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ABSTRACT. Let X be a uniformly convex Banach space, and S,T be pair of mean non-
expansive mappings. Some necessary and sufficient conditions are given for Ishikawa itera-
tive sequence converge to common fixed points, and we prove that the sequence of Ishikawa
iterations associated with S and T' converges to the common fixed point of S and T'. This
generalizes former results proved by Z. Gu and Y. Li [4].

1. Introduction

Let X be a Banach space and S, T be mappings from X to X. In [8] the Ishikawa
iteration sequence {z,} of T' was defined by

(1'1) Yn = (1 - 6n)xn + BTz,

(1.2) Tnt1 = (1 — an)n + an Ty,

Where zg € X, o, B € [0, 1].
The pair of mean non-expansive mappings was introduced by Bose in [2].

(1.3) 1Sz = Tyl < alle —yll + b{llz — Szf| +[ly = Tyl[} + c{llz = Tyl + lly — Sz}
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for all z,y € X,a,b,c € [0,1],a+ 20+ 2¢ < 1.
The Ishikawa iteration sequence {x,} of S and T" was defined by

(1.5) Tt = (1 — apn)tn + anTyn

Where x¢ € X, o, Bn € [0, 1].

The problems about common fixed point for pair of mappings as an important
part of the fixed point theory have been studied by many authors, see [2-4,6-14], for
more details. In [2], S. C. Bose defined the pair of mean non-expansive mappings,
and proved the existence of the fixed point in Banach spaces. In particular, he
proved the following theorem.

Theorem 1.1.[2] Let X be a uniformly convex Banach space and K a non-empty
closed conver subset of X, S: K — K and T : K — K are pair of mean non-
expansive mappings, and ¢ # 0, then
(1) S and T have a common fized point .
(49) Further if b # 0, then

(a) u is the unique common fized point and unique as a fixved point of each S
and T'.

(b) the sequence {x,} defined by x1 = Sxg,x2 = Tx1,23 = Sx2--- for any
o € K, converges strongly to u.

In [14], Z. Gu and Y. Li proved the following theorem.

Theorem 1.2. Let X be a uniformly conver Banach space, S : X — X and
T : X — X are pair of mean non-expansive with a nonempty common fized points
set, if b > 0,0 < a < ap, < %,O < Bn < B <1, then the Ishikawa sequence {x,}
converges to the common fixed point of S and T.

It is our purpose in this paper to give some necessary and sufficient conditions
for Ishikawa iterative sequence converge to common fixed points, and consider the
iterative scheme, which converges to a common fixed point of the pair of mean non-
expansive mappings. Our Theorem 2.1 extends and improves the corresponding
results in [14].

To obtain the main results of the paper, we prove the following lemmas.

Lemma 1.3.[13] Let X be a Banach space. Then X is uniformly convez if and only
if for any given number p > 0, the square norm || - ||? of X in uniformly convex on
B,, the closed unit ball at the origin with radius p; namely, there exist a continuous
strictly increasing function ¢ : [0,00) — [0, 00) with ©(0) = 0 such that
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laz + (1 = a)y[? < afz]* + (1 = a)llyl]* — a(l — a)e(z - yl),
for all z,y € B,,a € [0,1].

Lemma 1.4.[14] Let X be a Banach space, S : X — X and T : X — X are pair
of mean non-expansive mappings with a common fized point, then for any xg € X,
the Ishikawa sequence {x,} associated with S and T is bounded.

Proof. For a common fixed point p of S and T, we have

[Tz — p|| = || Tz — Spl|

< allz —pll + b{llz — Tz|| + [lp — Spll}
+c{llz = Spll +[lp — T=|[}
< alle —pll +bfllz —pll + [lp = Tz}

+c{lle = Spll + lp — T=[|}

LetL:‘ffigfi,bya—&—Qb—i—chl, it is easy to see that a+b+c¢<1—b—c,
thus 0 < L <1, and | Tz — p|| < L|jz — p|| < ||« — p]|.

