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Abstract. The range spaces of Fourier cosine and sine transforms on L1([0,∞)) are

characterized. Using Fourier cosine and sine type convolutions, Fourier cosine and sine

transformable Boehmian spaces have been constructed, which properly contain L1([0,∞)).

The Fourier cosine and sine transforms are extended to these Boehmian spaces consistently

and their properties are established.

1. Introduction

Let N,R and C be the sets of natural, real and complex numbers respectively.
Let C([0,∞)) be the Fréchet space of all continuous complex valued functions on
[0,∞) with the sequence of semi-norms supx∈[0,n] |f(x)|, ∀f ∈ C([0,∞)), n ∈ N.
Let (C0([0,∞)), ∥ ·∥∞) be the normed linear space of all continuous complex valued
functions on [0,∞) vanishing at infinity, where ∥ · ∥∞ is the supremum norm. Let
L1([0,∞)) be the normed linear space of all Lebesgue measurable functions on

[0,∞) with ∥f∥1 =
∞∫
0

|f(s)| ds<∞.

For a suitable function f on [0,∞), the Fourier cosine and sine transforms [11]
are defined by

C(f)(t) =

∞∫
0

f(s) cos(st) ds and S(f)(t) =

∞∫
0

f(s) sin(st) ds, ∀ t ∈ [0,∞),

respectively. For more details about Fourier cosine and sine transforms, we refer the
reader to [11, 12] and for various types of convolutions and convolution theorems for
Fourier cosine and sine transforms we refer to [2, 4]. On the other hand, motivated
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by the concept of regular operators [1], the theory of Boehmians was introduced in
[5]. Two notions of convergence on the space of Boehmians and their properties are
discussed in [6]. Further, many integral transforms have been defined and studied
on various Boehmian spaces. A complete list of references on Boehmians is available
in http://math.ucf.edu/∼piotr/Boehmians.pdf.

In the present article, we construct a Fourier cosine transformable Boehmian
space and a Fourier sine transformable Boehmian space by proving all the required
auxiliary results. Further, we extend the Fourier cosine and sine transform on these
Boehmian spaces consistently and discuss their properties.

This paper is organized as follows. In Section 2, by recalling the theory of
Fourier cosine and sine transforms from [11], we first point out that Fourier cosine
and sine transforms are linear, continuous, injective mappings from L1([0,∞)) into
C0([0,∞)). Then, we characterize the range of Fourier cosine and sine transforms
on L1([0,∞)) and we also prove some results involving Fourier cosine and sine
convolutions. In Section 3, we construct Fourier cosine transformable and Fourier
sine transformable Boehmian spaces B1

c and B1
s, by proving the required auxiliary

results. In Section 4, we extend the Fourier cosine and sine transforms as linear
one-to-one continuous mappings, respectively, from B1

c and B1
s into C([0,∞)). We

also obtain characterization theorems for the range of extended Fourier cosine and
sine transforms on Boehmians.

2. Fourier Cosine and Sine Transforms on L1([0,∞))

We first observe that C(f) ∈ C0([0,∞)) and ∥C(f)∥∞ ≤ ∥f∥1, ∀f ∈ L1([0,∞)).
Indeed, for f ∈ L1([0,∞)), consider g : R → C defined by g(x) = f(x), ∀x ≥ 0 and
g(x) = 0,∀x < 0. Then g ∈ L1(R) and hence its Fourier transform F(g) ∈ C0(R).
By using the definition, we get

C(f)(t) =
∞∫
0

f(s) cos(st)ds =
∞∫
0

f(s)
(
eist+e−ist

2

)
ds

= 1
2

(∞∫
0

f(s)eistds+
∞∫
0

f(s)e−istds

)
= F(g)(−t)+F(g)(t)

2

which clearly shows that C(f) ∈ C0([0,∞)). From the definition of cosine transform,

we also get |C(f)(t)| ≤
∞∫
0

|f(s)|| cos(st)|ds ≤ ∥f∥1, ∀t ∈ [0,∞), which in turn implies

that ∥C(f)∥∞ ≤ ∥f∥1. Further, from the identity f(s) =
∞∫
0

C(f)(t) cos(ts) dt, ∀ s ∈

[0,∞) [11], it follows that C(C(f)) = f , whenever f,C(f) ∈ L1([0,∞)). From these
observations, we have the following proposition.

Proposition 2.1. The Fourier cosine transform C : L1([0,∞)) → C0([0,∞)) is
linear, one-to-one and continuous.

Similarly, we also have the following proposition.

Proposition 2.2. The Fourier sine transform S : L1([0,∞)) → C0([0,∞)) is
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linear, one-to-one and continuous.

Definition 2.3.([11]) The Fourier cosine type convolution is defined for f, g ∈

L1([0,∞)) by (f ∗c g)(x) = 1
2

∞∫
0

[f(x+ y) + f(|x− y|)]g(y)dy, ∀x ≥ 0.

Lemma 2.4. If f, g ∈ L1([0,∞)), then f ∗c g ∈ L1([0,∞)).

Proof. By using Fubini’s theorem, we obtain

∥f ∗c g∥1 ≤ 1
2

∞∫
0

(∞∫
0

|f(x+ y)| |g(y)| dy +
∞∫
0

|f(|x− y|)| |g(y)| dy
)
dx

= 1
2

(∞∫
0

∞∫
0

|f(x+ y)| |g(y)| dx dy +
∞∫
0

∞∫
0

|f(|x− y|)| |g(y)| dx dy
)

= 1
2

(
∞∫
0

∞∫
y

|f(z)| |g(y)| dz dy +
∞∫
0

∞∫
−y

|f(|z|)| |g(y)| dz dy

)

= 1
2

(
∞∫
0

∞∫
y

|f(z)| |g(y)| dz dy +
∞∫
0

0∫
−y

|f(−z)| |g(y)| dz dy +
∞∫
0

∞∫
0

|f(z)| |g(y)| dz dy

)

= 1
2

(
∞∫
0

∞∫
y

|f(z)| |g(y)| dz dy +
∞∫
0

y∫
0

|f(z)| |g(y)| dz dy +
∞∫
0

∞∫
0

|f(z)| |g(y)| dz dy

)
=

∞∫
0

∞∫
0

|f(z)| |g(y)| dz dy

= ∥f∥1 ∥g∥1, and hence f ∗c g ∈ L1([0,∞)). 2

Lemma 2.5. If fn → f as n → ∞ in L1([0,∞)) and if g ∈ L1([0,∞)), then
fn ∗c g → f ∗c g as n→ ∞ in L1([0,∞)).

Proof. From the proof of Lemma 2.4, we have the estimate

(2.1) ∥(fn − f) ∗c g∥1 ≤ ∥fn − f∥1∥g∥1.

Since fn → f as n→ ∞ in L1([0,∞)), the right hand side of (2.1) tends to zero as
n→ ∞. Hence the lemma follows. 2

Lemma 2.6. If f, g ∈ L1([0,∞)), then f ∗c g = g ∗c f .

