we note that the
substituting (ζi, [ρ(sk), sk]∩ [ui, vi]) and (ζi, (ρ(sk), sk)c∩ [ui, vi]) instead
of (ζi, [ui, vi]) in D does not alter the value of f∗(D).

Hence we may assume that
(ρ(sk), sk) ⊂ (ui, vi) or (ρ(sk), sk) ⊃ (ui, vi) or (ρ(sk), sk)∩(ui, vi) = ∅

for each i ≤ n and k ∈ N.
Let K be the set of all k ∈ N such that (ui, vi) ⊂ (ρ(sk), sk) for some

i ≤ n. Then K is clearly a finite set. Denote K = {k1, k2, , · · · , kq}.
Let Aj = {i ≤ n|(ui, vi) ⊂ (ρ(skj ), skj )} for j = 1, 2, · · · , q,

A =
q⋃

j=1

Aj and B = {1, 2, · · · ,n} −A.

If i ∈ B , then ζi ∈ [a, b]T and ui, vi ∈ [a, b]T.
Let A1

j = {i ∈ Aj |ρ(skj ) ≤ ζi ≤ skj} and A2
j = Aj −A1

j .
Define

ζ1
i =





ζi if i ∈ B
ρ(sk) if i ∈ A1

j (j = 1 , 2 , · · · , q)
ζi if i ∈ A2

j (j = 1 , 2 , · · · , q).
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Let D1 = {(ζ1
i , [ui, vi])}n

i=1. Then clearly D1 is a δ1−fine McShane
partition on [a, b] and ζ1

i ∈ [a, b]T for each i ≤ n, and

|f∗(D1)− f∗(D)|
=

∣∣∣
∑

i∈A

[f∗(ζ1
i )− f∗(ζi)](vi − ui)

∣∣∣

=
∣∣∣

q∑

j=1

∑

i∈A1
j

[f∗(ζ1
i )− f∗(ζi)](vi − ui)

∣∣∣

≤
q∑

j=1

∑

i∈A1
j

|f∗(ζ1
i )− f∗(ζi)|(vi − ui)

≤
q∑

j=1

[
(|f∗(ρ(skj ))|+ |f∗(skj )|)

∑

i∈A1
j

(vi − ui)
]

<

q∑

j=1

ε
(|f(ρ(skj

))|+ |f(skj
)|)

2kj
(|f(ρ(sk))|+ |f(skj )|+ 1

) < ε.

For each j, choose λj , µj ∈ Aj such that

f(ζ1
λj

) = min
i∈Aj

f(ζ1
i ) and f (ζ1

µj
) = max

i∈Aj

f (ζ1
i ).

Then the partitions

D1
1 = {(ζ1

i , [ui, vi])|i ∈ B} ∪ {(ζ1
λj

, [ρ(skj ), skj ])|j = 1, 2, · · · , q}
and

D1
2 = {(ζ1

i , [ui, vi])|i ∈ B} ∪ {(ζ1
µj

, [ρ(skj ), skj ])|j = 1, 2, · · · , q}
are both δ−fine McShane partitions on [a, b]T and

f∗(D1) =
∑

i∈B

f(ζ1
i )(vi − ui) +

q∑

j=1

∑

i∈Aj

f(ζ1
i )(vi − ui)

≤
∑

i∈B

f(ζ1
i )(vi − ui) +

q∑

j=1

f(ζ1
µj

)(skj − ρ(skj ))

= f(D1
2) < (M∆)

∫ b

a
f + ε.

Similarly, we have



The relation between McShane integral and McShane delta integral 117

f∗(D1) ≥ f(D1
1) > (M∆)

∫ b

a
f − ε,

so that |f∗(D1)− (M∆)
∫ b
a f | < ε.

Hence,
∣∣∣f∗(D)− (M∆)

∫ b

a
f
∣∣∣ ≤ |f∗(D)− f∗(D1)|+

∣∣∣f∗(D1)− (M∆)
∫ b

a
f
∣∣∣

< 2ε.

Thus, f∗ is McShane integrable and

(M)
∫ b

a
f∗ = (M∆)

∫ b

a
f.

Theorem 2.3. If f∗ : [a, b] → R is M-integrable on [a, b], then f :
[a, b]T → R is M∆−integrable on [a, b]T.

Proof. Suppose that f∗ is M-integrable on [a, b]. Define g : [a, b] → R
by

g(t) =

{
|f(ρ(t))|+ |f(t)| if t ∈ [a, b]lsT

0 if t ∈ [a, b]− [a, b]lsT .

Then since [a, b]lsT is a countable set, g = 0 a.e. on [a, b]. Hence, g is
M-integrable on [a, b] and (M)

∫ b
a g = 0. Let ε > 0. Then there exists a

gauge δ = (δL, δR) on [a, b] such that
∣∣∣f∗(D)− (M)

∫ b

a
f∗

∣∣∣ < ε and |g(D)| < ε

for each δ−fine McShane partition D of [a, b].
Define a ∆−gauage δ1 = (δ1

L, δ1
R) on [a, b]T by

δ1
L(t) = δL(t) if t ∈ [a, b]T

δR(t) =





δR(t) if t ∈ [a, b]rdT

σ(t)− t if t ∈ [a, b]rsT .

Assume that D = {(ξi, [ui, vi])}n
i=1 is a δ1−fine McShane partition of

[a, b]T. Let A = {i ≤ n|ξi ∈ [a, b]rs
T , [ξi, σ(ξi)] ⊂ [ui, vi]},

B = {1, 2, · · · , n} −A.

