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PRICING MULTI-ASSET DERIVATIVES WITH
REGIME-SWITCHING VOLATILITIES

KumM-HwAN Rofa*

ABSTRACT. In this paper we provide a valuation method for multi-
asset derivatives with single jump regime-switching volatilities. We
suppse that volatilities of assets are affected by an n-dimensional
independent Markov regime-switching process.

1. Introduction

In Yoon et al.([6]), an analytic valuation method for multi-asset
derivatives is investigated by using a Markov regime-switching volatil-
ity model. They assume that the volatilities of the assets have two
states and the changes of the states are governed by a 1-dimensional
continuous-time Markov chain. This assumption means that the volatil-
ities of assets are influenced by one market environment.

By reason of the empirical importance in financial markets, the valu-
ation methods of derivatives are widely studied with a regime-switching
volatility model.([1], [2], [5], [7])

In this paper we assume that the volatilities of underlying assets
are affected by an n-dimensional independent Markov regime-switching.
This means that each volatility of asset is influenced by a separated

independent market uncertainty. We use a single jump regime-switching
process which is used in Roh([4]), Zhang and Zhou([7]).
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2. The model

We consider a filtered probablility space (2, F, {F}i>0, P). The fil-
tration {F}i>0 satisfies the usual conditions and is generated by n-
dimensional correlated Brownian motion B(t) = (B (t),- -, Bn(t)) and
n-dimensional independent Markov chain €(t) = (e1(t), -+ ,€,(t)). And
we suppose that Markov chains ¢;(t) are independent of each other and
also independent of the Brownian motion B(t). We denote the correla-
tion between B;(t) and Bj(t) as p;; for i # j € {1,--- ,n}. In order to
ease of the calculations we define the t-forward price of ith asset which
is given by

RO - s0eo{ [ (r(s) (9)ds).

where 7(+) is interest rate and d;(-) are dividend yields. Throughout the
paper, we regard r(-) and d;(-) as deterministic functions.
And we suppose that n underlying assets prices are represented as

21) S —Fi(t)exp{—/Ot;(Ui(s))zds+/()t0i(s)dB¢(s)},

where the B;(-) are correlated one-dimensional Brownian motion with a
constant correlation p;; between B;(-) and Bj(-) and 4,j € {1,--- ,n}.

We assume that the volatility o?(¢) is affected by a continous-time
Markov chain €;(t). Also we assume that there are two regime states,
high(H) and low(L) states. The volatilities 0*(-) can take a value in
{a}'{,ai}. And regime k switches into regime [ at the first jump time
of an independent Poisson process with intensity A, for k,l € {H, L}.
In other words, the random time Tli of the leaving regime k has an
exponential distribution with intensity A:, i.e P(r{ > t) = e Mk €
{H, L}.

It is assumed that a regime-switching model has a single jump over
the life time of derivatives. Let the generator of a Markov chain ¢;(t)
have the following form,

—N A
o (2)
with a positive intensity \¢, k € {H, L} and i € {1,---,n}. Then the

[-state is the absorbing state. This model is called a single jump regime-
switching volatility model.

PROPOSITION 2.1. Let o'(s) be governed by a Markov chain €;(s)
which have the generator, equation (2.2), where i € {1,---,n}. Then
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t
/ 0'(s)dB;(s) is normally distributed with mean zero and variance
0 . . . . .

((61)? — (e)H)7i + (08)%t, where 0(0) = ot and | # k € {H, L}.

Proof. From the assumption of a single jump regime-switching volatil-
ity model, the stochastic integral is derived as

es o ()dBy(s) = / " idB(s) + / B, (s),

k
where 7{ is a random time of the leaving regime k.
Since o¢, 0! are constants, the equation (2.3) is linear combination
kY1 ) q

T t T
of Ito’s integrals / kdBi(s) and / dB;(s). Clearly, / ’ dB;(s) and
0 T 0

/ ~dB;(s) are normally distributed with mean zero and variance Tht—

-
Té, respectively. Also, two normal random vaiables / dB;(s) and
0

t
/ dB;(s) are independent. Hence the equation (2.3), the linear combi-

7
k )
2

T t

nation of / ’ dB;(s) and / ~dB;(s) is normally distributed with mean
0 T

zero and variance ((0})% — (01)?)7 + (0})*t. O

By using the Proposition 2.1 we can simplify the asset price process,
the equation (2.1) as

Lo i\2) i i
Si(t) = Fi(t) eXP{ = 5(((00)* = (aD)")7i. + (97)*1)
(@2 = (] + (v},
fo dB;(s)
V(@) = (o)D)} + (o)t
{H,L}. Given 0 < 7{ = s < t, Propostion 2.1 tells us that Y;(-) has a
standard normal distribution.

