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SOME PROPERTIES OF DERIVATIONS ON
CI-ALGEBRAS

YoNGg HooN LEE* AND MIN SURP RHEE**

ABSTRACT. The present paper gives the notion of a derivation on
a Cl-algebra X and investigates related properties. We define a set
Fizq(X) by Fizqg(X) = {z € X | d(z) = =}, where d is a derivation
on a Cl-algebra X. We show that Fizq(X) is a subalgebra of
X. Also, we prove some one-to-one and onto derivation theorems.
Moreover, we study a regular derivation on a Cl-algebra and an
isotone derivation on a transitive Cl-algebra.

1. Introduction

The notion of a BCK-algebra was proposed by Y. Imai and K. Iséki
in 1966 [1]. In the same year, K. Iséki introduced the notion of a BCI-
algebra [2], which is a generalization of a BCK-algebra. H. S. Kim and
Y. H. Kim defined a BE-algebra as a dualization of generalization of
a BCK-algebra [4]. In [5], B. L. Meng introduced the notion of a CI-
algebra as a generalization of a BE-algebra. Y. B. Jun and X. L. Xin
applied the notion of a derivation on a BCI-algebra which is defined in a
way similar to the notion of derivation in ring and near-ring theory [3].
In fact, the notion of a derivation in ring theory is quite old and plays a
significant role in analysis, algebraic geometry and algebra. In this paper
we introduce the notion of a derivation on a Cl-algebra and obtain some
properties related to it. In Section 2, we recall some definitions and some
properties for a Cl-algebra. In Section 3, we not only prove some one-to-
one and onto derivation theorems, but also we study a regular derivation
on a Cl-algebra and an isotone derivation on a transitive Cl-algebra.
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2. Preliminaries

We review some definitions and properties that will be used later.

DEFINITION 2.1. [5] Let X be a nonempty set, and let % be a binary
operation on X. Then (X, %, 1) is said to be a Cl-algebra if the following
axioms are satisfied:

(CI1) zxx = 1.
(CI2) 1xx = x.
(CI3) zx (y*x2) =yx*(xxz) for all x,y,z € X.

In the above definition we simply say that X is a Cl-algebra. In [6],
the author defined a binary relation < by x <y if and only if x xy = 1,
where z,y € X.

A Cl-algebra X is said to be self-distributive if xx(y*z) = (xxy)*(z*z)
for all z,y,z € X [5]. A nonempty subset S of a Cl-algebra X is said
to be a subalgebra of X if x xy € S for all x,y € S. Also, we define a
binary operation V on a Cl-algebra X by zVy = (y*x) % x.

PROPOSITION 2.2. [5] Let x,y be arbitrary elements of a Cl-algebra
X. Then:

(1) y*(yea)sa) =1
(2) (xx1)x(yx1) = (z*xy)=*1.
(3) 1 < x implies x =1 for all z,y € X.

DEFINITION 2.3. [5] A Cl-algebra X is said to be transitive if
(y*2)* ((zxy)x(x*x2)) =1, forall x,y,z € X.

EXAMPLE 2.4. Let X = {1, a,b, ¢} be a Cl-algebra, where * is defined
as follows:

*‘1ab c
111 a b ¢
all 1 a a
b1 1 1 a
c|ll 1 a 1

Then X is a transitive Cl-algebra.

Note that if X is a self-distributive Cl-algebra, then X is a transitive
Cl-algebra.
PROPOSITION 2.5. [7] Let X be a Cl-algebra. If X is transitive, then:

1 < zimplieszxy <% 2.
Y p Y
(2) y < z implies zxx < yxx for all x,y,z € X.
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DEFINITION 2.6. [7] A nonempty subset of F' of a Cl-algebra X is
said to be a filter of X if the following axioms are satisfied:

(F1) 1 e F.
(F2) x € Fand x xy € F imply y € F.

3. Derivations on Cl-algebras

We start this section with the definition of a derivation on a CI-
algebra X.

