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ABSTRACT. In this paper criterion for Li-convergence of a certain cosine sums with quasi
hyper-convex coeflicients is obtained.

1. Introduction

It is well known that if a trigonometric series converges in Lj-metric to a func-
tion f € Ly, then it is the Fourier series of the function f. Riesz [2] gave a counter
example showing that in a metric space L; we cannot expect the converse of the
above said result to hold true. This motivated the various authors to study Li-
convergence of the trigonometric series. During their investigations some authors
introduced modified trigonometric sums as these sums approximate their limits
better than the classical trigonometric series in the sense that they converge in L;-
metric to the sum of the trigonometric series whereas the classical series itself may
not.

In what follows we will denote by

() >
(1.1) g(x) = 5 +Zak cos kz,
k=1
with partial sums defined by
aq 2
(1.2) gn(x) = > —I—Zak coskz,
k=1
and
(1.3) g(z) = lim g, ().
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In the sequel we will mention some results which are useful for the further work.
Dirichlet’s kernels are denoted by

—l—ZCObk‘t sm(n+ )

2sin £ 5

n
= Z cos kt
k=1

:isinkt: cos% — oS (n—|—%)t
2sin%

_ 1 t = cos(nJrl)t
D, (t) = —=cot = Dnt:—i2
(*) 2CO 2+ *) QSin%

In what follows we will briefly describe some known facts which will be very useful
for us (see [14]):

Sp =S Zao+a1+~--+an
S’C S Sf71+"'+S5_1,k:1727"';n:]-??a'“;
(1.4) A0 =1 AR = A A AR =12, e =1,2,

The A,,’s are called the binomial coefficients and are given by the following relation:
(1.5) d oAt =1 —x)h,
k=0

whereas S),’s are given by

(1.6) Z Spat=(1—-xz)7¢ Z Skx®,
k=0 k=0

and
Ay =D AL AT AL =AY
k=0
«_ [(nta ~ n% -
(1.7 ap= (") 2 et L),

In what follows we will consider that a > 0.
The Cesaro means Ty' of order « is denoted by T =

let

Aa Also for 0 < & < 7,

(z) = Dy (z) = cosz + cos 2z + - - - + cos na
Sp(@) = So(@) + S1(x) + -+ + Sn(x),

(1.8) SF(x) = SENa) + ST (a) + - - + SE T (w).

n
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Sy (x)

Af.

The Cesaro means TX(z) of order « is denoted by T (x) =

Lemma 1.1. (see [3]) Ifa > 0,p >0, ¢, = o(n"?), and Y-, A2TP|A*H¢, | < o0,
then

o0

ZA?L+p|A)\+1€n| < 00,

n=0
for -1 <A< a, A;\l“‘pA)‘en is of bounded variation for 0 < A < « and tends to zero
as n — oo.

Definition 1.2. A sequence of scalars (a,,) is said to be semi-convex if a, — 0 as
n — oo, and

(1.9) > n|A%a,_y + Aay| < 00, (ag = 0),

n=1
where A%a,, = Aa, — Aa, 1 and A%, = A°Lta, — A% ta, ., for a > 2.

Definition 1.3. A sequence of scalars (a,,) is said to be quasi semi-convex if a,, — 0
as n — 0o, and

(1.10) Z n|A%a, 1 — A%a,| < oo, (ag = 0).

n=1

The Li-convergence of cosine and sine sums was studied by several authors.
Kolmogorov in [7], proved the following theorem:

Theorem 1.4. If (a,) is a quasi-convex null sequence, then for the L;-convergence
of the cosine series (1.1), it is necessary and sufficient that lim,,, a, - logn = 0.

The case in which sequence (a,) is convex, of this theorem was established
by Young (see [13]). That is why, sometimes, this theorem is known as Young-
Kolmogorov Theorem.

Definition 1.5. A sequence of scalars (ay,) is said to be quasi-convex if a,, — 0 as
n — oo, and

oo

(1.11) > nlA%a, 4| < oo, (ag =0),

n=1

Lemma 1.6. If a = (a,) is quasi semi-convex than it follows that it is twice quasi
semi-convex, but converse is not true.
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Proof. Let us suppose that a = (a,) is quasi semi-convex, which mean that

oo
Z n|A%a, — A%a, 1| < .

n=1

Then from definition of the twice quasi semi-convexity we get:

o0 oo
Z n|Ata, — A'a, 1| = Z n|A%a, — 3A%a, 1 + 3A%a, o — A?a, 3| <
n=1 n=1
o0 o0 o0
Z n|A%a, — A%a, _1|+2 Z n|A%a, 1 — A2an,2|—|—z n|A%a, o — A%a, 3| < .
n=1 n=1 n=1
Conversely is not true which is given by this example.
Let A%a, = 711, then A2%a,_; = nil and from this we obtain following estimation:
o0 oo 1
A2a, — A2a,_1| = ————| = 00.
Zn| an, 1| Zn n(n—l)‘ 00
n=1 n=1
But
oo o0 —6
Zn|A4an — A'a, 4| = Zn ’ < 0,
ot — In(n—1)(n—2)(n-3)
with which is proved lemma. O

Definition 1.7. A sequence of scalars (a,) is said to be quasi hyper-convex if
a, — 0 as n — oo, and

(1.12) > n®A*a, | < oo, (ag = 0),

n=1

for a > 0.
Remark 1.8. For a = 1, from this class of coefficients follows the class defined in
definition 1.6 (see Lemma 2.2 bellow).

