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GALOIS STRUCTURES OF DEFINING FIELDS OF
FAMILIES OF ELLIPTIC CURVES WITH CYCLIC
TORSION

DAEYEOL JEON*

ABSTRACT. The author with C. H. Kim and Y. Lee constructed
infinite families of elliptic curves over cubic number fields K with
prescribed torsion groups which occur infinitely often. In this paper,
we examine the Galois structures of such cubic number fields K for
the families of elliptic curves with cyclic torsion.

1. Introduction

Over cubic number fields K, it is proved in [4] that all the group
structures occurring infinitely often as torsion groups F(K )ios are ex-
actly the following 38 types:

1) 7/ Z, Ny =1-16,18,20
' 7)27 ® 7.)2NoZ, Ny=1-1

where K varies over all cubic number fields and E varies over all elliptic
curves over K. In [3] the author with C. H. Kim and Y. Lee construct
infinite families of elliptic curves with torsion structures in Eq. (1.2) over
cubic number fields K.

In this paper we examine the Galois structures of defining fields of
the constructed infinite families of elliptic curves with cyclic torsion in
[3]. For our purpose, it is sufficient to consider the families of elliptic
curves with cyclic torsion groups which do not occur over Q. That is,
we consider the following groups

(1.2) 7Z/NZ, N =11,13,14,15,16,18,20
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2. Preliminaries

The Tate normal form of an elliptic curve with P = (0,0) as follows:
E=E(b,c):Y?+(1—-c)XY —bY = X3 —bX?,

and this is nonsingular if and only if b # 0. On the curve E(b, c¢) we have
the following by the chord-tangent method:

(2.1) P = (0, 0),

(
(
4P = (r(r —1), r¥(c—r+ 1)) : b=cr,
5P = (rs(s — 1), rs?(r — s)); c=s(r—1),
s(r—1)(r—s) s2(r—1)%rs—2r+1)
6P = , .
(s —1)? (s —1)3
Very recently, by using the Tate normal form, Sutherland [5] found
optimized forms for defining equations of the modular curves X;(N) for
N =11,13 — 50.

In fact, the condition NP = O in E(b,c) gives a defining equation
for X;(N). For example, 11P = O implies 5P = —6P, so

Tsp = T—6P = T6P;
where x,p denotes the z-coordinate of the n-multiple nP of P. Eq.
(2.1) implies that
s(r—1)(r—ys)
(s —1)?
Without loss of generality, the cases s = 1 and s = 0 may be excluded.
Then Eq. (2.2) becomes as follows:

(2.2) rs(s—1) =

T2—48T+352T—83T—|—S:0,

which is one of the equation X;(11), called the raw form of X;(11). By
the coordinate changes s =1 — z and r = 1 + zy, we get the following
equation:

fa,y) =y* + (@ + Dy +a =0
In this case, b and ¢ can be expressed by x and y as follows:

b= — ay(e - 1)(zy + 1),
c=—xy(x—1).
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TABLE 1. Families of elliptic curves E(by, cy) and poly-
nomials fy(z,t).

N | E(by,cn) and fn(z,t)
by — D @FD
11 Ell(t) = E(b117cll) with { 1y = t(at-&-oéﬁ
at ’
where oy is a root of fi11(z,t) = 23 — 22 — 12 —¢.
bys = of (ar—1)(af —att)(af —af+t)
13 | Ei3(t) := E(bi3, c13) with 12 (af—ot1) ’
’ ’ Cra = a?(ar—1)(af —ay+t)
13 = t(aZ—as+t) )
where ay is a root of fiz(x,t) = ta® — (t 4+ Da? + 2 + 2 —t.
by — 78(3at—t—4)(af—2ag—2t+8)(o¢$+2at—2t—8)
L . - (at—4)3 (a2 —2a;—2t—8)2 )
14 | E14(t) := E(b147614) with B _8(3at7t74)(a?+2a272t78)
‘14 = at(ag—4)2(a%—20t—2t—8) ’
where o is a root of fi4(z,t) = 3+ x2 — 8z — t2 + 16.
brs = — el T —ta el i)
. Far—t)(aFtart+tar+tar—t2)2’
15 | Ei5(t) := E(b1s, c15) with B o a;t(fi%’oj:ta?t—tafitz)(lt )
€15 = — (a?+at7t)(a§+a?+to¢f+to¢t7t2)’
where ay is a root of fi5(x,t) = 23 + 22 —tox — t2 —t.
byg = Lt=Dat(ar—t)(tPartar—t)
. - —+)3 9
16 | E16(t) := E(bie,c16) with B t(t—l)ait(git(tl)t t)
€16 = “(tartar—t)2
where oy is a root of
fre(m,t) = 26223 + (=2t2 + 2t — V)a? + (—t2 + D + 2 — ¢.
bis = — t(ar—t)(aZ+t)(a?—tap+t)
— . T (e —t24t)(afftar—t2+t)27
18 | Bro) = Blbrs,exs) with § T AT 0
18 = T a2 421 1) (a2 Htar—t2+1)
where o is a root of
fis(z,t) = (=t + Da® + (12 — Va2 + (=262 + )z + 2 — ¢.
(P —t+ ) ap+t2 =24+ 1) (k=D +t2 —t) (P ar+t° —t+1)
20 | E20(t) := E(b2o, c20) with 20 (tore 2% —t41) (e +1)%

((t—D) o +t2—t) (t2ap+t3—t+1)
(tar+t2—t+1) (o +1)

——

€20

where a; is a root of
foo(z,t) = 223 4+ 322 — (3 — 4t? 4 4t — Vo — t* 4+ 3t3 — 3t% + ¢.

