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THE SOBOLEV REGULARITY OF SOLUTIONS OF
FIRST ORDER NONLINEAR EQUATIONS

SEONGJOO KANG*

ABSTRACT. In order to study the propagation of singularities for
solutions to second order quasilinear strictly hyperbolic equations
with boundary, we have to consider the regularity of solutions of
first order nonlinear equations satisfied by a characteristic hyper-
surface. In this paper, we study the regularity compositions of the
form v(¢(x), ) with v and ¢ assumed to have limited Sobolev reg-
ularities and we use it to prove the regularity of solutions of the
first order nonlinear equations.

1. Introduction

Let u(t,z,,2") € Hj (R x RY}), where R} = {(x,,2') : #; > 0}, be

loc
a solution of the quasilinear equation

(1.1) Py(t,z,u, Du, D)u = f(t,z,u, Du),
where
(1.2) Py(t,z,u, Du, D) = (81,2 - Z aj(t, <, u, Du)0, 896]_)
(4)200)
1,=

be strictly hyperbolic with respect to {t = constant}. Suppose that
a characteristic hypersurface for P, is given by {t = ¢(z,2')}, where
a' = (zy, - ,x,) € R"'. Then ¢ satisfies the first order nonlinear

equation
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n n
1+ 2(ao1 + Z ajes,) = anlpy, )2 +2 Z 159z, Pa,
=2 =2
n n
(13) + Z ajj(goxj )2 + Z aij@xi 9096]. :
=2 ij=2

with coefficients evaluated at t = (2, ’). In order to consider conor-
mal regularity of solutions u of the quasilinear equation Pou = f(Du),
where f is in the Sobolev space with suitable regularity, we have to study
the regularity of p(x,,2’) satisfying the equation (1.3).

In this paper, we first examine the regularity of functions of the form
a(Du(p(xy,2"),z,,2")). Then prove the regularity of solution ¢(z,, ")
satisfying the first order nonlinear equation (1.3) and the regularity of
solution 1 (x,, ") satisfying the first order nonlinear equation ¢xl =

F1D1/1 + F,9 + F;, where F| is in the space HP Y(R1)) and F,, F, are
in the space H *(R%)), s > 5 +2.

loc

2. Regularity of solutions of first order nonlinear equations

Before we prove the regularity of functions, we need the following
well-known lemmas to prove the regularity of solutions of a first order
nonlinear equation.

SCHAUDER’S LEMMA. Ifu,v € H*(R") and s > §, thenuv € H*(R")
and [luv| o < Cllull e [[o]l 5 -

GAGLIARDO-NIRENBERG INEQUALITIES. Let 1 < ¢g,7 < oo, and let
m be an integer > 2. If u € LY(R") and D“u € L"(R"™) when |a| = m,
then D% € LP(®)(R™) for |a| < m, if

m/p(a) = (m —|al)/q + |a|/r;

moreover, if || - ||s denotes the L® norm, then

sup || D[ pa) < 4Ia\(m—\a|)( sup HDau”r)‘a|/mHqum_‘a|)/m-

laf=j laf=m

Throughout this paper we treat the case in which the regularity in-
dices s and s’ are integers; analogous results hold in the general case.
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LEMMA 2.1. Let 0 < s’ < s and suppose thatw € L*°(R")NH*(R").
Then for |a| = &', it follows that D%w € L*(R"™) and

3=

1D ]|, < CClwll o) 7 (el o) 7,

L

where p = s/s’ and C is a constant depending only on s, s’ and n.

We begin by studying the regularity of compositions of the form
v(p(a'),2’) with v and ¢ assumed to have limited Sobolev regularity.
Even if p(2’) is smooth, functions of the form v(p(z’), ') will in general
have Sobolev regularity of order 1/2 lower than that of v(¢,2’). When
©(2') is nonsmooth, the regularity of v(p(z'),2’) will not in general be
greater than that of ¢(z’). In order to obtain norm estimates on the
regularity of v(p(2'),z") that are linear in the norm of p(z'), we will as-
sume that the Sobolev regularity of v(t,2’) is at least one order greater
than that of (/).