Similarly, we have || Sz —p|| < L||z — p[| < ||z — pl|.

[Ent1 =pl = (1 = an)zn + anTyn —pl|
11 = an)(@n = p) + an(Tyn — p)

< (A —an)llzn —pll + anlTyn — p|
< (1 —an)llzn = pll + anLllyn — pll
= (I—an)llzn —pll + anl(1 = Bn)zn + BrSzn — pl|
(1 —an)llzn = pll + anl|(1 = Bn)(@n — p) + Bu(Szn — p)||
< (I —an)lzn —pll + an(l = )|z, — pll
+an || Szn — pl|
< (A =an)llzn —pll+ an(l = By)llzn — pll
‘Hlnﬁnnxn _p”
= (I —an) +an(l = Bn) + anBn)llzn — pll
= |z, —pll
So
(1.6) [Zn+1 —pll < llzn —pll < llzn—1 —pl| < ... < lzo — Pl
Thus, {z,} is bounded. a
2. Section 2

First, we give some necessary and sufficient conditions for Ishikawa iterative
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sequence converge to common fixed points.

Theorem 2.1. Let X be a Banach space, S: X — X and T : X — X are pair of
mean non-expansive with a nonempty common fized points set, if b > 0,¢ > 0, then
the necessary and sufficient conditions that the Ishikawa sequence {x,} converges
to the common fixed point of S and T is:

(2.1) lim inf||x, — Tyn| = 0.
n—oo

Proof. For the first step, we will prove the sufficiency.
Let us first prove lim,,_, o ||z, — Szy| = 0. Since

[2n = Szn| < llon — Tyall + [ Tyn — Saal
< Nlzn = Tynll + allzn — yull + o{llzn — Sl + lyn — Tyall}

+c{llzn — Tyull + lyn — Szall}
L+ )z = Tynll + allzn — ynll + bllzn — Szn|
+0llyn — Tynll + cllyn — Szn|
= (L4 0)llzn —Tynll + all(1 = Bn)zn + BnStn — 24l
+b||zy, — Syl + 0||(1 = Bn)xn + BnSxr — Tyn||
+cl|(1 = Bn)zn + BnSzn — Swp|
(L4 0)llzn = Tynll 4 abpllzn — Sz
+bllzn — Szpll + 0BnllTn — S| + bllzn — Tynl|
Fe(1 = Bn)llzn — S|
= (14+b+co)||zn — Tynll

+(aBn + b+ 06, + c(1 = B)||zn — Szpl|

IA

we have
(2.2)(1—aBn, —b—0b8, —c(1 — Bu))llxn — Szu|| < X+ b+ ¢)||zn — Tynl|
Let My =1—aB, —b—08, —c(l — 3,), then

M= 1—afB,—b—-0b8,—c+ch,
= 1-b—c—(a+b—0)Bn
> a+b+c—(a+b—10c)p,
> 0

SO

1+b+c

(2.3) ||xn — Sz, || < ”xn - Tyn”
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if limy, o0 inf|zn — Tyn|| = 0, there exists subsequence ||z, — TYn, || — 0 when
ng — 00, by (2.3) we have lim,, o ||Zn, — SZn, || = 0.

Next we will show that sequence {Sxz,, } is a Cauchy sequence. For any ny, , ng,,
we have

stnkl - ankz H

< NSz, = Ty, | + 15%0k, — Tyny, |

< allzng, = Yng, |+ W{l[@n, — Song, 1+ lyng, = Tyng, I}
+elllzng, = Tynig | + lyne, — Swng, (I}
+||ank2 —Tyn,, |

< afllwny, = Sen, |+ 1520y, — Sty |+ [1S%n,, = yny, [}

Fo{llzne, — S, |+ [1Yn,, — Ty, I}
+e{llzng, — ST, | + 1520, — S, ||
+||ank2 - Tynkz |+ ”ynk2 - ankz |
1S2n,, = S, I} + 15T, — Tyn,, |