Proof. Let t ∈ [0,∞) be arbitrary.
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(f ∗c g)(t) =
∞∫
0

f(x+ t)g(x) dx+
∫∞
0
f(|x− t|)g(x) dx

(by using the change of variables y = x+ t and z = x− t)

=
∞∫
t

f(y)g(y − t) dy +
∞∫
−t
f(|z|)g(z + t) dz

=
∞∫
t

f(y)g(y − t) dy +
0∫

−t
f(−z)g(z + t) dz +

∞∫
0

f(z)g(z + t) dz

(by putting y = −z in the second integral)

=
∞∫
t

f(y)g(y − t) dy +
t∫
0

f(y)g(t− y) dy +
∞∫
0

f(z)g(z + t) dz

=
∞∫
0

f(y)g(|y − t|) dy +
∞∫
0

f(z)g(z + t) dz

=
∞∫
0

f(y)[g(|y − t|) + g(y + t)] dy

= (g ∗c f)(t).
2

Lemma 2.7. If f, φ, ψ ∈ L1([0,∞)), then (f ∗c φ) ∗c ψ = f ∗c (φ ∗c ψ).
Proof. By using Fubini’s theorem and suitable change of variables, we get
4[f ∗c (φ ∗c ψ)](t)

= 2
∞∫
0

[f(t+ x) + f(|t− x|)](φ ∗c ψ)(x) dx

=
∞∫
0

f(t+ x)
∞∫
0

[φ(x+ y) + φ(|x− y|)]ψ(y) dy dx

+
∞∫
0

f(|t− x|)
∞∫
0

[φ(x+ y) + φ(|x− y|)]ψ(y) dy dx

=
∞∫
0

ψ(y)
∞∫
0

f(t+ x)φ(x+ y)dx dy +
∞∫
0

ψ(y)
∞∫
0

f(|t− x|)φ(x+ y)dx dy

+
∞∫
0

ψ(y)
∞∫
0

f(t+ x)φ(|x− y|)dx dy +
∞∫
0

ψ(y)
∞∫
0

f(|t− x|)φ(|x− y|)dx dy

=
∞∫
0

ψ(y)
∞∫
y

f(t+ z − y)φ(z)dz dy +
∞∫
0

ψ(y)
∞∫
y

f(|t+ y − z|)φ(z)dz dy

+
∞∫
0

ψ(y)
∞∫
−y

f(t+ z + y)φ(|z|)dz dy +
∞∫
0

ψ(y)
∞∫
−y

f(|t− z − y|)φ(|z|)dz dy

=
∞∫
0

ψ(y)
∞∫
y

f(t+ z − y)φ(z)dz dy +
∞∫
0

ψ(y)
∞∫
y

f(|t+ y − z|)φ(z)dz dy

+
∞∫
0

ψ(y)

(
0∫

−y
f(t+ z + y)φ(−z)dz +

∞∫
0

f(t+ z + y)φ(z)dz

)
dy

+
∞∫
0

ψ(y)

(
0∫

−y
f(|t− z − y|)φ(−z)dz +

∞∫
0

f(|t− z − y|)φ(z)dz

)
dy

=
∞∫
0

ψ(y)
∞∫
y

f(t+ z − y)φ(z)dz dy +
∞∫
0

ψ(y)
∞∫
y

f(|t+ y − z|)φ(z)dz dy
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+
∞∫
0

ψ(y)

(
y∫
0

f(t− z + y)φ(z)dz +
∞∫
0

f(t+ z + y)φ(z)dz

)
dy

+
∞∫
0

ψ(y)

(
y∫
0

f(|t+ z − y|)φ(z)dz +
∞∫
0

f(|t− z − y|)φ(z)dz
)
dy

=
∞∫
0

ψ(y)
∞∫
0

f(t+ z + y)φ(z)dzdy +
∞∫
0

ψ(y)
∞∫
0

f(|t− z − y|)φ(z)dz dy

+
∞∫
0

ψ(y)

(
∞∫
y

f(t+ z − y)φ(z)dz +
y∫
0

f(|t+ z − y|)φ(z)dz

)
dy

+
∞∫
0

ψ(y)

(
∞∫
y

f(|t+ y − z|)φ(z)dz +
y∫
0

f(t− z + y)φ(z)dz

)
dy

=
∞∫
0

ψ(y)

(∞∫
0

f(t+ z + y)φ(z)dz

)
dy +

∞∫
0

ψ(y)

(∞∫
0

f(|t− z − y|)φ(z)dz
)
dy

+
∞∫
0

ψ(y)

(∞∫
0

f(|t+ z − y|)φ(z)dz
)
dy +

∞∫
0

ψ(y)

(∞∫
0

f(|t+ y − z|)φ(z)dz
)
dy

=
∞∫
0

ψ(y)

(∞∫
0

f(t+ z + y)φ(z)dz

)
dy +

∞∫
0

ψ(y)

(∞∫
0

f(|t+ y − z|)φ(z)dz
)
dy

+
t∫
0

ψ(y)
∞∫
0

f(|t− y + z|)ϕ(z)dzdy +
∞∫
t

ψ(y)
∞∫
0

f(|t− y + z|)ϕ(z)dzdy

+
t∫
0

ψ(y)
∞∫
0

f(|t− y − z|)ϕ(z)dzdy +
∞∫
t

ψ(y)
∞∫
0

f(|t− y − z|)ϕ(z)dzdy

=
∞∫
0

ψ(y)
∞∫
0

[f(t+ y + z) + f(|t+ y − z|)]φ(z)dzdy

+
t∫
0

ψ(y)
∞∫
0

f(t− y + z)ϕ(z)dzdy +
∞∫
t

ψ(y)
∞∫
0

f(|t− y + z|)ϕ(z)dzdy

+
t∫
0

ψ(y)
∞∫
0

f(|t− y − z|)ϕ(z)dzdy +
∞∫
t

ψ(y)
∞∫
0

f(y − t+ z)ϕ(z)dzdy

= 2
∞∫
0

ψ(y)(f ∗c ϕ)(t+ y)dy

+
t∫
0

ψ(y)
∞∫
0

f(t− y + z)ϕ(z)dzdy +
∞∫
t

ψ(y)
∞∫
0

f(y − t+ z)ϕ(z)dzdy

+
t∫
0

ψ(y)
∞∫
0

f(|t− y − z|)ϕ(z)dzdy +
∞∫
t

ψ(y)
∞∫
0

f(|t− y + z|)ϕ(z)dzdy

= 2
∞∫
0

ψ(y)(f ∗c ϕ)(t+ y)dy

+
∞∫
0

ψ(y)
∞∫
0

f(|t− y|+ z)ϕ(z)dzdy +
∞∫
0

ψ(y)
∞∫
0

f(||t− y| − z|)ϕ(z)dzdy

= 2
∞∫
0

ψ(y)(f ∗c ϕ)(t+ y)dy + 2
∞∫
0

ψ(y)(f ∗c ϕ)(|t− y|)dy

= 2
∞∫
0

ψ(y)[(f ∗c ϕ)(t+ y) + (f ∗c ϕ)(|t− y|)]dy

= 4[(f ∗c ϕ) ∗c ψ](t).
2
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Theorem 2.8.(Convolution theorem for Fourier cosine transform [11]) If f, g ∈
L1([0,∞)), then C(f ∗c g) = C(f) · C(g).

Lemma 2.9. If f ∈ L1([0,∞)), then
∞∫
0

|f(x + y) − f(x)| dx → 0 as y → 0 and

∞∫
0

|f(|x− y|)− f(x)| dx→ 0 as y → 0.

Proof. Let ϵ > 0 be arbitrary. For f ∈ L1([0,∞)) and t ∈ [0,∞), let

ft(s) =

{
0 0 ≤ s < t

f(s− t), s ≥ t.

By using the change of variable, u = x+ y, we get

∞∫
0

|f(x+y)−f(x)| ds =
∞∫
y

|f(u)−f(u−y)| du ≤
∞∫
0

|f(u)−f(u−y)| du = ∥fy−f∥1.