DEFINITION 3.1. [3] Let X be a Cl-algebra. A map d: X — X is
said to be a right-left derivation ((r,l)-derivation) on X if it satisfies
the identity

d(z xy) = (z+ d(y)) V (d(z) *y)
for all z,y € X. Similarly, a map d is said to be a left-right derivation
((1,r)-derivation) on X if it satisfies the identity

d(z*y) = (d(x) *y) V (z +d(y))
for all z,y € X. Moreover, if d is both a (I, r)-derivation and a (r,[)-
derivation, then d is called a derivation on X.

EXAMPLE 3.2. Let X = {1,a,b} be a Cl-algebra, where * is defined
as follows:

Then the map d : X — X defined by

d(x):{l ifx=1,b

a fzrx=a
is a derivation on X.

EXAMPLE 3.3. Let X = {1,a,b, c} be a Cl-algebra, where * is defined
as follows:

*‘1abc
111 a b c
all 1 b «a
bl a 1 ¢
c|l 1 b 1
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Then the map d : X — X defined by

1 ifz=1a
dx)=<a ifz=c
b ifx=0b

is a derivation on X.

A map d on a Cl-algebra X is said to be regularif d(1) = 1 [3]. Then
we get two propositions for a regular map.

PROPOSITION 3.4. Let d be a regular map on a Cl-algebra X. Then
the following properties are satisfied:

(1) Ifdis a (l,r)-derivation of X, then d(x) = xzVd(x) for every x € X.
(2) Ifdis a (r,l)-derivation of X, then d(x) = d(x)Vx for every x € X.

Proof. Note that d(1) =1 and 1 x 2 = «x for every x € X.
(1) If d is a (I, r)-derivation on X, then by Definition 3.1, we get
dz) =d(lxx)=(d(1)*xz)V (lxd(z)) =z Vd(z)
for every x € X.
(2) If d is a (r,1)-derivation on X, then by Definition 3.1, we get
diz) =d(lxx)=(1xd(x))V(dQ1)*xz)=d(z)Vx
for every x € X. O
PROPOSITION 3.5. Let d be a derivation on a Cl-algebra X. If xx1 =1
for every x € X, then d(1) = 1. That is, d is a regular derivation on X.
Proof. Let d be a (r,l)-derivation on X. Then by hypothesis we have
d(l) =d(z 1)
= (zxd(1)) V(d(z)*1) (since Definition 3.1)
= (zxd(1) V1
= (1x(zxd(1) % (z xd(1)) (since vy = (y z) * 2)
— (o +d(1)) (@ d(D)) = 1
for every x € X. Hence d is a regular (r,l)-derivation on X.
Similarly, let d be a (I,r)-derivation on X. Then by hypothesis we have
d(l) =d(z*1)
= (d(z)* 1)V (xxd(1)) (since Definition 3.1)
=1V (xx*d(l)) (sincexzVy=(yxzx)*x)
=1
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for every x € X. Hence d is a regular (I,r)-derivation on X. Therefore
d is a regular derivation on X. O

Now, we study some properties of a derivation on a Cl-algebra X.

PROPOSITION 3.6. Let d be a derivation on a Cl-algebra X and let
x€X. Ifex1=1, then z  ((d(x) xx) *x) =z ((x xd(x)) * d(zx)).

Proof. By Proposition 3.4, d(x) = d(z)Vx = xVd(x). Hence xxd(x) =
x* (dx)Ve)=xx*((zxd(x))*xd(z)) and x *d(x) = z x (z Vd(x)) =
xx((d(x)*x)*z). Thus we get zx((d(z)*x)*x) = xx((xxd(zx))*d(z)). O

PROPOSITION 3.7. Let d be a (r,l)-derivation on a Cl-algebra X.
Then:

(1) x < d(x) for every x € X.
(2) If X is transitive, d(z) xy < z*xy < z*d(y) for all x,y € X.