Now we verify that an n-dimensonal random vector Y (¢) = (Y1(¢),-- -,
Y,,(t)) has a multivariate normal distribution from the next proposition.

where Y;(t) = , 1 € {l,---,n} and k,l €

PROPOSITION 2.2. Let Tk ,Tg be the given jumping time which allow

ak and ak to move ‘71 and 0’l , respectively. Then the random vector
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Y (t) is a mulativaiate normal with mean 0 and covariances

Cov(Y;(t), Y;(t) = pijor,on,\/Th,T7, + pijoi,of, \/(t — )t = 73);

where i,j € {1,--- ,n}, ki, k;,1;,l; € {H,L} and k;, k; are intial states
of 7i(-), 59 ).

Proof. Let B(t) be an n-dimensional new Brownian motion which has
mutually independent components. Then the random vector is decom-
posed as follows:

</Ot ol (s)dBi(s), - ,/Ot Un(S)dBn(s)>

T

s
Oy 0 0 Jo dBi(s)
= : ‘. . -21/2' :
0 U]ijln fOTn dén(s)
o -+ 0 thl dB(s)
2 BT R : :
o --.- UZT; f:nd-én(s)

where 3 is the variance-covariance matrix of n-dimensional Brownian
motion B(t).

Since Brownian motions B;(t), B;(t) and random time processes 7%, 7/
are mutually independent for any i # j € {1,--- ,n}, the cross-variation

<ffj dBi(s), [, déj(8)>t

From Knight Theorem([3]), foTi dB;(s)

ri=rt ri=gd
Ky k;

= 0 for given jumping time T,ii, T]gj.

are mutually independent

T —1
Tl =T
L5

random variables, which have a normal distribution with mean zero and

variance T,iz Similarly, we can show that f:l déi(s)‘T_Ti are mutually
=ri.

independently normally-distributed with mean zero and varaince t — T;;,Z

T
Hence the random vector (fg ol(s)dBy(s), - ,f(f O'n(S)dBn(S)) has

a multivariate normal distribution satisfying the conditions that the
means of all components are zero, the variance of ith component is
((60)? — (6)?)7 + (0})?t and the covariance of the ith and jth compo-

nents is pija}%aij, /T]:,iT,gj + pijafialjj \/(t — Téi)(t — ng). O
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The value of a European multi-asset derivative, V (T, S1(T),--- , S,(T))
with expiry T is the expected present value of the payoff in the risk-
neutral measure. The following theorem gives the pricing of multi-asset
derivatives with a single jump regime-switching model.

THEOREM 2.3. Let g(T,S1(T), -+ ,Sn(T)) be the payoff of a Euro-
pean multi-asset derivative in initial states ki,--- ,k, € {H,L}. Then
its present value V (T, S1(T),- - ,Sn(T)) satisfies

V(T, 51(T), -, 5a(T))
= "' Blg(T, S1(T), -, Sa(T))|o"(0) = 0, ,0"(0) = o} |

= _TT/ / E[g(T, S1(T),- ,S’n(T))\Tél =57, " ,Tl?n = 8]

_)\klsl ce. =A%

X e e k" dsy .- - dsy,

Proof. Since the property of conditional expectation, the expected
value of the payoff is converted as follows:

E[ (T Sl(T) 5 5u(T))]

9(T, S1(T), -, Su(T))| T, = 51, -+, 7h, = snl|Tp, = s1] -+ |77,
/ / Elg(T,51(T), -+, Su(T))|ma, = s1, -+, Th. = ]
X €—>\116181 e e_AZns" d31 e dsn

O]

Since the formula of Theroem 2.3 contains a conditional expectation
Elg(T,5:(T),--- 7Sn(T))|7',i1 = 81, ,Tf. = Sp], We can get a closed-
form valuation of multi-asset derivatives only if we know the value of
conditional expectation for given s;. By Propositions 2.1 and 2.2, we
can apply the results of constant volatility model to our regime-switching
volatility model. For some derivatives, there is no closed form valuation
such as the formula of Thoerem 2.3, since it is essentially a multiple
integral problem. But it can be calculated using a various numerical
approximation scheme.

3. Conclusion

In this paper, we have valued a multi-asset derivative when the volatil-
ities of the asset price processes are modeled as single jump regime-
switching processes with two states. Unlike the studies made extensively

= Sn]
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on the regime-switching, very little attention was given to the relation
of regime change in assets.

We assume that the each volatility of asset price process could change
the regime state, independently. In a financial market, underlying assets
of multi-asset derivatives can be in the seperated market. This could
cause that the regime-switching of environment does not influence the
other environment. In this regime-switching market environment we
provide a valuation method for multi-asset derivatives.
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