Since the space Cc([0,∞)) of all continuous functions on [0,∞) with compact sup-
ports is dense in L1([0,∞)), for the given ϵ > 0, we find g ∈ Cc([0,∞)) such that
∥f − g∥1 < ϵ

3 . Choose a compact subset H of [0,∞) which contains the supports
of g and gy, ∀y ∈ [0, 1). Since g is uniformly continuous on [0,∞), there exists
0 < δ < 1 such that |s − t| < δ implies that |g(s) − g(t)| < ϵ

3M , where M < ∞ is
greater than the Lebesgue measure of H. Now for 0 ≤ y < δ, we have
∥fy − f∥1 ≤ ∥fy − gy∥1 + ∥gy − g∥1 + ∥g − f∥1

≤ 2 ϵ3 + ∥gy − g∥1 (since ∥fy − gy∥1 = ∥g − f∥1 < ϵ
3 )

≤ 2 ϵ3 +
∞∫
0

|g(u)− g(u− y)| du

≤ 2 ϵ3 +
∫
H

ϵ
3M du < ϵ.

Therefore,
∞∫
0

|f(x+ y)− f(x)| dx→ 0 as y → 0. Next we observe that

(2.2)

∞∫
0

|f(|x− y|)− f(x)| dx =

y∫
0

|f(y − x)− f(x)| dx+

∞∫
y

|f(x− y)− f(x)| dx.

Using the previous argument, the second term in (2.2) tends to 0 as y → 0. On
the other hand, for 0 ≤ x ≤ y < δ

3 , we have |y − x − x| ≤ 3y < δ and hence
|g(y − x)− g(x)| < ϵ

3M . Therefore,
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y∫
0

|f(y − x)− f(x)| dx

=
y∫
0

|f(y − x)− g(y − x) + g(y − x)− g(x) + g(x)− f(x)| dx

≤ 2∥f − g∥1 +
y∫
0

|g(y − x)− g(x)| dx

< 2 ϵ3 +
∫
H

ϵ
3M dx < ϵ.

Thus the lemma follows. 2

Theorem 2.10. Let f ∈ L1([0,∞)) and let (gn) be a sequence of functions defined
on [0,∞) such that

(P1)
∞∫
0

gn(y)dy = 1, ∀n ∈ N, (P2)
∞∫
0

|gn(y)|dy ≤ M for some M > 0, ∀n ∈ N,

and (P3) lim
n→∞

∞∫
δ

|gn(y)|dy = 0, for every δ > 0. Then, f ∗c gn → f as n → ∞ in

L1([0,∞)).

Proof. Let ϵ > 0 be given. Using Lemma 2.9, we choose a δ > 0 such that

∞∫
0

|f(x+ y)− f(x)| dx < ϵ

2M
and

∞∫
0

|f(|x− y|)− f(x)| dx < ϵ

2M
, ∀y ∈ [0, δ).

Next, using the property (P3) of (gn), we also find a positive integer N such that
∞∫
δ

|gn(y)| dy < ϵ
4(∥f∥1+1) , ∀n ≥ N. Applying Fubini’s theorem, for 0 ≤ y < δ and

n ≥ N , we obtain that
∥f ∗c gn − f∥1
=

∞∫
0

∣∣∣∣ 12 ∞∫
0

[f(x+ y) + f(|x− y|)] dy − f(x)
∞∫
0

gn(y) dy

∣∣∣∣ dx, ( using (P1) )

= 1
2

∞∫
0

∣∣∣∣∞∫
0

[f(x+ y)− f(x) + f(|x− y|)− f(x)]gn(y) dy

∣∣∣∣ dx
≤ 1

2

∞∫
0

(∞∫
0

|f(x+ y)− f(x)| |gn(y)| dy +
∞∫
0

|f(|x− y|)− f(x)| |gn(y)| dy
)
dx

≤ 1
2

(∞∫
0

∞∫
0

|f(x+ y)− f(x)| dx |gn(y)|dy +
∞∫
0

∞∫
0

|f(|x− y|)− f(x)| dx|gn(y)| dy
)

< 1
2

(
2 ϵ
2M

δ∫
0

|gn(y)| dy +
∞∫
δ

|gn(y)|
[∞∫
0

|f(x+ y)− f(x)|dx
]
dy

+
∞∫
δ

|gn(y)|
[∞∫
0

|f(|x− y|)− f(x)| dx
]
dy

)
≤ ϵ

2M

δ∫
0

|gn(y)| dy+1
2

∞∫
δ

|gn(y)|
(∞∫

0

|f(x+ y)| dx+ 2
∞∫
0

|f(x)| dx+
∞∫
0

|f(|x− y|)| dx
)
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≤ ϵ
2M

δ∫
0

|gn(y)| dy + 1
2

∞∫
δ

|gn(y)|

(
∞∫
y

|f(z)| dz + 2
∞∫
0

|f(x)| dx+
∞∫
−y

|f(|z|)| dz

)

≤ ϵ
2M

δ∫
0

|gn(y)| dy + 1
2

∞∫
δ

|gn(y)|

(
∞∫
y

|f(z)| dz + 2∥f∥1 +
y∫
0

|f(z)| dz + ∥f∥1

)
≤ ϵ

2M

∞∫
0

|gn(y)| dy + 1
2

∞∫
δ

|gn(y)| 4∥f∥1dy

= ϵ
2 + 2∥f∥1

∞∫
δ

|gn(y)| dy, (using (P2))

< ϵ
2 + ϵ

2(∥f∥1+1)∥f∥1 < ϵ.

Thus the theorem follows. 2

Theorem 2.11. A necessary and sufficient condition for F ∈ C0([0,∞)) to be in
the range of the Fourier cosine transform on L1([0,∞)) is that (fn) converges in
L1([0,∞)), where

(2.3) fn(x) =

n∫
0

(
1− t

n

)
F (t) cos(xt) dt, ∀x ∈ [0,∞) and n = 1, 2, 3, · · · .

Proof. Assume that the sequence (fn) of functions as defined in (2.3) converges
to f in L1([0,∞)). We first observe that if kn(t) = χ

[0,n]
(t)
(
1− t

n

)
and hn(t) =

kn(t) · F (t), ∀t ∈ [0,∞), n ∈ N, then we have

• hn ∈ L1([0,∞)), ∀n ∈ N,

• C(hn) = fn ∈ L1([0,∞)), ∀n ∈ N, and hence C(fn) = hn, ∀n ∈ N,

• C(kn)(u) =
n∫
0

(
1− t

n

)
cos(ut) dt = 1−cos(nu)

nu2 = π n
2π

(
sin(nx

2 )
nx
2

)2

= πgn(u),

where gn(x) =
n
2π

(
sin(nx

2 )
nx
2

)2

, ∀x ≥ 0.

Since C : L1([0,∞)) → C0([0,∞)) is continuous, we have C(f) = lim
n→∞

C(fn) =

lim
n→∞

hn = F. Conversely, assume that there exists f ∈ L1([0,∞)) such that F =

C(f). Using Fubini’s theorem, we get
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fn(x) =
n∫
0

(
1− t

n

)
F (t) cos(xt) dt

=
n∫
0

(
1− t

n

)(∞∫
0

f(y) cos(yt) dy

)
cos(xt) dt,

= 1
2

∞∫
0

f(y)

(
n∫
0

(
1− t

n

)
[cos(x+ y)t+ cos(|x− y| t)] dt

)
dy

= 1
2

∞∫
0

f(y) [C(kn)(x+ y) + C(kn)(|x− y|)] dy

= π
2

∞∫
0

f(y) [gn(x+ y) + gn(|x− y|)] dy

= π(f ∗c gn)(x).
Since (gn) satisfies the properties (P1), (P2) and (P3) in the hypothesis of Theorem
2.10 (see [3, pp.137-138]), we get fn = π(f ∗c gn) → πf as n→ ∞ in L1([0,∞)). 2

Definition 2.12. ([11]) For f, g ∈ L1([0,∞)), the Fourier sine convolution ∗sc is

defined by (f ∗sc g)(t) = 1
2

∞∫
0

f(s)[g(|t− s|)− g(t+ s)]ds, ∀t ≥ 0.