In paper [9], is given definition of generalized semi-convex coefficients as follows:

Definition 1.9. A sequence of scalars (ay,) is said to be generalized semi-convex if
a, — 0 as n — oo, and

(1.13) > nf|A* T,y + A la,| < oo, (ag = 0).
n=1
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for a > 0. For o = 1, this class reduces to the class of semi-convex coefficients
( definition 1.3).

Remark 1.10. If (a,) is a quasi hyper-convex null scalar sequence, then it is
generalized semi-convex scalars sequence too.

Bala and Ram in [1] have proved that Theorem 1.4 holds true for cosine series
with semi-convex null sequences in the following form:

Theorem 1.11. If (a,) is a semi-convex null sequence, then for the convergence
of the cosine series (1.1) in the metric space Ly, it is necessary and sufficient that
ax—1logk =0(1), k — oo.

Garret and Stanojevic in [5], have introduced modified cosine sums

n n n

(1.14) Gp(z) = %ZA% +ZZ(Aaj)coskx.

k=0 k=1j=k

The same authors (see [6]), Ram in [11] and Singh and Sharma in [12] studied
the Li-convergence of this cosine sum under different sets of conditions on the
coefficients (a,). Kumari and Ram in [10], introduced new modified cosine and sine
sums as

(1.15) folz +ZZA( )coskx

k=1 j=k
and
(1.16) ZZA( )smkx

k=1 j=k

and have studied their Li-convergence under the condition that the coefficients (a,,)
belong to different classes of sequences. Later one, Kulwinder in [8], introduced new
modified sine sums as

(1.17) Kn(2) = 5— Z 2 (Aaj_1 — Aaji)sin kz,

and have studied their L;-convergence under the condition that the coefficients (a,,)
are semi-convex null. In [9], was proved the L; convergence of some modified cosine
series using in consideration generalized semi-convex coefficients.

2. Results

In this paper we call the modified cosine sums N, (z), defined in [4] and we
will prove that this sums Li- converges to g(z), under conditions that coefficients



36 Naim Latif Braha

(an) are quasi hyper-convex and « € N. In paper [4], was proved that the above
modified cosine sums Lji-converges to g(z) under condition that coefficients (a,)
are semi-convex. First we will prove this trivial fact:

Lemma 2.1. If (a,) is a quasi hyper-convex null sequence of scalars, then it follows
that the following relation

Z E*(A* M ag_y — AT lay)| < o0
k=1

holds.

Proof. The proof of the lemma follows directly from the following inequality
(oo} (oo} oo
ST RAT gy — A )] < 3T RA g+ D0 KA oy < oo,
k=1 k=1 k=1

and definition of quasi hyper-convex sequences. O

Lemma 2.2. If (a,) is a quasi hyper-convex null sequence of scalars, then it is
quasi semi-convex null sequence too.

Proof. Because (a,) is a quasi hyper-convex, then it follows that relation (1.12)
holds for every a > 0, and for @ = 1. From this we get the following relation

o0 (o) o0
Z n|A%a,_1 — A?a,| < Z n|A%a, 1| + Z n|A%a,| < co.
n=1 n=1 n=1

O

The next Theorem, which will be of use to us, also appears in [4]. For the
convenience of reader we give its proof.

Theorem 2.3. Let (a,) a the quasi semi-convex null sequence, then N, (x) con-
verges to ¢g(z) in Ly norm.

Proof. We have

Sp(z) = % +Zak ‘coskr = ———5 - Zak - cos kx - (251n§>
=1 (ZSm %) =1

1 n
= Zak[~ cos (k + 1)z — 2cos kx + cos(k — 1)x]

(2 sin %) 1

1 n
=03 Z (ag—1 — 2ay + agq1) - coskx —

(2sin2)* = (2sin ) (2sinZ)?

agcosx  apcos(n+ 1)z




Integrability and L;-convergence of Certain Cosine Sums 37

ai Qpy1 COSNT
(2 sin %)2 (251n%)2
1 i 1
S"(x):_ﬁ'ZAQCqucoskx— Clo.COS:L’2 ancos.(n-|-2);c
(ZSIH%) k=1 (2 Sln%) (251n %)
a Qp+41 COSNT

(2sin2)®  (2sin2)?