LEMMA 2.2. Let v(t,x,2") € HPPN (R xRY) for s > 2 +1. Suppose

that p(z,,2') € HY (R7), 1 < s <s, and that Do(x,,z') € L*(RY).
Then

v(p(ry,a’), @) 2") € Hi(RY).

Ifv and ¢ have compact support, then |[v(¢(x,,z"), :cl,:c’)HHg, < C||g0HHg,
with C depending only on s, s', n, the size of the supports, ||v(t,z,,z")

and [|pl| oo -

||Hs+1

Proof. We may assume without loss of generality that v and ¢ have
compact support. Let w represent the vector consisting of all derivatives
of g, i.e. w = (9, (Orv),--+,0z,(0v)). Then w € HI R xRY)N
L>*(R x R) since s —1 > %, and therefore, by Lemma 2.1, D%w €

2(s—1)
L ol (RxRY)for0<|a]<s—1and

1-1 1
[1D%wl[p2p < C(lJwl[zee)™ 7 ([[wllgro—1) 7,

where p = Z(Ta_|1) and C is a constant depending only on s and n. Thus
2(s—1)

DP9 e L IFI-1 (R x R7) for 1 < |B| < s. Since

Pl )

(2.1) (Dﬁv) (p(z,,a"),z,,2") = / DPou(t, x,,a')dt,

—00



20 Seongjoo Kang

we apply Minkowski’s integral inequality to get

( / /Owl (Dﬁv) (ply,2),2,,27) ' dx, da:/> "
_ (//m‘/%"(xl,w Dooyutt o, et doyar’)”
0 —00
- /(p(%ﬁ) </OO / ’Dﬂaw(t’xvx,)r d:cldx'>l/rdt,
e 0

where r = %, and so we have (DPv) (p(z,,2/),2,2') € L"(R1),

with norm depending only on the size of the supports, ||v(t, 7,z
and ||| oo -
(Nex‘;, notice that Dy € Hslfl(Rf‘r) N L>®(R), and therefore DAy €
2(s'—1
L IB=1(R%) for 1 < |8] < s/, by Lemma 2.1. The chain rule and the
Leibniz formula imply that, for 1 < |y| < s, D7 (v(p(z,,2'),z,,2"))
may be written as a sum of terms of the form

(DBOD"%)) (p(z,, "),z ,2") <Dﬁ1 cp(xl,x')) (DBMQO(xl,x')) ,

where D™ stands for a derivative of order m with respect to t with

0<m<sand B+, ++B, =718, |<s fork=0,1,--- ,m.
2(s—1)

If m = 0, then y = 3, and so (Dﬂov) (p(z,2"),z,2") € L161—1 (R%)

C L*(R7%) with ||(D50v)(go(:cl,:c’),a:l,yc’))HL2 < C, where C depends

only on the size of supports, s, s, n, ||v(t, :L‘l,x’)HHSJrl and |||} o -

,) ”Hs+1

Therefore, we may assume that m > 1. The preceding estimates and
Hoélder’s inequality imply that the use of the chain rule was justified,
and

(DfBO D) (p(xy,2), 2, 2) (Dﬂl oz, a')) - (Dﬁmcp(atl,x’)) € L*(RY)

since
Bol +(m—1) (8 [-D+-+ Bl =1) _ -1 _1
2(s—1) 2(s' — 1) 28 —1) — 2
Therefore D7V (v(p(x,2'),x,,2)) € L*(R%) for 1 < |y| < s’. More-
over, by Lemma 2.1, ||D’V(v(<,0(yv1,:z:’),:nl,:n’))HL2 is bounded up to an
appropriate constant by

<

18111 1B =1
(1Dl ) T (Dl ) T
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Since (|6,] = 1)+ -+ (|Bu] —1) < |y —m <8 —m < 5" — 1, the
required estimate holds. ]

In the proof of conormal regularity of a solution of the equation
Pyu = f(Du), where f is smooth of its arguments, we will encounter
situations in which regularity of ¢ with respect to v is greater than the
case considered above.