Proof. (1) By Definition 2.1 (CI3) and Proposition 3.4 (2), we have
rxd(z) =zx*(dx)Ve)=xx* ((r*d(x))*d(x))
= (zxd(x))* (xxd(z)) =1
for every x € X. Hence = < d(x).

(2) By (1) and Proposition 2.5, we have d(z) *y < x*y < z * d(y)
for all z,y € X. O

THEOREM 3.8. Let d be a (r,l)-derivation on a transitive CIl-algebra
X. Then d(z xy) = z *xd(y) for all x,y € X.

Proof. Let d be a (r,l)-derivation on X and let x,y € X. Then by
Proposition 3.7 (2) we have d(z) xy < z * d(y). Hence we get
d(z xy) = (zxd(y)) v (d(z) *y)
= ((d(z) xy) * (x xd(y))) * (z + d(y))
=1x(zxd(y)) =x=d(y).
O
PROPOSITION 3.9. Let d be a map on a Cl-algebra X and let z,y € X.
Then:

(1) Ifd is a (I,7)-derivation on X, then z *x d(y) < d(z x y).
(2) Ifd is a (r,l)-derivation on X, then d(x) *y < d(x * y).
(3) If d is a regular (r,l)-derivation on X, then d(z * d(z)) = 1.
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Proof. (1) Let d be a (I,r)-derivation of X. Then note that

d(z +y) = (d(z) xy) V (x * d(y))
= ((z xd(y)) * (d(x) * y)) * (d(z) * y).

Hence (zxd(y))+d(zxy) = (wxd(y))*(((zxd(y))*(d(x)*y))*(d(2)*y)) = 1
for all z,y € X and so we get = xd(y) < d(x *y).
(2) Let d be a (r,1)-derivation on X. Then note that

d(x +y) = (x+d(y)) v (d(z) *y)
= ((d(z) x y) * (z x d(y))) * (z * d(y))-

Hence (d(z)y)xd(z+y) = (d(z)xy)+(((d(2)xy)*(zxd(y)))*(zxd(y))) = 1
for all z,y € X and so we get d(x) xy < d(x *y).

(3) If d is a (r,l)-derivation on X, then by Proposition 3.7 (1) and by
hypothesis, we get d(z *d(x)) =d(1) =1 for every z € X. O

ProrosiTioN 3.10. Let X be a Cl-algebra. If dy, ds, ---, d, are
regular (r,l)-derivations on X, then x < d,(dp—1(...(d2(d1(x)))...)) for
every n € N.

Proof. For n =1, we get
di(z) = di(1xx) = (Ixdy(z))V(di(1)*z) = di(x) Ve = (zxdi(x))*di(x).
Then by Definition 2.1 we have

xxdi(z) =xx ((zxdi(x)) xdi(z)) = (xxdi(z)) * (xxdi(z)) = 1.
Hence = < dj(x).

Suppose that x < dp(dy,—1(...(d2(d1(x)))...)) for any positive integer
n > 2. For simplicity, let

D,, = dp(dp—1(...(d2(d1(x)))...)).
Then
dnt1(Dn) = dny1(1 % Dp) = (1% dny1(Dn)) V (dnt1(1) * Dn)
= dn+1(Dn) vV D, = (Dn * dpy1 (Dn)) * dn+1(Dn).

Hence D,, * D1 = 1, which implies D,, < D,41. By assumption, we
get x < Dy, < Dy41. Therefore Proposition 3.10 holds. O

Let d be a map on a Cl-algebra X. Define a set Fiizy(X) by
Fizg(X)={z € X | d(x) = z}.
Now, we write d?(z) for (d o d)(z), where o is a composition.

ProprosiTION 3.11. Let d be a derivation on a Cl-algebra X and let
x,y € Fixg(X). Then:
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(1) d(x) € Fizq(X). Hence Fixy(X) C Firg2(X).
(2) x*y € Fixy(X). That is, Fixg(X) is a subalgebra of X.
(3) zVy € Fizg(X).