Lemma 2.13. For every f, g, h ∈ L1([0,∞)) and α, β ∈ C, (αf + βg) ∗sc h =
α(f ∗sc h) + β(g ∗sc h).

Lemma 2.14. If f, g, h ∈ L1([0,∞)), then (f ∗sc g) ∗sc h = f ∗sc (g ∗c h).

Proof. For x ≥ 0,
4[(f ∗sc g) ∗sc h](x)

= 2
∞∫
0

(f ∗sc g)(y)[h(|x− y|)− h(x+ y)]dy

=
∞∫
0

(∞∫
0

f(z)[g(|y − z|)− g(y + z)]dz

)
[h(|x− y|)− h(x+ y)]dy

=
∞∫
0

f(z)
∞∫
0

[g(|y − z|)− g(y + z)][h(|x− y|)− h(x+ y)]dydz

(by Fubini’s theorem)

=
∞∫
0

f(z)

(∞∫
0

g(|y − z|)[h(|x− y|)− h(x+ y)]dy

−
∞∫
0

g(y + z)[h(|x− y|)− h(x+ y)]dy

)
dz

=
∞∫
0

f(z)

(
∞∫
−z
g(|s|)[h(|x− z − s|)− h(x+ z + s)]ds

−
∞∫
z

g(t)[h(|x− t+ z|)− h(x+ t− z)]dt

)
dz

(using the change of variables s = y − z in the first integral and
t = y + z in the second integral)
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=
∞∫
0

f(z)

(
0∫

−z
g(−s)[h(|x− z − s|)− h(x+ z + s)]ds

+
∞∫
0

g(s)[h(|x− z − s|)− h(x+ z + s)]ds

−
∞∫
z

g(t)[h(|x+ z − t|)− h(x− z + t)]dt

)
dz

=
∞∫
0

f(z)

(
z∫
0

g(s)[h(|x− z + s|)− h(x+ z − s)]ds

+
∞∫
0

g(s)[h(|x− z − s|)− h(x+ z + s)]ds

−
∞∫
z

g(t)[h(|x+ z − t|)− h(x− z + t)]dt

)
dz

=
∞∫
0

f(z)

(
z∫
0

g(s)[h(|x− z + s|)− h(|x+ z − s|)]ds

+
∞∫
0

g(s)[h(|x− z − s|)− h(x+ z + s)]ds

+
∞∫
z

g(t)[−h(|x+ z − t|) + h(|x− z + t|)]dt
)
dz

=
∞∫
0

f(z)

(∞∫
0

g(s)[h(|x− z + s|)− h(|x+ z − s|)]ds

+
∞∫
0

g(s)[h(|x− z − s|)− h(x+ z + s)]ds

)
dz

=
∞∫
0

f(z)
∞∫
0

g(s) [h(|x− z + s|)− h(|x+ z − s|) + h(|x− z − s|)

−h(x+ z + s)] dsdz

=
∞∫
0

f(z)

(∞∫
0

g(s) [h(|x− z + s|) + h(|x− z − s|)] ds

−
∞∫
0

f(z)
∞∫
0

g(s) [h(|x+ z − s|) + h(x+ z + s)] ds

)
dz

=
∞∫
0

f(z)

(∞∫
0

g(s) [h(||x− z|+ s|) + h(||x− z| − s|)] ds

−
∞∫
0

f(z)
∞∫
0

g(s) [h(|x+ z − s|) + h(x+ z + s)] ds

)
dz

( since h(||x− z|+ s|) + h(||x− z| − s|)

=

{
h(|x− z + s|) + h(|x− z − s|) if x− z ≥ 0

h(|z − x+ s|) + h(|z − x− s|) if x− z < 0

and h(|z − x+ s|) + h(|z − x− s|) = h(|x− z − s|) + h(|x− z + s|) )

= 2
∞∫
0

f(z) ((g ∗c h)(|x− z|)− (g ∗c h)(x+ z)) dz

= 4[f ∗sc (g ∗c h)](x).

2
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Theorem 2.15.(Convolution theorem for Fourier sine transform on L1([0,∞))) If
f, g ∈ L1([0,∞)), then S(f ∗sc g) = S(f) · C(g).

Lemma 2.16. For f, g ∈ L1([0,∞)), ∥f ∗sc g∥1 ≤ ∥f∥1 ∥g∥1 and fn ∗sc g → f ∗sc g
as n→ ∞ in L1([0,∞)), whenever fn → f as n→ ∞ in L1([0,∞)).

Proof. For f, g ∈ L1([0,∞)), we have

∥f ∗sc g∥1 =
∞∫
0

|(f ∗sc g)(s)| ds

= 1
2

∞∫
0

∣∣∣∣∞∫
0

f(t)[g(|s− t|)− g(s+ t)] dt

∣∣∣∣ ds
≤ 1

2

∞∫
0

∞∫
0

|f(t)| |g(|s− t|)− g(s+ t)| dt ds

= 1
2

∞∫
0

|f(t)|
∞∫
0

|g(|s− t|)− g(s+ t)| ds dt

≤ 1
2

∞∫
0

|f(t)|

(
∞∫
−t

|g(|u|)| du+
∞∫
t

|g(u)| du

)
dt

= 1
2

∞∫
0

|f(t)|
(
t∫
0

|g(u)| du+
∞∫
0

|g(u)| du+
∞∫
t

|g(u)| du
)
dt

= ∥f∥1 ∥g∥1.

Let fn → f as n→ ∞ in L1([0,∞)). Using Lemma 2.13, we get
∥fn ∗sc g − f ∗sc g∥1 = ∥(fn − f) ∗sc g∥1 ≤ ∥fn − f∥1 ∥g∥1 → 0 as n→ ∞. 2

Theorem 2.17. Under the hypothesis of Theorem 2.10, we have f ∗sc gn → f as
n→ ∞ in L1([0,∞)).

Proof. Let ϵ > 0. For each n ∈ N, define ψn(s) = |f(s)|
∞∫
s

|gn(t)|dt, ∀s ∈ (0,∞).

Then, using the property (P3) of (gn), we have, for each s > 0, lim
n→∞

ψn(s) =

lim
n→∞

|f(s)|
∞∫
s

|gn(t)|dt = 0 and from (P2), there exists M > 0 such that |ψn(s)| ≤

|f(s)|
∞∫
0

|gn(t)|dt ≤ M |f(s)| ∈ L1([0,∞)), ∀n ∈ N. Applying Lebesgue dominated

convergence theorem, we get
∞∫
0

ψn(s)ds→ 0 as n→ ∞. Now for each n ∈ N, we have

(f ∗sc gn)(x)− f(x) = 1
2

∞∫
0

f(y)[gn(|x− y|)− gn(x+ y)]dy − f(x)

= 1
2

∞∫
0

f(y)[gn(|x− y|) + gn(x+ y)− 2gn(x+ y)]dy − f(x)

= (f ∗c gn)(x)− f(x)−
∞∫
0

f(y)gn(x+ y)dy

Therefore,
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∥(f ∗sc gn)− f∥1 ≤ ∥(f ∗c gn)− f∥1 +
∞∫
0

∣∣∣∣∞∫
0

f(y)gn(x+ y)dy

∣∣∣∣ dx
≤ ∥(f ∗c gn)− f∥1 +

∞∫
0

∞∫
0

|f(y)||gn(x+ y)|dydx

= ∥(f ∗c gn)− f∥1 +
∞∫
0

|f(y)|
∞∫
0

|gn(x+ y)|dxdy

(by Fubini’s theorem)

≤ ∥(f ∗c gn)− f∥1 +
∞∫
0

|f(y)|
∞∫
y

|gn(u)|dudy

= ∥(f ∗c gn)− f∥1 +
∞∫
0

ψn(y)dy

which tends to zero as n→ ∞, by using Theorem 2.10. 2

Now, we present a characterization theorem for the range space of the Fourier sine
transform on L1([0,∞)).