COROLLARY 2.3. Let v(t,z ,2') € HE(RxR™) for s > 2. Suppose

loc

that p(z,,2') € HiP'(R') and that Dp(z,,2') € L>°(R'). Then

loc

U(@(ml ) l?,), .’El,IE/) € Hlsoc(Ri)

Ifv and ¢ have compact support, then |[v(¢(x,,z"), xl,x')HHS, < CHgoHHS,
with C' depending only on s, n, the size of the supports, |[v(t, z,x

and |||l e -

,) ”H3+1

Proof. We may assume without loss of generality that v and ¢ have
compact support. Since s > 5, v € H*(R x R}) N L>®(R x RY).

2s
Therefore, by Lemma 2.1, D?9w € LIFI(R x R%) for 1 < |B] < s.
As we have seen in the proof of the previous lemma, it follows from

Minkowski’s integral inequality and (2.1) that (D"v) (¢(z,, '), z,,2') €

2s
LIBI(R™), with norm depending only on s, n, the size of the supports,
lo(t, 2, 2" epr and [J@] -

\;Ve also notice that Dy € Hslfl(R’}r)ﬁLoo(Ri), and therefore DS €
S

LIB=1(RY) for 1 < |B] < ¢, by Lemma 2.1. The chain rule and the
Leibniz formula imply that, for 1 < |y| < s, D7 (v(e(x,, '), 2, 2'))
may be written as a sum of terms of the form

(D’BO Dmv) (cp(xl,x'), xl,z’)(Dﬁl gp(:vl,a:')) e (D’Bmcp(xl,x')),

where D™ stands for a derivative of order m with respect to t with

0<m<sand B, +0, + +0, =7 1<[8,|<sfork=0,1,--- ,m.
2s

If m = 0, then v = f3,, and so (Dﬁov) (p(xy,2),2,2") € LBl (R%)

C L*(R7) with H(Dﬁov)(go(avl,alc’),gnl,au/))HL2 < C, where C depends

only on the size of supports, s, n, ||v(t, 951,55’)HHSJrl and ||¢l| ;- There-

fore, we may assume that m > 1. The preceding estimates and Hélder’s
inequality imply that the use of the chain rule was justified, and

(Dﬁo Dmv) (gp(xl,m'), zl,.r’) (Dﬁl gp(ml,:ﬂ')) e (Dﬁmgo(xl,x')) € L2(R1)
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since
|ﬂ0|+mJr (Bl =D+ 4Bl =) bl T
2s 2s T~ 25 T 2
Therefore DY (v(p(x,,a'), 2, 2')) € L*(R}) for 1 < |y| < s. More-
over, by Lemma 2.1, ||D7(v(<p(x1,x’),xl,x’))HLz is bounded up to an

appropriate constant by

|ﬁ1|_1 |Bm|71
Dol ggs) s - (IDpllgpe) s

Since (|6, | =1)4---+(|8,,] —1) < s—1, the required estimate holds. [J

The defining function for the characteristic hypersurface {t = ¢(x,,2’)}
associated with the quasilinear equation (1.2) satisfies (1.3). There-

fore, from (1.3), ¢,, may be expressed locally as a smooth function of
2 u(e(z, o),z 2"), Du(p(x,,2’),z,,2") and Do(t,z'), where D
is the 2 gradient of . Such a function will be denoted by f(v(¢(z,,
x'),xy, 2", Dgo(ml,x’)), with v representing the~vector (t,x, 2’ u, Du).
From now on, we use D as total derivative and D as 2’ derivative. Then
our main theorem:

THEOREM 2.4. Let v(t,xz ,2) € HPPN(R xRY)) for s > 2 + 1, and

loc
assume that p(z,,') € Hi (R!) and D*¢(x,,2') € LS. (R}). Let f

loc
be a smooth function of its arguments, and suppose that

Pa, (,2)) = f((p(ay,a)z,,2"), Doy, a')).
If (0,2') € H (R™ '), then o(x,2') € H (R1)).

Proof. 1t can be assumed that the functions in question all have com-

pact support in 2’. Let (p(s) denote the vector of all 2’ derivatives of ¢ up
to order s. Under the assumption that ¢ is smooth, we will establish an a

priori estimate on the energy E(z,) = ([ \go(s) (z,,2)|*da’) 2. Standard
arguments then allow the smoothness assumption to be dropped.