Since b > 0, thus obviously we have 1 — a — 2¢ > 0. Simplify, then we get

||S$7’Lk1 - ankz H < Rl”‘r”kl - ankl ” + RQHynk2 - Tynk2 ”
+R3Hy’ﬂk2 - ankQ ” + }24||S$Tbk2 - Tynk2 ||

_ atbte _ b _ _a+tc
Where ) = 12,250 2 0 f2 = 1q=gc 2 0, Fs = 1m=gc 20, and
— +c
Ry = 1—a—2c >0

According to Ishikawa iteration

Tnt1 = (1 — an)Tn + anTyn

It is easy to see that ||zn, — Yn, || = Bnyl|Tne — STn, || and ||Szn, — yn, |
= (1 = Bn,)l|Tn, — Sxn, || Then we consider the sequence ||Ty,, — Sxn, |,

H(]- - 5nk)xnk + ﬂnsxnk - Tynk H
= (1 - Bnk)Hxnk - TymcH + Bnk”‘sxnk - Ty"lk”

A
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From the definition of the mean nonexpansive mappings, we obtain

1Tyn, = Szl < allzn, = ynill + bfllzn, = St I+ [1yn, — Tyn, I}
Fefllzn, = Tyl + lyn, — San, ||}
aBny Ty, — ST, || + bl|2n, — Szp, ||
+b0(1 = Bu)Zne — Tyl + 08, 15T, — Ty, |l
+el|lzn, = Tyn, || + (1 = Bu )| Tn, — S, ||
= (aBpp b+ c(l = Bu))llzn, — Sz, ||

+((1 = Bny) + zn, = Tyn, |l + 0B, 1520, — Tyn,. |l

IN

Since
we can get the following inequality

HTynk _ank|‘ < (b(l_ﬁnk)+c+a6nk +b+c(1_6nk))”xnk _TynkH
(0B, + abn, + b+ c(1 = Bn ) 1STn, — Tyn, ||

Therefor

(1 —b—c— (a+ b— C)Bnk)”Tynk - ank”
< (b(l - 57%) +c+ aﬂnk +b+ C(]- - ﬂnk))”xnk - Tynk”

Since 0< S, <1, so we can get 1—b—c—(a+b—c)Bn, > (a+b)(1—PFy, ) +c(1+5,,) >
0, and it is easy to see that

b(l—Bn,)+c+abn, +b+c(1—p5,) >0

According to the condition ||z, — Tyn, || — 0, thus we get

(2.4) lm |[Szn, —Tyn, || =0 and lim ||yn, — TYn,|| =0
TN —>00 N —>00
We know

(25) ||‘Tnk - S‘Tnk” - Oa Hynk - Tynk” — 07 ||ank - TynkH —0

It is easy to see that |y,, —Sxn, | — 0, in particular, ||z,, —Sxn, | =0, ||yn,, —
Ty'flkZ || - 07 ||ynk2 - S$nk2 ” - 0’ HSSanZ - Tynkz || — 0 thus ||S'1:nk1 - SznkQ ” -
0, it is also say that {Sz,,} is a Cauchy sequence. We may assume that p =
limy,, 00 STy, , SO we have lim,,, o0 Tn, = p using (1.4),we can get lim,,_,oc T, = p
By (1.1), we have

[S2n, = Tpll < allen, —pll + 0{llzn, — Sz, +[lp = Tpl}
+e{llen, = Toll + [lp = Sanll}
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Let ng — oo, we get
lp = Tpl < (b+c)llp — Tpll

Since b + ¢ < 1, that means ||p — T'p|| = 0, that is Tp = p, p is a fixed point of T
Similarly, we can prove that Sp = p. thus, {x,} converges to the common fixed
point of S and T'.