Theorem 2.18. Let F ∈ C0([0,∞)). Then, F ∈ S(L1([0,∞))) if and only if (fn)
converges in L1([0,∞)), where

(2.4) fn(x) =

n∫
0

(
1− t

n

)
F (t) sin(xt) dt, ∀x ∈ [0,∞) and n = 1, 2, 3, · · · .

Proof. Suppose that fn → f as n → ∞ in L1([0,∞)), for some f ∈ L1([0,∞)). If
hn(t) = χ

[0,n]
(t)
(
1− t

n

)
F (t), ∀t ∈ [0,∞), ∀n ∈ N, then we have S(fn) = S[S(hn)] =

hn, ∀n ∈ N. Using the continuity of S, we get S(f) = lim
n→∞

S(fn) = lim
n→∞

hn = F .

Conversely, assume that there exists f ∈ L1([0,∞)) such that F = S(f).
Now following the notations in the proof of Theorem 2.11, we get

fn(x) =
n∫
0

(
1− t

n

)
F (t) sin(xt) dt =

n∫
0

(
1− t

n

)(∞∫
0

f(y) sin(yt) dy

)
sin(xt) dt

= 1
2

∞∫
0

f(y)

(
n∫
0

(
1− t

n

)
[cos(|x− y|t)− cos((x+ y) t)] dt

)
dy

(using Fubini’s theorem)

= 1
2

∞∫
0

f(y) [C(kn)(|x− y|)− C(kn)(x+ y)] dy,

Since (gn) = (π−1C(kn)) satisfies properties (P1), (P2) and (P3), applying Theorem
2.17, we obtain that fn = π(f ∗sc gn) → πf as n→ ∞ in L1([0,∞)). 2

3. Boehmian Spaces

Before starting this section, we briefly recall the general construction of
Boehmian space and two notions of convergence in the context of Boehmian space
from the literature [6, 9].

Let G be a topological vector space, (S, ∗) be a commutative semi-group, ⋆ :
G× S → G satisfy the following conditions.
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(i) If f, g ∈ G and ψ ∈ S, then (f + g) ⋆ ψ = (f ⋆ ψ) + (g ⋆ ψ),
(ii) If f ∈ G, ϕ ∈ S and α ∈ C, then (αf) ⋆ ϕ = α(f ⋆ ϕ),
(iii) If f ∈ G and φ,ψ ∈ S, then (f ⋆ φ) ⋆ ψ = f ⋆ (φ ∗ ψ).
Let ∆ be a collection of sequences from S with the following properties.
(a) If fn → f as n→ ∞ in G and (φn) ∈ ∆, fn ⋆ φn → f as n→ ∞,
(b) If (φn), (ψn) ∈ ∆, then (φn ∗ ψn) ∈ ∆.

Let A = {{(fn), (φn)} : fn ∈ G, (φn) ∈ ∆, and fn ⋆ φm = fm ⋆ φn, ∀ n,m ∈
N}. An equivalence relation ∼ on A is defined by {(fn), (φn)} ∼ {(gn), (ψn)} if
fn ⋆ ψm = gm ⋆ φn, ∀ n,m ∈ N. The collection of all equivalence classes induced by
∼ on A is called the Boehmian space B = B(G, (S, ∗), ⋆,∆) and any element of B is

denoted by X =
[
(fn)
(φn)

]
. We identify G as a subset of B, through the identification

f 7→
[
(f∗φn)
(φn)

]
, where (φn) ∈ ∆ is arbitrary. For X =

[
(fn)
(φn)

]
, Y =

[
(gn)
(ψn)

]
∈ B,

α ∈ C and η ∈ S, we also define X + Y =
[
(fn⋆ψn+gn⋆φn)

(φn∗ψn)

]
, αX =

[
(αfn)
(φn)

]
,

X ⋆ η =
[
(fn⋆η)
(φn)

]
and X ⋆ Y =

[
(fn⋆gn)
(φn∗ψn)

]
, provided gn ∈ S, ∀n ∈ N.

Lemma 3.1. If X =
[
(fn)
(φn)

]
∈ B, then X ⋆ φk = fk ∈ G for all k ∈ N.

Definition 3.2. A sequence (Xn) of Boehmians is said to δ-converge to X in B

(denoted by Xn
δ→ X as n → ∞) if there exists (δn) ∈ ∆ such that Xn ⋆ δk,

X ⋆ δk ∈ G, ∀n, k ∈ N and for each k ∈ N, Xn ⋆ δk → X ⋆ δk as n→ ∞ in G.

Theorem 3.3. Xn
δ→ X as n → ∞ if and only if there exist fn,k, fk ∈ G and

(δn) ∈ ∆ such that Xn =
[
(fn,k)
(δk)

]
, X =

[
(fk)
(δk)

]
and fn,k → fk as n → ∞ in G,

∀k ∈ N.

Definition 3.4. A sequence (Xn) of Boehmians ∆-converges to X in B (denoted

by Xn
∆→ X as n→ ∞) if there exists (δn) ∈ ∆ such that (Xn−X)⋆δn ∈ G, ∀n ∈ N

and (Xn −X) ⋆ δn → 0 as n→ ∞ in G.

Now we prove some auxiliary results required to construct the Fourier cosine
transformable Boehmian space B1

c = B(L1([0,∞)), (L1([0,∞)), ∗c), ∗c,∆+), where
∆+ is the the class of all sequences (δn) from L1([0,∞)) satisfying the following
conditions:

(a)
∞∫
0

δn(s) ds = 1, ∀n ∈ N; (b)
∞∫
0

|δn(s)| ds ≤M, ∀n ∈ N, for some M > 0; and (c)

supp δn → {0} as n → ∞, that is, there exists N ∈ N such that δn(t) = 0, ∀t ≥ δ
and n ≥ N.

Lemma 3.5. If f ∈ L1([0,∞)) and (δn) ∈ ∆+, then f ∗c δn → f as n → ∞ in
L1([0,∞)).

Proof. Let δ > 0 be given. By property (c) of (δn), (P3) holds true for (δn). Thus
from Theorem 2.10, we get f ∗c δn → f as n→ ∞ in L1([0,∞)). 2
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Lemma 3.6. If fn → f as n→ ∞ in L1([0,∞)) and (δn) ∈ ∆+, then fn ∗c δn → f
as n→ ∞ in L1([0,∞)).

Proof. Consider ∥(fn ∗c δn) − f∥1 ≤ ∥(fn − f) ∗c δn∥1 + ∥f ∗c δn − f∥1, ∀n ∈ N.
The second term in the right hand side of the above inequality tends to zero, by
the previous lemma. Using the estimate ∥f ∗c g∥1 ≤ ∥f∥1∥g∥1 (See the proof of

Lemma 2.4), we have ∥(fn−f)∗c δn∥1 ≤ ∥(fn−f)∥1
∞∫
0

|δn(t)| dt ≤M∥(fn−f)∥1 →

0 as n→ ∞. 2

Lemma 3.7. If (δn), (ψn) ∈ ∆+, then (δn ∗c ψn) ∈ ∆+.

