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ABSTRACT. In this paper, we introduce ultra g-Bessel sequences and study some prop-
erties of this kind of sequences in Hilbert spaces. We also show that every g-frame for a
finite dimensional Hilbert space is an ultra g-Bessel sequence.

1. Introduction

The concept of g-frame was introduced by W. Sun [8]. Afterward, several gen-
eralizations of g-frames in Hilbert spaces, Banach spaces and Hilbert C*-modules
have been proposed [1, 2, 6]. Some related topics in g-frames have been investigated
in [3, 4].

Throughout this paper, H and X are separable Hilbert spaces and {J;}$2; is
a sequence of separable Hilbert spaces.

Definition 1.1. We call a sequence {A; € B(H,H;)}2, a g-frame for H with
respect to {3;}22,, if there exist two positive constants A and B such that

(1.1) AFIP <D IIAFI? < B FIIP

i=1

for all f € H. We call A and B the lower and upper g-frame bounds, respectively.
We call {A; € B(H,3H;)}2, a tight g-frame if A = B and Parseval g-frame if
A = B = 1. A sequence {A; € B(H,H;)}5°, is called a g-Bessel sequence if the
right hand inequality in (1.1) holds for all f € X.
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Let A; € B(H,H;) for all i € N. Let us define the set

<Z @5@) = {{gi}?i1 19 €M) laill® < 00}
i=1 o

=1

with this inner product given by ({f;}521,{g:}:21) = Dopoy(fi, gi). It is clear that
(Yo, ®H;) 1, 18 a Hilbert space with respect to the poitwise operations. It is proved
in [7], if {A; € B(H,3;)}52, is a g-Bessel sequence for H, then the operator

(1.2) T: (i @}cl)

is well defined and bounded and its adjoint is T* f = {A;f}52,. Moreover, a sequence
{A; € B(H,3H;)}2, is a g-frame if and only if the operator T" is bounded and onto.
The operators T' and T™ are called the synthesis and analysis operators of {A;}5°,,
respectively. Also in [8] it is proved that if {A; € B(J, H;)}52, is a g-frame for H,
then the operator

= H, T({g}2) =Y Ay
=1

l2

S HH, Sf=>Y AAf

i=1
is positive, bounded and invertible. Every f € H has an expansion
F=Y ST'AAf =D AASTS.
i=1 i=1
The operator S is called the g-frame operator of {A; € B(H, H;)}2,.
Definition 1.2.[8] A sequence {A; € B(3H,H;)}2, is called a g-orthonormal basis
for H with respect to {3H;}52,, if Yoo |[A:f||* = || f]|? for all f € H and

(Ajgis Njgs) = 6ij(9i, 95),  9i € Hiy g5 €Iy, 4,5 €N

In [5], the authors defined an ultra Bessel sequence for a Hilbert space and proved
that every frame in a finite dimension Hilbert space is an ultra Bessel sequence. A

sequence {f;}22, in Hilbert space H is called an ultra Bessel sequence, if

Sup Z I(f, f)]> =0, as n— oo.
Ifl=1 =

2. Ultra g-Bessel sequences
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In this section, ||T||2 denotes the Hilbert-Schmidt norm of an operator T

Definition 2.1. A sequence {A; € B(H,H;)}52, is called an ultra g-Bessel se-
quence for H with respect to {3;}52,, if Y oo, |Aif||* converges uniformly on

{feH:fll =1}, ie,

(2.1) sup Y [[Aif|[* =0, as n— oo
IFI=1 =

It is clear that every ultra g-Bessel sequence is a g-Bessel for H.

Example 2.2. Let {A; € B(H,H;)}2, be a g-orthonormal basis for H with
respect to {3;}$2,. Then

(1) {$A;}52, is an ultra g-Bessel sequence for H with respect to {3;}52.
(2) If g € K, such that ||g|| = 1, then

- * g 2 g 2
A0, (o = e 1P =1
2 Al A9l

i=n

Hence {A; € B(H,H;)}2, is not an ultra g-Bessel sequence for H with
respect to {3(;}$2,.