For each i ∈ A, choose a δ−fine McShane partition Di = {(ξij , [uij , vij ])}pi
j=1

of [ξi, σ(ξi)].
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Let D∗ = {(ξi, [ui, vi])}i∈B ∪{(ξi, [ui, ξi])|i ∈ A, ui < ξi}∪
[ ⋃

i∈A Di

]
.

Then D∗ is a δ−fine McShane partition of [a, b], and

|f(D)− f∗(D∗)| =
∣∣∣
∑

i∈A

f(ξi)(σ(ξi)− ξi)−
∑

i∈A

∑

j≤pi

f∗(ξij)(vij − uij)
∣∣∣

=
∣∣∣
∑

i∈A

[
f(ξi)(σ(ξi)− ξi)−

∑

j≤pi

ξij<σ(ξi)

f(ξi)(vij − uij)

−
∑

i≤pi

ξij=σ(ξi)

f(σ(ξi))(vij − uij)
]∣∣∣

=
∣∣∣
∑

i∈A

∑

j≤pi

ξij=σ(ξi)

[
f(ξi)− f(σ(ξi))

]
(vij − uij)

∣∣∣

≤
∑

i∈A

∑

j≤pi

ξij=σ(ξi)

[
|f(ξi|+ |f(σ(ξi))|

]
(vij − uij) < ε.

Hence,
∣∣∣f(D)− (M)

∫ b

a
f∗

∣∣∣

≤ |f(D)− f∗(D∗)|+
∣∣∣f∗(D∗)− (M)

∫ b

a
f∗

∣∣∣ < 2ε.

Thus, f is M∆−integrable on [a, b]T and

(M∆)
∫ b

a
f = (M)

∫ b

a
f∗.

From Theorem 2.2 and 2.3, we get the following theorem.

Theorem 2.4. A function f : [a, b]T → R is M∆− integrable [a, b]T
if and only if f∗ : [a, b] → R is M-integrable on [a, b]. In this case,

(M∆)
∫ b

a
f = (M)

∫ b

a
f∗.

We next verify the basic properties of the McShane delta integral.
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Theorem 2.5. Let f : [a, b]T → R and let c ∈ [a, b].

(1) If f is M∆−integrable on [a, b]T, then f is M∆−integrable on every
subinterval of [a, b]T.

(2) If f is M∆−integrable on each of the intervals [a, c]T and [c, b]T,
then f is M∆−integrable on [a, b]T and

(M∆)
∫ b

a
f = (M∆)

∫ c

a
f + (M∆)

∫ b

c
f.

Proof. (1) If f is M∆−integrable on [a, b]T, then f∗ is M-integrable
on [a, b]. Since f∗ is M-integrable on every subinterval of [a, b], f is
M∆−integrable on every subinterval of [a, b]T by Theorem 2.4.

(2) If f is M∆−integrable on each of [a, c]T and [c, b]T, then f∗ is
M-integrable on each of [a, c] and [c, b]. By the property of the McShane
integral, f∗ is M-integrable on [a, b] and

(M)
∫ b

a
f∗ = (M)

∫ c

a
f∗ + (M)

∫ b

c
f∗.

By Theorem 2.4, f is M∆−integrable on [a, c]T and [c, b]T and

(M∆)
∫ b

a
f = (M∆)

∫ c

a
f + (M∆)

∫ b

c
f.

Theorem 2.6. Let f, g : [a, b]T → R be M∆− integrable on [a, b]T.
Then αf + βg is M∆−integrable on [a, b]T for every α, β ∈ R and

(M∆)
∫ b

a
(αf + βg) = α(M∆)

∫ b

a
f + β(M∆)

∫ b

a
g.

Proof. If f and g are M∆−integrable on [a, b]T, then f∗ and g∗ are
M-integrable on [a, b]. Hence αf∗ + βg∗ is M-integrable on [a, b], and
(M)

∫ b
a (αf∗+βg∗) = α(M)

∫ b
a f∗+β(M)

∫ b
a g∗. By Theorem 2.4, αf+βg

is M∆−integrable on [a, b]T and

(M∆)
∫ b

a
(αf + βg) = α(M∆)

∫ b

a
f + β(M∆)

∫ b

a
g.

Theorem 2.7. (Monotone Convergence Theorem) Let {fn} be a
monotone sequence of M∆−integrable functions defined on [a, b]T and
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suppose that {fn} converges pointwise to f on [a, b]T. If

limn→∞(M∆)
∫ b
a fn is finite, then f is M∆−integrable on [a, b]T and

(M∆)
∫ b

a
f = lim

n→∞(M∆)
∫ b

a
fn.

Proof. Let {fn} be a monotone sequence of M∆−integrable functions
on [a, b]T. Then by Theorem 2.4, {f∗n} is a monotone sequence of M-
integrable functions on [a, b], and {f∗n} converges pointwise to f∗ on
[a, b]. Since (M∆)

∫ b
a fn = (M)

∫ b
a f∗n for each n, limn→∞(M)

∫ b
a f∗n is

finite. By the Monotone Convergence Theorem for the M-integral, f∗ is
M-integrable on [a, b] and

(M)
∫ b

a
f∗ = lim

n→∞(M)
∫ b

a
f∗n.

By Theorem 2.4, f is M∆−integrable on [a, b]T and

(M∆)
∫ b

a
f = lim

n→∞(M∆)
∫ b

a
fn.
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