Proof. Using Fubini’s theorem, we get
∞∫
0

(δn ∗c ψn)(s) ds = 1
2

∞∫
0

∞∫
0

[δn(s+ t) + δn(|s− t|)]ψn(t) dt ds

= 1
2

∞∫
0

ψn(t)
∞∫
0

[δn(s+ t) + δn(|s− t|)] ds dt

= 1
2

∞∫
0

ψn(t)

[
∞∫
t

δn(u) du+
∞∫
−t
δn(|u|) du

]
dt

= 1
2

∞∫
0

ψn(t)

[
∞∫
t

δn(u) du+
0∫

−t
δn(−u) du+

∞∫
0

δn(u) du

]
dt

= 1
2

∞∫
0

ψn(t)

[∞∫
t

δn(u) du+
t∫
0

δn(u) du+
∞∫
0

δn(u) du

]
dt

=
∞∫
0

ψn(t)

[∞∫
0

δn(u) du

]
dt =

∞∫
0

ψn(t) dt = 1.

By a similar argument, it is easy to verify that
∞∫
0

|(δn ∗c ψn)(s)| ds ≤ M1M2

where M1,M2 ∈ R are such that
∞∫
0

|δn(t)|dt ≤M1 and
∞∫
0

|ψn(t)|dt ≤M2, ∀n ∈ N.

Since supp (δn ∗cψn) ⊂ [supp δn+supp ψn]∪ ([0,∞) ∩ [ supp δn − supp ψn])∪
([0,∞) ∩ [supp ψn − supp δn]), we get supp (δn ∗c ψn) → {0} as n → ∞. Hence it
follows that (δn ∗c ψn) ∈ ∆+. 2

Thus the Fourier cosine transformable Boehmian space B1
c is constructed.

Example 3.8. If ϕn(t) = nχ
[0, 1

n
]
(t), ∀t ∈ [0,∞), ∀n ∈ N, then (ϕn) ∈ ∆+ and hence

C(ϕn) → 1, uniformly on compact subsets of [0,∞), which will be proved later in
Lemma 4.1. Since ∗c is commutative, we have ϕm∗cϕn = ϕn∗cϕm, ∀m,n ∈ N. That
is
[
(ϕn)
(ϕn)

]
∈ B1

c . From the definition of C on B1
c , it is clear that C(X) = lim

n→∞
C(ϕn) =

1 (see Definition 4.2). Since 1 ∈ C([0,∞)) \ C0([0,∞)), this Boehmian does not
represent any element of L1([0,∞)).

Next, we prove the auxiliary results required to construct another Boehmian
space B1

s = B(L1([0,∞)), (L1([0,∞)), ∗c), ∗sc,∆+).

Lemma 3.9. If f ∈ L1([0,∞)) and (δn) ∈ ∆+, then f ∗sc δn → f as n → ∞ in
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L1([0,∞)).

Proof. Since (δn) ∈ ∆+ satisfies (P1), (P2) and (P3), the proof directly follows
from Theorem 2.17. 2

Lemma 3.10. If fn → f as n→ ∞ in L1([0,∞)) and (δn) ∈ ∆+, then fn∗scδn → f
as n→ ∞ in L1([0,∞)).

Proof. Using Lemma 2.13, Lemma 2.4 and Lemma 3.9, we obtain the proof of this
lemma which is similar to that of Lemma 3.6. 2

Thus, we constructed the Fourier sine transformable Boehmian space B1
s.

Example 3.11. Define f(x) =

{
1− 1

1+x for x ≥ 0

0 for x < 0.
Then f is bounded,

f(0) = 0 and f ̸∈ L1([0,∞)) but f ′(x) ∈ L1([0,∞)). Choose a smooth function ψ

with compact support on [0,∞) such that
∞∫
0

ψ′(t)dt = 1. If ψn(x) = nψ′(nx), ∀x ∈

[0,∞), ∀n ∈ N, then (ψn) ∈ ∆+. We claim that X =
[
f∗scψn

ψn

]
∈ B1

s \ L1([0,∞)).

To justify the example, we first claim that f ∗sc ψn ∈ L1([0,∞)), ∀n ∈ N.
Since f(0) = ψ(0) = 0 and f is bounded, we have
|(f ∗sc ψn)(x)|

= 1
2

∣∣∣∣∞∫
0

f(y)ψn(|x− y|)dy −
∞∫
0

f(y)ψn(x+ y)dy

∣∣∣∣
= 1

2

∣∣∣∣ x∫
0

f(y)ψn(x− y)dy +
∞∫
x

f(y)ψn(y − x)dy −
∞∫
0

f(y)ψn(x+ y)dy

∣∣∣∣
= 1

2

∣∣∣∣ x∫
0

f(y)d[−ψ(n(x− y))] +
∞∫
x

f(y)d[ψ(n(y − x))]−
∞∫
0

f(y)d[ψ(n(x+ y))]

∣∣∣∣
= 1

2

∣∣∣∣[−f(y)ψ(n(x− y))]x0 +
x∫
0

f ′(y)ψ(n(x− y))dy + [f(y)ψ(n(y − x))]∞x

−
∞∫
x

f ′(y)ψ(n(y − x))dy + [f(y)ψ(n(x+ y))]∞0 −
∞∫
0

f ′(y)ψ(n(x+ y))dy

∣∣∣∣
= 1

2

∣∣∣∣ x∫
0

f ′(y)ψ(n(x− y))dy −
∞∫
x

f ′(y)ψ(n(y − x))dy −
∞∫
0

f ′(y)ψ(n(x+ y))dy

∣∣∣∣
≤ 1

2

(
x∫
0

|f ′(y)||ψ(n(x− y))|dy +
∞∫
x

|f ′(y)||ψ(n(y − x))|dy

+
∞∫
0

|f ′(y)||ψ(n(x+ y))|dy
)

= 1
2

(∞∫
0

|f ′(y)||ψ(n|x− y|)|dy +
∞∫
0

|f ′(y)||ψ(n(x+ y))|dy
)
.

Using Fubini’s theorem, we get
∥f ∗sc ψn∥1
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≤ 1
2

(∞∫
0

|f ′(y)|
∞∫
0

|ψ(n|x− y|)|dxdy +
∞∫
0

|f ′(y)|
∞∫
0

|ψ(n(x+ y))|dxdy
)

≤ 1
2

(
∞∫
0

|f ′(y)|
∞∫
−y

|ψ(n|s|)|dsdy +
∞∫
0

|f ′(y)|
∞∫
y

|ψ(ns)|dsdy

)
=

∞∫
0

|f ′(y)|
∞∫
0

|ψ(ns)|dsdy < +∞

Applying similar arguments as in the proof of Lemma 2.14 and using Lemma
2.6, we get (f ∗sc ψn) ∗sc ψm = f ∗sc (ψn ∗c ψm) = f ∗sc (ψm ∗c ψn) = (f ∗sc ψm) ∗sc
ψn, ∀m,n ∈ N. Thus, we obtain that X ∈ B1

s and by the choice of f , X does not
represent any function in L1([0,∞)).

4. Extended Fourier Cosine and Sine Transforms

First, we prove the following lemma which will be required to define the extended
Fourier cosine and sine transforms.
Lemma 4.1. If (δn) ∈ ∆+, then C(δn) → 1 as n→ ∞ uniformly on compact subset
of [0,∞).