Applying Abel’s transformation, we have

n—1 =
1 ~ A2%a,_1-D,
Sulw) = ———— 3 (A1 — Alax) De(a) + al—xz@
(2 sin 5) et (2 sin 5)
_ agCosT ap cos (n + 1)z ay _ Qng1COSNT
(2sin ) (2sin ) (2sinZ)?  (2sin2)’

Since Dy, (z) is uniformly bounded on every segment [e, 7 — €], for every € > 0,

oo

g(xz) = lim S,(z) =— ! Z (A2ay,_y — A2ay)Dy(x) +

o (2sin %)2 'k=1 (2sin%)2.

ai

Also

1 n n
Ny(z) = ——— Z (A%a;_q — A%aj) coskx +
1j=k

(2sin %)2 k=

ai

(2 sin %)27

respectively
n 2 . ~
Nalw) == Y Ny rcoske S DDy
(2sin%)” =1 (2sin %) (2sin )

Now applying Abel’s transformation we get the following relation:

n—1 " 2 . =~ 2 . =~
Nn(l') = fL (AQCLk_l . AQ(lk)Dk(I)+A An—1 Dn(x) A Qn Dn 1')

Jr
(2sin2)* i (2sin ) (2sin )




38 Naim Latif Braha

A%a,_; - D, A%, - D
~ A%ay () Afa x):>

(2sin%)2 (QSin %)2

g(x) — Np(z) = — lim (1302 Z (A%ap_y — A2ak).5k(ﬂf)>
meee (2 sin 5) k=n+1

B A%a, - Dp(x) A2, - ﬁn(x)

(2811’1%)2 (ZSin %)2

Thus, we have
[ lot@) - @)l o
0
for n — oo and definition . O

Theorem 2.4. Let (a,) be a quasi hyper-convex null sequence, then N, (x) con-
verges to ¢g(z) in Ly norm.

Proof. Let us start from the modified cosine sums:
Np(z) = — 222 (A%a;_1 — A’aj)coskr + ————
(2s1n2 =1 j—F (251112)
From Theorem 2.3, it follows that
llg(x) = Nu(2)[|, = 0,7 — oo,

if (ay,), are quasi semi-convex null coefficients( in our case sequence (a,,), is quasi
semi-convex(see Lemma 2.2). In what follows we will prove that

lg(2) = Nn(@)l|z, = 0,n — o0,

if (ay,), are quasi hyper-convex null coefficients, using in consideration Cesaro’s mean
of integral order.
Applying Abel’s transformation, we have

n—1 =

1 ~ A2 n— Dn AQ’I’LE’I'L
Nn(l') = —ﬁ-z (A2ak,1 — Agak)Dk(m)—i— a4 1 2($>+ a i Qx)
(2sin%)” = (2sin 2) (2sinZ
U
N2’
(QSm 5)

If we use Abel’s transformation « times, we get this relation:

n—«

N, (z) = . (A Tay_y — A*Tay)Se(z)

(2 sin %)2 b1
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-1 (Ak+1an,k,1 — Ak“an,k)SZ_k.(ac)

o\ 2
) (2 sin 5)
2.1) A2a,_1Dy(x) = A2a,D,(z) a,
. (2sin %)2 (2sin%)2 (2sin %)2

Since S¥(z), T,(x), n(x) are uniformly bounded in any segment [e, 7 — €], for any
€> 0, and TF(z) = (,f) we have
(2.2)

1 oo
g(x) = lim Ny(r) = ——= Z (A Tap_ — A*Tay) P (z) + %.

nTreo (2 sin %) b1 (2 sin %)

From relations (2.1) and (2.2) we have:

1 oo

9(@) = Nu(w) = ———= > (A"Mapq — A ay) ) (a)

(2 sin %)2 k=n—(a+1)

(AR, g — AR, )SE L (2) B A2a,_1 D, () B A2a, D, (z)

1 (2 sin%)2 (2sin %)2 (2sin%)2
Respectively
1 - _
lg(x) = No(@)|| < || ——= D> (A"Mapq — A ay) Sy (2)

(2 sin %) k=n—(a+1)

a—1 a—1
1

1

= > AMa, 1 SE o (2)|| + — > AFa, (SE o (x)
(2 sin 5) =1 (2 sin 5) 1
AQan,15n(x) AQanﬁn(:v)
(QSin %)2 (25111%)2

oo

< Cl/ Z (Aa+1ak_1 - A"‘“ak)S,‘:_l(x) dxr
0

k=n—(a+1)
dx + Cl /
0

A2an_15n($)‘dl‘ + C4 /
0

a—1
Z AR g, .SF (x)|dx

k=1

a—1
Z AkJrlan—k—lSvkz—k(J“)

k=1

—|—Cl/
0

v [
0

x)‘da:
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<G Y AT (A gy —Aa+1ak)|/ﬂ T2~ ()| da
k=n—(a+1) 0

a—1 e
10y Y AR ARG, | / ITF ()] do
k=1 0

a—1 T
L0 Y AR ARG, | / ITE ()| da
k=1 0

+Cy ~A2 . |A2an,1\/ |T3(:E)|d:£ +C1 - A?l . |A2an|/ \Tg(az)|dfc.
0 0

The first summand in the above assertion tends to zero from Lemma 2.1, the other
summands in the above assertion tends to zero based in Lemma 1.1, where n — oo.

Finally we get ||g(z) — N, (z)|| — 0, for n — oc. O
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