Proof. (1) Note that d?(z) = d(d(z)) = d(z) = x for every x €
Fizg(X). Hence d(z) € Fizg(X) and x € Fizy2(X). Thus Fizy(X) C
FZJJdQ(X)

(2) Let 2,y € Fizg(X). Then we get d(z) = z and d(y) = y. Hence

d(xxy) = (zxd(y)) vV (d(z) xy) = (xxy) V(2 y) =z *y.

So z xy € Firg(X). Therefore Fizy(X) is a subalgebra of X.

(3) Let 2,y € Fizg(X). Then we get

dxVy)=d((y*x)*x)

((y * ) d(2)) V (d(y * z) * y)
= ((y*z)xz) Vv ((y *d(z) Vd(y) « z) * z)
((y* ) z) vV ((y * z) * )
= (

yxx)kxxr=x\Vy

since x Vo= (x*x)xx=1%xx =1 O
In the above proposition we say that d is idempotent if d*(z) = .

PROPOSITION 3.12. Let d be a (r,l)-derivation of a self-distributive
Cl-algebra X. If y € Fizq(X), then x xy € Fizy(X) for every x € X.

Proof. Let y € Fixy(X). Then d(y) = y. By Definition 2.1 (CI3) and
Proposition 3.7 (1), we have

d(z xy) = (z*d(y)) V (d(z) xy) = ((d(z) *xy) * (x xy)) * (x *y)
= (z* ((d(z) x y) xy)) = (x *y)
= ((z  (d(z) x y)) * (z +y)) * (z x y)
= (((z *d(z)) * (z x y)) * (z xy)) * (z *y)
= (1= (zxy))*(z*xy)) = (zxy)
=((x*xy)*x(x*xy))*x(x*xy)=1*x(xxy) =xxy.

This completes the proof.

O
By Proposition 3.11 (1) we know Fixg(X) is a subset of Fizg2(X).
But in general Fizg2(X) is not a subset of Fizy(X). Also, if z €
Fizg(X), then d(z) € Fizxg(X). But there is an element x ¢ Fi:cd(
even though d(z) € Fizg(X). In fact, d(b) € Fizy(X) but b ¢ Fizg(
in Example 3.2.

X)
X)
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THEOREM 3.13. Let d be a derivation on a Cl-algebra X. If d(x) €
Fixq(X) for every x € X, then the following conditions are equivalent:
(1) d(x) = x for every z € X.
(2) d is a one-to-one derivation.
(3) d is a onto derivation.
Proof. (1) =(2) and (1) =(3) are clear.
(2) =(1) Let d be a one-to-one derivation and let z € X. Since d(x) €
Fizg(X), we have d(d(z)) = d(z). Since d is one-to-one, we get d(z) = x
for every x € X.
(3) =(1) Let d be a onto derivation and let x € X. Then there exists
y € X such that d(y) = z. Since d(z) € Fizy(X), we have d(z) =
d(d(y)) = d(y) = . O
Let d be a map on a Cl-algebra X. Define the kernel of d, denoted
by Kerd,
Kerd={z e X |d(z) = 1}.

PROPOSITION 3.14. Let d be a (r,l)-derivation on a Cl-algebra X. If
xx1=1 for every x € X, then Kerd is a subalgebra of X.

Proof. Let x,y € Kerd. Then d(z) =1 and d(y) = 1. Hence we have
dlxxy)=(xxd(y))V(dx)*xy)=(xx1)V(lxy)=1Vy=1.
So x xy € Kerd. Therefore Kerd is a subalgebra of X. O

A Cl-algebra X is said to be commutative if (y*z)*xx = (xxy) xy
for all z,y € X.

PROPOSITION 3.15. Let d be a (r,l)-derivation on a commutative CI-
algebra X and let x < y. If v € Kerd and z 1 = 1 for every z € X,
then y € Kerd.