Proof. Let K be a compact subset of [0,∞). Let ϵ > 0 be given. Choose
Λ > 0, M > 0 and a positive integer N such that t ≤ Λ for all t ∈ K,∫∞
0

|δn(t)| dt ≤ M, ∀n ∈ N and supp δn ⊂ [0, ϵ) for all n ≥ N. For t ∈ K and
n ≥ N , applying mean-value theorem, we get

|C(δn)(t)− 1| = |
∞∫
0

δn(s) cos(ts) ds−
∞∫
0

δn(s) ds| ≤
∞∫
0

|δn(s)| | cos(ts)− 1| ds

=
ϵ∫
0

|δn(s)| | cos(ts)− 1| ds =
ϵ∫
0

|δn(s)| |ts|| sin z| ds

(for some 0 < z < ts)

≤ Λϵ
ϵ∫
0

|δn(s)| ds ≤ Λϵ
∞∫
0

|δn(s)| ds ≤ ΛMϵ.

This completes the proof. 2

Definition 4.2. For X =
[
(fn)
(δn)

]
∈ B1

c , we define the extended Fourier cosine

transform C(X) by

C(X)(t) = lim
n→∞

C(fn)(t), ∀ t ∈ [0,∞).

Note that the above limit exists. Indeed, given a compact subset K of
[0,∞), some k ∈ N can be chosen so that C(δk) ̸= 0 on K, because C(δn) → 1
as n → ∞ in C([0,∞)). Then, from Theorem 2.8, it follows that C(fn) =
C(fn)·C(δk)

C(δk)
= C(fn∗cδk)

C(δk)
= C(fk∗cδn)

C(δk)
= C(fk)·C(δn)

C(δk)
→ C(fk)

C(δk)
as n → ∞, uni-

formly on K. If {(gn), (ψn)} is any other representative of X, then we have
C(fn)(s) · C(ψm)(s) = C(gm)(s) · C(δn)(s) for all m,n ∈ N and s ≥ 0. Now
for a given t ∈ [0,∞), choose m, k ∈ N such that C(ψm)(t) ̸= 0 ̸= C(δk)(t).

Then, lim
n→∞

C(gn)(t) = C(gm)(t)
C(ψm)(t) = C(fk)(t)

C(δk)(t)
= lim

n→∞
C(fn)(t). Thus the above
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limit is independent of the choice of representatives of X. Further, by using
the fact that C(fn) converges uniformly on compact subsets of [0,∞), we have
C(X) = lim

n→∞
C(fn) ∈ C([0,∞)).

Theorem 4.3. The extended Fourier cosine transform C : B1
c → C([0,∞)) is

consistent with C : L1([0,∞)) → C0([0,∞)).

Proof. Let f ∈ L1([0,∞)). Then for any (δn) ∈ ∆, the Boehmian
[
(f∗cδn)
(δn)

]
is

representing f in B1
c . Then C

([
(f∗cδn)
(δn)

])
= lim

n→∞
C(f ∗c δn) = lim

n→∞
C(f) · C(δn) =

C(f), since C(δn) → 1 as n→ ∞. Hence the theorem follows. 2

Lemma 4.4. If X =
[
(fn)
(δn)

]
∈ B1

c, then C(δk) · C(X) = C(fk), ∀k ∈ N.

Proof. Fix k ∈ N and t ≥ 0, arbitrarily. If C(δk)(t) ̸= 0, then by definition,

C(X)(t) = C(fk)(t)
C(δk)(t)

. This implies immediately that C(δk)(t) · C(X)(t) = C(fk)(t). If

C(δk)(t) = 0, choose m so large that C(δm)(t) ̸= 0. Since
[
(fn)
(δn)

]
∈ B1

c , we have

fk ∗c δm = fm ∗c δk. Applying Fourier cosine transform on both sides, we obtain

that C(fk) · C(δm) = C(fm) · C(δk) and hence C(fk)(t) = C(fm)(t)·C(δk)(t)
C(δm)(t) = 0 =

C(δk)(t) · C(X)(t). 2

Theorem 4.5. The extended Fourier cosine transform C : B1
c → C([0,∞)) is

linear.

The proof of this theorem is straightforward. 2

Theorem 4.6. The extended Fourier cosine transform C : B1
c → C([0,∞)) is

one-to-one.

Proof. Assume that X =
[
(fn)
(δn)

]
, Y =

[
(gn)
(ψn)

]
∈ B1

c are such that C(X)(t) = C(Y )(t)

for all t ∈ [0,∞). From Lemma 4.4, we have C(δn)(t) · C(X)(t) = C(fn)(t) and
C(ψn)(t) · C(Y )(t) = C(gn)(t), ∀n ∈ N and ∀t ∈ [0,∞). Thus for n,m ∈ N and
t ∈ [0,∞), we have C(gm ∗c δn)(t) = C(δn)(t) · C(gm)(t) = C(δn)(t) · C(ψm)(t) ·
C(Y )(t) = C(ψm)(t) · C(δn)(t) · C(X)(t) = C(ψm)(t) · C(fn)(t) = C(fn ∗c ψm)(t).
Since C : L1([0,∞)) → C0([0,∞)) is one-to-one, we get fn ∗c ψm = gm ∗c δn and
hence X = Y . 2

Theorem 4.7. (Convolution theorem) If X,Y ∈ B1
c and h ∈ L1([0,∞)), then

C(X ∗c h) = C(X) · C(h) and C(X ∗c Y ) = C(X) · C(Y ).

Proof. Let X =
[
(fn)
(δn)

]
, Y =

[
(gn)
(ψn)

]
∈ B1

c and h ∈ L1([0,∞)). Then we have

C(X ∗ch) = lim
n→∞

C(fn ∗ch) = lim
n→∞

(C(fn) ·C(h)) = ( lim
n→∞

C(fn)) ·C(h) = C(X) ·C(h)
and C(X ∗c Y ) = lim

n→∞
C(fn ∗c gn) = lim

n→∞
(C(fn) · C(gn)) = C(X) · C(Y ). 2

Theorem 4.8. The extended Fourier cosine transform C : B1
c → C([0,∞)) is

continuous with respect to δ-convergence and ∆-convergence.
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Proof. Let Xn
δ→ X as n → ∞ in B1

c . Then, by Theorem 3.3, there are functions

fn,m, fm ∈ L1([0,∞)) and (δm) ∈ ∆+ such that Xn =
[
(fn,m)
(δm)

]
, X =

[
(fm)
(δm)

]
and fn,k → fk as n → ∞ in L1([0,∞)), for each k ∈ N. Now the continuity of
C : L1[0,∞) → C0([0,∞)) implies that C(fn,k) → C(fk) as n → ∞ uniformly on
[0,∞). Let H be a compact subset of [0,∞). Choose r > 0 and k ∈ N such

that 0 < r < |C(δn)| on H, ∀n ≥ k. Now |C(Xn) − C(X)| =
|C(fn,k)−C(fk)|

|C(δk)| ≤
|C(fn,k)−C(fk)|

r → 0 uniformly on H as n→ ∞.

Let Xn
∆→ X as n→ ∞. Then there exists (δn) ∈ ∆+ such that (Xn−X)∗cδn ∈

L1([0,∞)) and (Xn − X) ∗c δn → 0 as n → ∞ in L1([0,∞)). Let H and r be as
in the previous argument. As the Fourier cosine transform is continuous from
L1([0,∞)) into C0([0,∞)), we have |C[(Xn −X) ∗c δn]| → 0 as n → ∞ uniformly

on H. Now |C(Xn) − C(X)| = |C(δn)·C(Xn)−C(δn)·C(X)|
|C(δn)| = |C(Xn∗cδn)−C(X∗cδn)|

|C(δn)| =
|C[(Xn−X)∗cδn]|

|C(δn)| ≤ |C[(Xn−X)∗cδn]|
r → 0 as n→ ∞ uniformly on H. 2

Theorem 4.9. Let gn(s) =
n∫
0

(
1− t

n

)
F (t) cos(ts) dt,∀s ∈ [0,∞), n ∈ N, where

F ∈ C([0,∞)) be arbitrary. Then, a necessary and sufficient condition for F ∈
C(B1

c) is that gn ∈ B1
c , ∀n ∈ N and (gn) is δ-convergent in B1

c .