The chain rule and the Leibniz formula imply that there are smooth
functions F and f,, for oy [+ -+ oy |+ oy |+ +lap| < s, k> 1,

which are then evaluated at (v(¢(x,,2/), z,, '), f)gp(aﬁl,x’)), such that

(s) NN C) AN Ao
8331()0 :F(907DQO)DSO (xlvx/)+2fa(@7D90)D 1(”(907901733/))'“

D% (v(p,,,a")) D%+ (D) - - DO (Dy).

By differentiating (1:1)2 with respect to x,, the energy satisfies
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E(x, / ) O, go( )(xl,w)dw’

and by integration by parts,
(s) - = () 1 (5)\2
/gp F(v,Dp)(Dy " )da' = /F(v De)D((¢)?)da’

= /DF v, Do)( ())dm.

We note, by the chain rule, that DF (v, Dp) = " F,(Dv) + G, (D?p),

where F and G, are smooth functions of their arguments v, De.
Since v(t,z,,2') € H**'(R x R"})) and s > % + 1, the Sobolev

imbedding theorem and Lemma 2.2 imply that v(p, z,,2’) € L5 (R}),

loc

D(v(p,z,2)) € L2 (R'), and since D?p(z,, ') € LOo (R), D(F(v(t,

loc loc

2'), Dyl(t,'))) € Lige(RY) and fo (u(t, ¢,z De(t,a")) € Ly, (RY) .

)
By Lemma 2.2, v(p(z,2"),z,2") € H*(RY})) with |[v(p(z,,2), 2
)] s < C’(ml)E(fvl). Therefore

D(v(p(x,,a"),z,,2") € H(RY)) N Lig,(RY)

17

with similar bounds on the H*~!(R") norm. Hence from Lemma 2.1 ,

- -1
D% (o(t, (t,a'),a')) € L3 (RY), where p; = ‘(j 1
-
and
(2.2) D% (ot ),y 2) |
L*
1--L L 1
< O Dolly [ Dell s < Clay) (Bley)) ™,
for 1 < |aj| <s,j=1,---, k. Similarly,
(DQO) € HSil(RELr)) N Lloc(Ri)v
with || Do ..., < E(z;) and [[Del|; . < C(x;). Thus, again from
Lemma 2.1,
~ ~ -1
D% <Dgp(x1,x’)) e L% (R?), where q; = S’a &

and
1—L 1

1
(23) D% (DR o, < ClIDg| o’ |D| s < Clay) (Ewy)) %
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for 0 < |aj| <s—1,j=k+1,---,m. Therefore, by Holder’s inequality,
D™ (v(t, o(t, 2'),2")) - - - D% (v(t, o(t,2'),2")) Dk+1 (D)
D (Dy) € LA(RY),

since ((loy| = 1) + -+ (Jo | = 1) + ]ak+1| + 4 o, )/2(s = 1) <
(s—k)/2(s—1) <1/2. From (2.3) and (2.3),

(2.4) |(D10)- - (Dw) Dt (D) - D (Do)

L2

v
e

< C’(xl) (E(xl)) s—1 < C(a:l)E(xl).

By Minkowski’s inequality, Schwarz’s inequality and (2.4),
B()0r, B,

< C||DFHLoo / (80(8))2(13:' + C</ (4,0(5))2d:n'>é
D N fa(D¥ro(t @, 2")) -+ (D¥s0(t, ,2")) D41 (Dep)
D (D,
< OB(a,) (IDFl e Ba) + ol Ol ) E )

and so |8x1E(a:1)] < C(xy)E(z,) + C(x,) . Therefore, by Gronwall’s
inequality, E(z,) is finite for all time since by assumption it is finite at
z, =0. O

We will also encounter first order equation like those in Corollary 2.5
which are linear, but with coefficients of finite regularity.