Proof. Let x € Kerd and let z < y. Then d(z) =1 and z*y = 1. By
hypothesis and Proposition 2.2 (2), we get

d(y) = d(1+y) = d((zxy) *y) = d((y * z) * )
= ((y*z) *d(z)) V (d(y * x) * 2)
=((y*x)x1)V (d(y*x)*x)
=1V (dy*z)*x) =1,
and so y € Kerd. O

A map d on a Cl-algebra X is said to be an isotone if x < y implies
d(xz) < d(y) for all z,y € X [8].
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THEOREM 3.16. Let d be an isotone derivation on a transitive CI-
algebra X and let x € Fixqg(X). If d is idempotent and regular on X,
then Kerd is a filter of X.

Proof. Since d is regular, we get 1 € Kerd. Let x € Kerd and
x xy € Kerd. Then by Theorem 3.8, we get 1 = d(z xy) = = * d(y),
which means = < d(y). Since d is isotone and idempotent derivation
on X, then 1 = d(z) < d*(y) = d(y). That is, d(y) = 1. This implies
y € Kerd. Therefore Kerd is a filter of X. O

PROPOSITION 3.17. Let d be a regular derivation on a Cl-algebra X.
If d is one-to-one, then Kerd = {1}.

Proof. If x € Kerd, then d(x) = 1. Since d is regular, d(1) = 1.
Hence d(z) = d(1). Since d is one-to-one, we get © = 1. Therefore
Kerd = {1}. O

ProPOSITION 3.18. Let d be an isotone derivation on a Cl-algebra
X. Ifx <y andx € Kerd, then y € Kerd for all z,y € X.

Proof. Let x <y and x € Kerd. Then d(z) =1, and so 1 = d(x) <
d(y). By Proposition 2.2 (3), we get d(y) = 1. O

DEFINITION 3.19. [3] Let d be a derivation on a Cl-algebra X. A
nonempty subset F' of X is said to be d-invariant if d(F') C F, where
d(F)={d(z) |z € F}.

It follows from d(Fizy(X)) C Fizy(X) that Fizy(X) is d-invariant.

ProprosITION 3.20. Let d be a regular derivation on a Cl-algebra X.
Then every filter F' of X is d-invariant.

Proof. Let F be a filter of X and let y € d(F'). Then y = d(x) for
some z € F. It follows from Proposition 3.9 that zxy = xxd(x) =1 € F.
This implies y € F. Thus d(F') C F. Therefore F is d-invariant. O

DEFINITION 3.21. [7] A nonempty subset F' of a Cl-algebra X is said
to be a normal filter of X if the following conditions are satisfied:

(NF1) 1 € F.

(NF2) z € X and y € F imply x xy € F.

PROPOSITION 3.22. Let d be a (r,l)-derivation on a self-distributive
Cl-algebra X. Then:

(1) Fizy(X) is a normal filter of X.
(2) Kerd is a normal filter of X.
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Proof. Since X is a self-distributive Cl-algebra, then x * 1 = z * (x *
x) = (z * 3:) (x *x) =1 for every x € X. By Proposition 3.5 we know
d(1) = 1. Hence 1 € Fizy(X) and so 1 € Kerd.
(1) Let z € X and y € Fizg(X). Then by Theorem 3.8, we get
dxxy) =xxd(y) =x +y. Hence z xy € Fixg(X) and so Fizg(X) is a
normal filter of X.
(2) Similarly, let © € X and y € Kerd. Then by Theorem 3.8, we get
dlxxy) =z *d(y) =x+1=1. Hence x xy € Kerd. and so Kerd is a
normal filter of X. O

PROPOSITION 3.23. Let d be a regular derivation on a self-distributive
Cl-algebra X and let a € X. Then F, = {x € X | a < d(z)} is a normal
filter of X.

Proof. Since a < d(1) =1 for every a € X, weget 1 € F,. Let z € X
and y € F,. Then a * d(y) = 1, and so by Theorem 3.8

axd(zxy)=ax(x*xd(y)) = (a*xz)*(axd(y))
=(axx)*1
=1.
Hence = xy € F, and so Fy is a normal filter of X. O
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