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REMARK ON THE MEAN VALUE OF L(%,X)
IN THE HYPERELLIPTIC ENSEMBLE

HwaNYUP JUNG*

ABSTRACT. Let A = F4[T] be a polynomial ring over Fq. In this
paper we determine an asymptotic mean value of quadratic Dirich-
let L-functions L(s, xyp) at the central point s = %, where D runs
over all monic square-free polynomials of even degree in A and + is
a generator of [Fy.

1. Introduction and statement of results

Let k = F4(T') be a rational function field over the finite field F, and
A =TF,[T] be the polynomial ring. We assume that ¢ > 3 is odd. For a
nonnegative integer n, let H,, be the set of monic square-free polynomials
of degree n in A. For any D € H,, let xp be the quadratic Dirichlet
character modulo D defined by the Jacobi symbol xp(N) = (£) and
L(s,xp) be the quadratic Dirichlet L-function associated to xp. As
g — 00, Andrade and Keating determined the asymptotic mean value of
L(%,xp) over D € Hagi1 ([1, Corollary 2.2]). Their result is the function
field analogues of those obtained previously by Jutila [3] in the number-
field setting and is consistent with recent general conjectures for the
moments of L-functions by Keating and Snaith [4] motivated by Random
Matrix Theory. Recently, Jung determined the asymptotic mean value
of L(%,XD) over D € Hagio as g — oo ([2, Corollary 1.3]). Let oo, be
the infinite place of k associated to 1/T". If D € Hag1, then ooy, ramifies
in k(v/D), i.e., k(v/D) is a ramified imaginary quadratic extension of k.
If D € Hag42, then ooy, splits in kE(V/D), i.e., k(v/D) is a real quadratic
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extension of k. Let v be a generator of FZ. For any D € Hagy2, 00 is
inert in k(v/vD), i.e., k(v/D) is an inert imaginary quadratic extension
of k. Set [N| = ¢8N for 0 # N € A, and let (y(s) = 1_(}% be the
zeta function of A. Put P(s) = [[p(1— (1 +|P|)~!|P|%), where P runs
over all monic irreducible polynomials in A. The aim of this paper is to
determine the asymptotic mean value of L(%, X~D) over D € Hagio as
g — 00. Our main result is the following theorem and its corollary.

THEOREM 1.1. Let q be a power of an odd prime number which is
greater than 3. Then we have

Z L(%aX’yD)
DeHagt2
P() 4 P g losg

Comparing (2.1) with Theorem 1.1, we obtain the following asymp-
totic mean value.

COROLLARY 1.2. Under the same assumption of Theorem 1.1, we
have

> LG.xp) ~P1)(g+1)

'H
# 2g+2 DEHagya

as g — 00.

2. Preliminaries

2.1. Quadratic Dirichlet L-function

Let AT be the set of all monic polynomials in A and A} = {N €
AT : deg N = n} (n > 0). The zeta function (a(s) of A is defined by
the infinite series

Cals)= > INI™
NeA+t
It is straightforward to see that (s (s) = 1_(1%. For any square-free D €
A, the quadratic character yp is defined by the Jacobi symbol xp(N) =
(%) and the quadratic Dirichlet L-function L(s, xp) associated to xp is

(s;xp) = Y xp(N)IN|™*.
NeA+
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We can write L(s, xp) = > ;2o 0n(D)q™"™ with 0,,(D) = > ycpt+ XD(N).
Since 0, (D) = 0 for n > deg D, L(s, xp) is a polynomial in ¢~* of degree
< deg D — 1. Putting u = ¢ %, write
deg D—1
Llu,xp)= Y on(D)" = L(s,xD).
n=0

The cardinality of H,, is #H; = q and #H,, = (1 — ¢ g (n > 2). In
particular, we have

2g+2

_ 29+1 _ 4
(2-1) #H2g+2 = (q - 1)61 g+l = m-

Fix a generator v of Fy. Write D =D for any D € Hy,o. Since (#) =
(—=1)deN we have (£) = (-1)%eN(Z). Hence, 0,,(D) = (—1)"0,(D).
For D € Hagt2, L(u, xp) has a trivial zero at u = —1. The complete
L-function £(u, x p) is defined by

L(u,xp) = (1 +u)""L(u, xp)-
It is a polynomial of even degree 2¢g and satisfies the functional equation
(2:2) L(u,xp) = (qu*)?L((qu) ™", xp)-

LEMMA 2.1. Let xp be a quadratic character, where D € Hagya.
Then

1
L(q"2,Xp)
5 — (et &
=> (-1"2 Y xp)+(-1)% = > > xp(N)
n=0 NeAt n=0 NeAt
g—1 g—1
n o_n _g
YD > xp(N) + (=) 2y > xp().
n=0 NGA:’L_ n=0 NeA)
_ Proof. Write Lu,xp) = 329 5n(D)u™. Since L(u,xp) = (1 + u)
L(u,xp), we have 00(D) = 6o(D), 0n(D) = 5,_1(D) +6,(D) (1 <n <

2g) and 09441(D) = 694(D), or

(2:3) on(D) =Y (=1)""oi(D) (0 < n < 29).