Proof. Suppose there exists X =
[
(hn)
(ηn)

]
∈ B1

c such that F = C(X). Then

(gn ∗c ηm)(u)

= 1
2

∞∫
0

gn(s)[ηm(u+ s) + ηm(|u− s|)] ds

= 1
2

∞∫
0

[ηm(u+ s) + ηm(|u− s|)]
(
n∫
0

(
1− t

n

)
C(X)(t) cos(ts) dt

)
ds

= 1
2

n∫
0

(
1− t

n

)
C(X)(t)

∞∫
0

[ηm(u+ s) + ηm(|u− s|)] cos(ts) ds dt

= 1
2

n∫
0

(
1− t

n

)
C(X)(t)

∞∫
0

ηm(v)[cos(t(v + u)) + cos(t(v − u))] dv dt

=
n∫
0

(
1− t

n

)
C(X)(t)

∞∫
0

ηm(v) cos(tv) cos(tu) dv dt

=
n∫
0

(
1− t

n

)
C(X)(t)C(ηm)(t) cos(tu) dt

=
n∫
0

(
1− t

n

)
C(hm)(t) cos(tu) dt, (by Lemma 4.4).

By using the proof of the necessity part of Theorem 2.11, we get gn∗cηm ∈ L1([0,∞))
for n,m ∈ N and gn ∗c ηm → πhm as n → ∞ in L1([0,∞)), for each fixed m ∈ N.
If Xn =

[
(gn∗ηm)
(ηm)

]
, X =

[
(πhm)
(ηm)

]
, then necessity follows from Lemma 3.1.

To prove the sufficiency part, we assume that there exists X =
[
(hm)
(ψm)

]
∈ B1

c

such that Xn
δ→ X as n → ∞ in B1

c where Xn =
[
(gn∗cψk)

(ψk)

]
∈ B1

c . This implies
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that gn ∗c ψm = Xn ∗c ψm → X ∗c ψm as n → ∞ in L1([0,∞)), for each fixed
m ∈ N. By using similar arguments to those involved in the necessity part, we
get (gn ∗c ψm) = C(fn,m), where fn,m(t) = χ

[0,n]
(t)
(
1− t

n

)
F (t) · C(ψm)(t). Since

C(fn,m) ∈ L1([0,∞)), we have C(gn ∗cψm) = C(C(fn,m)) = fn,m. Further, using the
continuity of the Fourier cosine transform on L1([0,∞)), we also have C(X ∗cψm) =
lim
n→∞

C(gn ∗c ψm) = lim
n→∞

fn,m = F · C(ψm). Since C(ψm) → 1 as m→ ∞, it follows

that C(X) = lim
m→∞

C(hm) = lim
m→∞

C(X ∗c ψm) = lim
m→∞

F · C(ψm) = F. 2

Definition 4.10. We define the extended Fourier sine transform S(X) of X =
[(fn)/(δn)] ∈ B1

s by S(X)(t) = lim
n→∞

S(fn)(t), ∀ t ∈ [0,∞).

Since the proofs of the following six theorems are analogous to those of the
corresponding theorems for the extended Fourier cosine transform on B1

c , we leave
out the details.

Lemma 4.11. (Consistency) For each f ∈ L1([0,∞)), we have S(f) = S(f).

Theorem 4.12. For X = [(fn)/(δn)] ∈ B1
s, C(δk) ·S(X) = S(fk), ∀k ∈ N.

Theorem 4.13. The extended Fourier sine transform S : B1
s → C([0,∞)) is linear.

Theorem 4.14. The extended Fourier sine transform S : B1
s → C([0,∞)) is

one-to-one.

Theorem 4.15. The extended Fourier sine transform S : B1
s → C([0,∞)) is

continuous with respect to δ-convergence and ∆-convergence.

Theorem 4.16. If X ∈ B1
s and h ∈ L1([0,∞)), then S(X ∗sc h) = S(X) · C(h).

It is also interesting to note that if X ∗sc Y is defined by [(fn ∗sc gn)/(ϕn ∗c ψn)],
for X = [(fn)/(ϕn)] ∈ B1

s and Y =
[
gn
ψn

]
∈ B1

c , then X ∗sc Y ∈ B1
s, and we have the

following theorem.

Theorem 4.17.(Generalized convolution theorem) If X ∈ B1
s and Y ∈ B1

c, then
S(X ∗sc Y ) = S(X) · C(Y ).

Theorem 4.18. Let F ∈ C([0,∞)). Then, F ∈ S(B1
s) if and only if (ϱn) δ-

converges in B1
s, where ϱn(s) =

n∫
0

(
1− t

n

)
F (t) sin(ts) dt, ∀s ≥ 0, ∀n ∈ N.

Proof. Suppose there exists X = [(hn)/(ηn)] ∈ B1
s such that F = S(X). Then by

Fubini’s theorem and by a simple computation, we obtain that
(ϱn ∗sc ηm)(u)

= 1
2

n∫
0

(
1− t

n

)
S(X)(t)

∞∫
0

ηm(v)[sin(t(u+ v)) + sin(t(u− v))] dv dt

=
n∫
0

(
1− t

n

)
S(X)(t)

∞∫
0

ηm(v) sin(tu) cos(tv) dv dt
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=
n∫
0

(
1− t

n

)
S(X)(t) · C(ηm)(t) sin(tu) dt

=
n∫
0

(
1− t

n

)
S(hm)(t) sin(tu) dt (by Theorem 4.12).

From the proof of Theorem 2.18, we get ϱn ∗sc ηm ∈ L1([0,∞)), ∀n,m ∈ N and for
each m ∈ N, ϱn ∗sc ηm → πhm as n→ ∞ in L1([0,∞)). If Xn = [(ϱn ∗sc ηm)/(ηm)],
X = [(πhm)/(ηm)], then necessity follows by using the fact that Xn ∗sc ηm =
ϱn ∗sc ηm and X ∗sc ηm = πhm, ∀n,m ∈ N.
Suppose that there exists X = [(hm)/(ψm)] ∈ B1

s such that Xn
δ→ X as n → ∞

in B1
s, where Xn = [(ϱn ∗sc ψk)/(ψk)] ∈ B1

s. Then, for each m ∈ N, ϱn ∗sc ψm =
Xn ∗sc ψm → X ∗sc ψm as n→ ∞ in L1([0,∞)). Arguing as before, we have (ϱn ∗sc
ψm) = S(fn,m), where fn,m(t) = χ

[0,n]
(t)
(
1− t

n

)
F (t) · C(ψm)(t), ∀t ≥ 0. Since

S(fn,m) ∈ L1([0,∞)), we have S(ϱn ∗sc ψm) = S(S(fn,m)) = fn,m. Further, we have
S(X ∗sc ψm) = lim

n→∞
S(ϱn ∗sc ψm) = lim

n→∞
fn,m = F · C(ψm). Now by using Lemma

4.1, we get S(X) = lim
m→∞

S(hm) = lim
m→∞

S(X ∗sc ψm) = lim
m→∞

F · C(ψm) = F. 2
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