COROLLARY 2.5. Let ¢ (x,,x") satisfy the equation
(2.5) vy, = Fy(x,2") DY + Fy (), 2") + Fy(w,,2"),

where F,(z,,2') € Hj '(RY) and F,(z,,2'), Fy(z,,2') € H}*(RY),

loc 3\ loc

s> 2 +2 If(0,2') € Hy *(R"), then ¢(z,,2') € H}, *(R%).

loc loc

Proof. 1t can be assumed that the functions in question all have sup-

port in 2’. Let w(s_Q) denote the vector of all 2’ derivatives of 1) up to

order s — 2. As we see in the proof of Theorem 2.4, we will establish a
1

priori estimates on the energy E(z,) = (f |w(872) (xl,x’)IQdac’) 2
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The chain rule and the Leibniz formula imply that for o, | + [a,| <
s—1,1<|o,| <s—2and |B|+ |6, <52,

= Fy (@) Do aa)+ 2 (DU ay.0) (Do )
+2 (Dﬁl I (1’1’:”,)> (Dﬁzw(wl’x/)) + D P Fy (2, 0).
B

The energy satisfies E(z,)0, E fw . 2) ,)6111#(572) (z,,
"Ydx', and by integration by parts
(s— 2 (s— 2 (s 2)\2
/1/1 ,z") (D /DF T, ) da’.
Slnce s > §+2, the Sobolev imbedding theorem implies that DF (2, 2")
e L (R >< R%).
Since DF, (z,,2') € H*"2(R%) N L, (R%), by Lemma 2.1 ,
~ 9 1 o s—2
DQ1F1($1’$/) ELP1(R’” )’ where P, = |a1|7_1
and
1
26) |puR@a)|  <cubr b2 DB, [Py < Clay).

L1

for 1 <|a;| < s— 1. Similarly,

1/} € H*” 2(Rn) N LZOC(R1)7
E(t) and [|¢|| ;o < C(t). Thus, again from Lemma 2.1,
5—2

o]

Wlth H,(/)HHG 2 —

b%w(xl,x’)esz?(R”*l), where p, =

and
1 1 1

27 D%2W)ll 4, < C||1/1||Loo”2 9]l e < Clay) (Blzy)) 7,
for 1 < |a,| < s —2 . Therefore, by Hélder’s inequality,
(D Fy (o, 0")) (D20) € L2(RY),

since ((|or,|—1)+]ay])/2(s—2) < 1/2. For|ay | = 0, || F, (:161,:16’)[)1#(361,av')HL2 <
C||F| ||« E(,). Therefore, from (2.6) and (2.7),
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(2.8) H(f)alFl(t,x’))(D%w(t,m’))‘ <O E(x,).
L
Since F,(z,,2') € H*?(R}) N Lo (R'}), from Lemma 2.1,
- -2
D% (Fy(z,,2")) € L*t(R™1),  where q = SW |
1
and
. 1-L 1
29) D% (Fylay,a)|| < CUBIL 1By s < Clay).
L*1
for 0 < |3, <s —2 . Also, again from Lemma 2.1,
- -2
Dﬂmp(xl,x/)) € L*2(R""), where g, = 5’ﬂ7|’
2
and
- 1_L 1 1
q q. an
(210) D%l 4, < Ol <" W]l g7 < Clay) (Blzy)) %

for 0 <[B,| < s — 2. Therefore, by Hélder’s inequality,
D1 (F,(x,,2')) DP2¢p € L*(R"1),

since (|6, ]+ [B,])/2(s —2) < 1/2 . From (2.9) and (2.10),

(2.11) Hbﬂl (F,(t,2)) DP4p(t, 2')

< C()E(®).

Therefore, by Minkowski’s inequality, Schwarz’s inequality, (2.9) and
(2.11),

1B, )00, B,
SCHDFIHLOO/(so(S2))2dx’+c(/ (¢°7) @t +
Do) (D2)| o + Y (DR E) (D),

a 5

DR}
< CB(w,) (IDF |l Bw,) + Clay)B(z,) + C(w,) )

and so ’ale(H?l)’ < C(zy)E(z,) + C(x;) . Therefore, by Gronwall’s
inequality, F(t) is finite for all time since by assumption it is finite at
xz, = 0. O
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