By substituting £(u, xp) = S an(D)u™ into (2.2) and equating co-

efficients, we have ¢,(D) = G2g—n(D)g 91" or Gag_n(D) = 6,(D)g9™™.



12 Hwanyup Jung

Hence,
~ g g—1
L(u,xp) =Y on(D)u" +q?u? > Gn(D)g "u"
n=0 n=0
In particular, we have
~ 1 g — n g_l — n
(2.4) Lg2,xp) =Y on(D)g 2+ > a(D)g 2.

—0 0
By substituting (2.3) into (2.4) and using 0,,(D) = (—1)"0, (D), we have

) 1 g (_ )gq (942rl) g
L(q 2, xp) = — Y (-1)"q z0u(D) + —— ) _ou(D)
1+q2n—0 1+q 2 n=0
-1 g g—1
+ - )¢ 20,(D) + (=1) iql > on(D)
I+ q 2 p=o 1+ q 2 n=0
So we get the result since E(q_%,XD) =(1+ q_%)/j(q_%,xb). O

2.2. Contribution of square parts

The square part contributions in the summation of L(%,X p) over
D € Hagqo are given as follow.

ProrosSITION 2.2. We have
(%]

(2.5) "y Y1

ke

m=0 LeAjt, PeHag2
(L,D)=1
P(1) { g 1 P } .
- ~Wip H+1+——1 +O(gq29+)
CA(Q)‘ | 2 log g P( )

[£]
_(g+1)
R A0 YD S S
m=0Lepf, PeMag+2
(L,D)=1

Bp()|D| +0 (9a23).

= (~1)9g~

Proof. See Proposition 3.5 in [2]. O
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2.3. Contribution of non square parts

The non square part contributions in the summation of L(%, Xp) over
D € Hagyo are given as follow.
PROPOSITION 2.3. We have

g

(2.7) D.(EDTE Y > (V) =0 (29+1q%9+%)

n=0 De€Hag+2 NeAt
N

and

1 g 3 3
(28) (D7 Y S S xp(N) =0 (2rHginE).

n=0D€Hzg+2 NeA
N£D

Proof. As in [1, Lemma 6.4], for any non-square N € A", we have

Z XD(N) < qg+12degN—l_
DeHag42
Hence we have

g

=Dz >0 D xp(N)

n=0 DeHag+2 NeAk
N£D

g g
< qug Z Il < gotl Zznqg < 2g+1qgg+%
n=0 NeAt n=0

and

%Y S S o)

n=0DeHzg+2 NcAS
N#0

g g
(g+1) (g+1) 3 3
<qg oz Y Y gthli<g e ) gt < 29t gt
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3. Proof of main theorem

In this section we give the proof of Theorem 1.1. By Lemma 2.1, we
have

9

(B1) > LGxp)=>_(-D"2 > > xp(d)

DeHag 2 n=0 DeHagr2 NeAS

1 g
+ %Y Y Y ()

n=0 DeHag12 NeA}

g—1
+Y (=D"z Y > xp(N)
n=0

DeHazg+2 Neat

g—1
HEDMEEY S YT Y xn().

n=0DeHagt12 NeA}

By (2.5) and (2.7), we have

(3.2)

3
o

D" D > xo(N)

DeHagi2 NeAS

D" D D xo(N)

M=

n=0 DeHag+2 NeAt
N=0O
g n
Y D D> Y xn(V)
n=0 DeHagi2 NeAS
N£D
(5] g
=D ™D > Y (VR Y Y xn(N)
m=0 LeA;, P€Hag+2 n=0 DeHagr2 NeA)t
(L,D)=1 N#D
P(1) { g 1 P } 1 3443
= ——=|D H+1+——1 +O(2é’+ 29+2)
@ 2 ogg P V) !

and, by (2.6) and (2.8), we have
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(3.3)

e D D Py

n=0DeHag12 NeA}

g
_(g+1)
=2 Y Y > xod)
n=0D€Hag+2 NeA}
=0

(=)%Y Y o)

n=0DeHagr2 NeA}

N0
g
g —let = g ) &
SR AEED DD DD DER R C U EERD DED DR (0
m=0 [ cp DEHagia n=0 D€Hz2g+2 NcA}
(L,D)=1 N2

(9+1)

= (=17~ FBIP)|D| + 0 (20 gH0TE ).

Similarly, we have

g—1
(34 Y DM Y Y i)
n=0 DeHag+2 Neas

-Za” { {951] T 10;11:(”} +0 (21g21)

-1

(3.5) (-1)7Hg 2 >3 xo)

n=0D€Hzg+2 NeAf
= (-~ 8 ISP ()| D] + 0 (2747)
By inserting (3.2), (3.3), (3.4) and (3.5) into (3.1), we have
> L(3.xp)
D€Hag 12

P 4 P 3 1o8q2
— 2<A(2)|Dy {logq |D| + @5(1) +2(/q + 1)} +0 <|Dy + ) )

The Corollary 1.2 follows immediately from Theorem 1.1 by using (2.1)
and computing the limit as g — oo.

and
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