Proposition 2.3. Let {A; € B(H,H;)}2, be a sequence of bounded operators such
that Y oo, [|As]|* < oo. Then {A; € B(3H,3;)}52, is an ultra g-Bessel sequence for
H with respect to {H;}2,.

Proof. For each n € N, we have

sup Y AfIP <Y sup AP =D [l

IFI=1;=5 i—n IfII=1

Example 2.4. Let {A; € B(H,H;)}$2, be a g-Bessel sequence for H and A; # 0
for all 4 € N, then {m&};ﬁl is an ultra g-Bessel sequence.

Remark 2.5. Let {A; € B(H,H;)}2; be a g-orthonormal basis for 3 with
respect to {H;}2;. Then {%Az}fil is an ultra g-Bessel sequence for H, but

pya ||%Al||2 = oo. This shows that the converse of the Proposition 2.3 is not
true.

Proposition 2.6. Let {A; € B(H,H;)}2, be an ultra g-Bessel sequence for H
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with respect to {H;}2, and T : H — K be a non zero bounded operator.

{A;T*}5°, is an ultra g-Bessel sequence for K with respect to {F;}52,.
Proof. Suppose that T # 0 and g € X with ||g|| = 1. Then

AT gl? = Hg p S IA.
||T*||QZ” ” G sup, 2 IS

So
0< 51H1p Z AT g|? <|IT*|? HSl‘lp Z A £
9 1Z n = Z n
Therefore
sup Z |AT*g|* — 0
gll=1;=,
as n — 00.

Then

Corollary 2.7. If {A; € B(H,H;)}2, is an ultra g-Bessel sequence for H with

respect to {H;}5°, and T is the synthesis operator of {A; € B(H,H;)}2,.

Then

{AiT}32, is an ultra g-Bessel sequence for (37;2, @3;),  with respect to {3;}32,.

Proposition 2.8. Let {A; € B(H,H;)}2, be a sequence of bounded operators
and 3772, Afg; converges uniformly on (3272, @), . Then {A;}2, is an ultra

g-Bessel sequence for H with respect to {H;}32,.

Proof. Consider the sequence of bounded linear operators

T, : (i Gﬂﬂ') — H, T, <{9z}fil) = i/\fgi-
i=1 Iy i=1

Then T,, — T uniformly (and so pointwise) as n — co, where

T({g:)2) = i Alg:

By Banach-Steinhaus Theorem, T is a bounded linear operator from (>";°, @f}Ci)lz
into K. Therefore {A;}$2, is a g-Bessel sequence [7]. If f € H and || f|| = 1, then

> I =Z (A7A S, F) ZA*A £

<||ZA*A Fl = (T = DA 324

i=n

Therefore {A;}$2, is an ultra g-Bessel sequence for H with respect to {H;}2;.
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Proposition 2.9. Suppose that {A; € B(H,H;)}2, is a sequence of bounded
operators. Let V be a dense subset of unit sphere of H and

(2.2) sup Z [Aif]I? =0, as n— oco.
fevi=,

Then {A; € B(J,H;)}2, is an ultra g-Bessel sequence for H with respect to
{j{i}fil-
Proof. Let

a, = Sup{z IAFI2: fed, |Ifll= 1}.

Assume that {a, }, dose not tend to zero. Then there is € > 0 and a sequence {ny}
of positive integers such that a,, > ¢ for each k € N. Hence for each k € N there
exists f* € 3 with || f*| = 1 such that

(2.3) DA >

i:nk

Let us consider a sequence {f}'} C V such that f}' — f* as j — oo. By (2.2), there
exists kg > 0 such that

Yo lAifeIP<e jeN

=Nk,

It follows from (2.3) that there is [ € N such that 3" |A; f*||? > e. Since

i=nk0

l l
DA = D AP as j oo

i:nko i:nko

we have 3372 ||Aiff° |2 > ¢ for sufficiently large j. This is a contradiction.
0

Proposition 2.10. Let {A; € B(H,H;)}2, be an ultra g-Bessel sequence for H
with respect to {H;}52, and {0; € B(H,H;)}$2, be a sequence of bounded operators.
If there exists M > 0 such that for any finite subset J C N we have

oINS —6if P < MY NI

icJ i€J

then {0; € B(H,J;)}52, is an ultra g-Bessel sequence for H with respect to {3(; }32;.
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Proof. Let f € H. We have

DoMOSIP =D N0if +Aif = Mf)P <2 NAf =0 f I +2 Y 1A S|

i=n i=n i=n i=n

<2(M +1)> [ f]2.