Therefore for each a point (z,y) on X;(11) satisfying f(x,y) = 0 there
is a corresponding elliptic curve E(b, c¢) defined over K = Q(z,y) such
that E(b, ¢)iors contains Z/11Z. This is a basic strategy to construct
infinite families of elliptic curves in [3].

Table 1 are taken from [3, Table 1] which contains infinite families

elliptic curves and polynomials whose roots generate defining fields of
that families.
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3. Galois structures of the defining field of the constructed
elliptic curves

In this section we determine the Galois group structure of the defining
field K; = Q(oy) of the constructed elliptic curves En(t) where a4 is a
root of fn(z,t) for t € Q. For the families of elliptic curves En(t)
over K; we prove that the Galois groups of the Galois closures L; of
K; over Q are the symmetric group Ss of order 6 for almost all ¢ € Q
with finite exceptions. For the proof, we apply the techniques about
computations of Galois groups of polynomials of degree 3 in [1] and the
following theorem by Faltings.

THEOREM 3.1. [2] Let C' be a nonsingular curve of genus g > 2 over
a number field K, then the set of K-rational points C(K) is finite.

If C is a singular curve in the affine space A2, then it is understood
that C' is a nonsingular projective curve birational to this singular curve.
Suppose C is a plane curve defined by

y* = f()
where f(z) € Q] is of degree d and square-free in Q[z]. Then the genus
C is equal to [%51] where [-] is the greatest integer function. Thus if

d > 5, then C(Q) is finite by Faltings’ theorem.

Since K; = Q(oy) are cubic number fields for almost all t € Q, G} =
Gal(L;/Q) are S3 or As. We will prove that G; is equal to S3 for
almost all ¢ € Q. According to [1, Theorem 3.6], G; is Ss if and only
if the discriminant Ay (t) of fy(z,t) is non-square in Q for ¢ € Q. For
example, in the case N = 13,

Aps(t) = —(t — 1)(27t° — 31t* 4 6¢3 + 6t> — 5t + 1).
We thus have to determine whether or not the curve
y? = —(t — 1)(27t° — 31t* + 613 + 6t% — 5t + 1)

has finitely many Q-rational points. Since the curve is of genus 2, this
curve has only finitely many Q-rational points, and hence G; is S5 for
almost all t.

We list discriminants Ay (t) of fn(x,t) in Table 2. By the exact the
same reason as N = 13, we see that Gy is S3 for almost all ¢ when
N = 16,18, 20.

Now consider the cases N = 11,14, 15. In these cases, the curves

y? = An(t)

are elliptic curves.
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TABLE 2. Discriminants of fx(x,t)

N [AN(D)

11 11(t) = —t(t+1)(27t%2 + 27t + 4).

13| Az(t) = —(t — 1)(27t° — 31t + 6t + 6t — 5t + 1).

14 | Aa(t) = —(27t% — 256)(t2 — 28).

15 | Ags(t) = —t(273 + 32t% + 4t — 4).

16 | A1g(t) = (t — 1)(8t7 — 565 + 88t> — 64t + 41¢3 — 192 + 7t — 1).

18 | Ag(t) = 4t(t — 1)(1&2 —t+1)(#3 =612+ 3t + 1).

20 | Ago(t) = t2(t — 1)%(4t7 — 12¢% + 16t7 — 4715 + 168> — 308"
+300t3 — 156t2 + 40t — 4).

Consider N = 11. Then we have to determine whether or not the
elliptic curve

By :oy? = —t(t 4 1) (2762 + 27t + 4)
has finitely many Q-rational points. That is, whether the Q-rank of F1;
is positive or not.
Using Maple we have the Weierstrass form of E7; as follows:

313 10982
E111y2:t3+?t+ 27 3

and using Magma, we can compute the Q-rank Fj; is equal to 0, and
hence we can conclude that G; is S3 for almost all . For N = 14,15,
the corresponding elliptic curves are as follows:

9 3 3346576 12028939648
By =t°— 3 t— o7 ,
400 16400
Bis oy = =t = =5

and their Q-ranks are zero. Therefore we have the following main result:

THEOREM 3.1. Let N = 11,13,14,15,16,18,20, let E, be elliptic
curves defined over Ky = Q(ay) in Table 1. Then, for almost all t € Q,
the Galois group Gal(Ly/Q) is isomorphic to the symmetric group Ss
where L; are Galois closures of K; over Q.
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