For the second step, we will prove the necessity, if {x,,} converges to the common
fixed point of S and T, we assume that lim, .., , = p,

[Zne = Tynill < N@n, = pll + 1 Tyn, —pll
< lene =2l + 1y, — ol
< N@n, =2l + (1 = Bny)Tny + By STy — pl|
< o = pll+ 1 = Bu)llzn, = pll + Bu S, — 1l
< (1+1= By + Bui)lzn, — 0l
= 2|zn, -l
Since limy, 00 Z, = p, thus lim, o0 ||Zn, — Tyn, || = 0, that is lim, . inf||lx, —
Ty, || = 0. m]

Corollary 2.2. Let X be a Banach space, S : X — X and T : X — X are pair of
mean non-expansive with a nonempty common fired points set, if b > 0,¢ > 0, then
the necessary and sufficient conditions that the Ishikawa sequence {x,} converges
to the common fixed point of S and T is:

[2n = Tynl|| = 0.

lim
n—oo

Proof. If lim,, 00 ||2n, — Tynl|| = 0, then lim,,_, o inf||z, — Ty,|| = 0. By Theorem
2.1, we get limy, 00 T, = p-
For the converse, we assume that lim,, .., x, = p, then

[n = Tynll < llzn = pll + [ Tyn — pl|
< llon = pll + llyn — 2l
< lzn = pll + (X = Br)zn + BnSzn — p|
< lzn = pll+ (1= Bu)llzn — pll + BallSzp — pll
< (41 =Bn+Bn)llzn =l
= 2||zn —pl
Since limy, 00 T, = p, thus lim, o ||2n — Tyn|| = 0. ]

The following theorem is a strong convergence theorem for Ishikawa iteration
in uniformly convex Banach spaces.
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Theorem 2.3. Let X be a uniformly convexr Banach space, S : X — X and
T : X — X are pair of mean non-expansive with a nonempty common fized points
set, ifb>0,¢> 0,0 < a < a, < o <1, then the Ishikawa sequence {x,} converges
to the common fixed point of S and T.

Proof. Let p is a common fixed point of S and 7', by Lemma 1.3, we have

[zni1 —pl? = (1 — )z + anTyn — pl?
an|Tyn —p||2 + (1 — ap)l|zn _pH2
—an(1 = an)p(|[Tyn — znll)

IN

However
lyn —pll = (1= Bn)xn + BnSzn —p|
S (l_ﬁn)Hmn_p||+ﬁn|‘sxn_p”
< (1= Bn+Bn)llzn —pll
= |lzn —pll
Therefore
”xn-‘rl _pH2 < Hxn - p||2 - an(l - O‘n)‘ﬂ(”Tyn - an)
We can get

an(1 = 0n)o(Tyn — zall) < lzn —pI* = l#nss — plI?

Since 0 < a < a, < @ < 1, thus a,(1 — a,) > (1l —a’) > 0. By Lemma 1.4,
|z, — p||? is a real decreasing bounded sequence, so ||z, — p||? converges.
Hence for any € > 0, there exists ng € IV, such that whenever n > ng, we have

(1 = an) (| Tyn = 2nl)) < llzn = plI* = lons1 —pl* <e

thus ¢(||Tyn — xn|)) — 0, as n — oo, and hence || Ty, — || — 0, by the continuity
and strictly increasing nature of ¢. By Theorem 2.1, we get that {x,} converges to
the common fixed point of S and T, so that the conclusion of the theorem follows.
a

Between the pair of mappings, if S =T, then
[Tz = Ty|| < allz -yl +b{lle = Tz| + |y — Tyll} + c{llz — Tyl + lly — T[|}
the mapping T is called mean nonexpansive mapping, we obtain the following.

Corollary 2.4. Let X be a Banach space, T : X — X is a mean non-expansive
with a nonempty fized points set, if b > 0,¢ > 0,0 < a < a, < o < 1, then the
Ishikawa sequence {x,} converges to the fized point of T.
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