Therefore {0; € B(3,H;)}2, is an ultra g-Bessel sequence for K.

Proposition 2.11. Let {A; € B(H,H;)}2, be an ultra g-Bessel sequence for H
with respect to {H;}52, and {6; € B(H, H; )} 1 be a sequence of bounded operators
such that for any J C N with |J| < 400,

|5 v -wns] <3| (i)’

where A,y > 0 and 0 < p < 1. Then {0; € B(H,H;)}2, is an ultra g-Bessel
sequence for H with respect to {H;}52,.

Proof. Let J C N with |J| < 400 and f € H. Then

| > ee
1edJ

SHZAZ‘AJ—@E‘ ;

(Tl )

So
1+/\‘

| > (ZIIAJ‘II)%

Let B be the g-Bessel bound for {Ai}fgl, then

|| < vE(S )"

Hence

|| < (e T2 (Sie)

This implies that

Lo

() (S
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for all n € N. Therefore,

i 16: 71> =<§) 0:0:f.0) < | i@*@if |

g(%@+ =) (fj ||A¢f||2)%~

for all f € H with || f|| = 1. Hence {0; € B(3,H;)}2, is an ultra g-Bessel sequence
for .

Theorem 2.12. Suppose that H is finite dimensional and {A; € B(3H,H;)}52, is
a g-frame for F with respect to {3;}$2,. Then {A; € B(H,H;)}52, is an ultra
g-Bessel sequence and there exists N € N such that if 1 < n < N, then {A; €
B(H, %)}, is not a g-frame for F with respect to {H;}7, and if n > N, then
{A; € B(H,3;)} is a g-frame for H with respect to {H;}7 4.

Proof. Let A, B be the g-frame bound for {A; € B(3,3;)}2, and {e;}7; be an
orthonormal basis for H{. Then

o0 o0 m m oo
SOIAE =D lAies P =D I Aies | < mB.
=1 1=1 j=1 Jj=11i=1

By Proposition 2.3, {A; € B(H,3H;)}2, is an ultra g-Bessel sequence. Let 0 < € <
A. Since {A; € B(H,H;)}$2, is an ultra g-Bessel sequence, there exists K > 0 such
that

(oo}

(24) > OIAFIP <elfI?, fest
i=K+1
We have .
AIFIP <IN =D 1A IR+ D IAfIP
i=1 i=1 i=K+1

for all f € H. It follows from (2.4) that

K
(A=9)fIP <D IAfI> < BIfI?, fedt
i=1
Therefore {A; € B(H,H;)}, is a g-frame for H for each n > K. We assume that
N is the minimum of the all such K. Then {A; € B(H, 3;)} is not a g-frame for
I for each n < N.

Proposition 2.13. Let H be a finite dimensional Hilbert space and {A; €
B(H,3;)}2, be a g-frame for H with respect to {H;}52,. Then S,, — S in B(XH)
as n — oo, where S and S,, are the g-frame operator of {A; € B(H,H;)}2, and
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{A; € B(H,3H;)}, respectively.

Proof. By Theorem 2.12, there exists N € N such that {A;}? , is a g-frame for H
with respect to {H;}?"; for all n > N. Let B be the upper g-frame bound, n > N
and f € H with || f|] = 1. Then

5.0 =Sl =]| 3 x|
1=n-+1

— s |( 3 AiALg)

llgll=1 i=n+1

<swp (30 1801) (3 1awl)’
llgll=1 *; =51 i=n+1
<VB('Y 1)
1=n—+1

Since {A; € B(H,H;)}2, is an ultra g-Bessel for H (by Theorem 2.12), we get
IS — S| = 0 as n — oo.

Remark 2.14. Frames (g-frames) in finite dimensional Hilbert spaces play impor-
tant roles. We proved that every g-frame in a finite dimensional Hilbert space is an
ultra g-Bessel sequence. So we can approximate S by S, (Proposition 2.13).
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