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OPTIMAL L2-ERROR ESTIMATES FOR EXPANDED MIXED
FINITE ELEMENT METHODS OF SEMILINEAR SOBOLEV
EQUATIONS

M1 RAy OuM, HYuN YOUNG LEE, AND JUN YONG SHIN

ABSTRACT. In this paper we derive a priori L™ (L?) error estimates for
expanded mixed finite element formulations of semilinear Sobolev equa-
tions. This formulation expands the standard mixed formulation in the
sense that three variables, the scalar unknown, the gradient and the flux
are explicitly treated. Based on this method we construct finite ele-
ment semidiscrete approximations and fully discrete approximations of
the semilinear Sobolev equations. We prove the existence of semidiscrete
approximations of u, —Vu and —Vu — Vu; and obtain the optimal order
error estimates in the L°°(L?) norm. And also we construct the fully
discrete approximations and analyze the optimal convergence of the ap-
proximations in £°(L?) norm. Finally we also provide the computational
results.

1. Introduction

Let © be an open bounded convex domain in R%, 1 < d < 3 with a boundary
00 and let 0 < T < oo be given. In this paper we consider the following
semilinear Sobolev equation:

ug — V- (Vu+ Vuy) = f(z,t,u), in 2 x (0,77,
(1.1) (Vu+ Vu) -n =0, on 09 x (0,71,
u(z,0) = up(x), on

where n denotes the outward normal vector to 92 and ug(z) and f(x,t,u) are
given functions assumed to be sufficiently smooth so that (1.1) has a unique
sufficiently smooth solution. The problem (1.1) represents natural phenomena
appearing in the research of the flow of fluids through fissured materials [4],
thermodynamics [6] and other areas. For details about the physical significance
and the existence and uniqueness of the solutions of the Sobolev equations, see
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[4, 5, 6, 12, 16, 28]. In the references [4, 5, 6, 12, 16, 28], we also find that the
study of the properties of the equations (1.1) contributes to the development
of the mathematical theories for the inverse problem of the heat equations.

In the past, several mathematicians [2, 3, 15, 17, 19, 20, 21, 26, 27] applied
the classical Galerkin finite element method or discontinuous Galerkin method
to construct the approximations of the scalar unknown u(x,t) of the Sobolev
equations combined with the various types of boundary conditions with 1 <
d < 3.

Compared with the classical Galerkin finite element method, the advantage
of mixed finite element formulations is that one can simultaneously approximate
both the displacement and the stress or the pressure and the flux. Another
advantage of this procedure is that the flux or the stress can be approximated
to the same order of convergence as the unknown scalar u(z, t) itself. Recently
due to these advantages, the authors [23, 25] have applied the mixed finite
element method (MFEM) to some types of the Sobolev equations, construct
the numerical solutions of u and the flux term and proved the optimal order
of convergence. By implementing the standard mixed finite element method
we may approximate simultaneously the unknown w(z) and the flux term of
the form a(z)u(z)[13, 14]. However in the case that a(z) is small which may
occur in many circumstances, a(z) is not readily to be inverted to compute
Vu. Motivated by this, Wheeler et al [29] and Arbogast et al [1] proposed an
expanded mixed finite element method.

EMFEM expands the classical MFEM in the sense that the scalar unknown,
the gradient and the flux are separately treated, so that three variables can be
approximated directly. Chen [7] also Independently developed expanded mixed
method based on BDM method for elliptic problem. Chen [8, 9] analyzed the
error analysis of the expanded mixed method for second-order elliptic problems.
Adopting this method Woodward and Dawson [30] approximate the solution of
Richards’ equation. In the several literatures such as [10, 11, 18], the authors
tried to apply an EMFEM to approximate the three variables corresponding
to elliptic equations and semilinear reaction-diffusion equations.

Furthermore, in the case that the flux term contains the mixed derivative
with respect to the spatial variable and temporal variable such as the prob-
lem (1.1), the classical MFEM is not useful to approximate the gradient from
the flux. In this paper, we apply an expanded mixed finite element method
(EMFEM) and construct semidiscrete approximations and fully discrete ap-
proximations of u, —Vu and —Vu — Vuy, respectively.

To approximate Vu and Vu + Vu,, instead of computing the derivatives
of up, we construct the approximations of Vu and Vu + Vu, directly, to ob-
tain the optimal convergence results for Vu and Vu + Vu;. Compared to the
standard mixed finite element method, our expanded mixed method does not
require the LBB condition. The LBB condition is needed in the process of
constructing finite element spaces, so that it confines the construction of finite
element spaces. As far as we know, this paper will be the first trial to estimate
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both semidiscrete and fully discrete approximations using an expanded mixed
finite element methods for the Sobolev equations and obtain the optimal L?
error estimates. This paper is organized as follows. In Section 2, we introduce
some notations and preliminaries. Next we construct finite element spaces and
we construct the weak formulation of (1.1). Then in Section 3, we introduce
our expanded mixed formulation, construct semidiscrete approximations and
prove the existence of semidiscrete approximations. The results of the optimal
error estimates of Vu and Vu + Vu; as well as u in L>(L?(2)) normed space
are derived. In Section 4, we formulate the expanded fully discrete finite ele-
ment approximations and analyze the optimal error estimates in £°°(L?) norm.
Finally in Section 5, we provide the computational results to support our theo-
retical analysis suggested in Section 4. Throughout this paper, the vectors will
be denoted by the bold face.

2. Finite element spaces

For an s > 0, 1 < p < oo and 2, we denote by W*P(QQ) the Sobolev
space equipped with the usual Sobolev norm [[ull} , = Z\k\gs Jo IDFulPda
where k = (ki ks, ka), [kl =k + ko o 4 hay Do = 2o
and k; is a nonnegative integer for each 1 < ¢ < d. For simplicitly Wé dencd)te
W2(Q) by H*(Q). Let H*(Q) = {(u1,uz, ..., uq)|lu; € H¥(Q),1 <i < d}. If
u = (u1,uz,...,uq) € H*(Q), then ||lu? = 2?21 lui||?. And also we skip 0 in
the notation of the Sobolev norm || - |lo, so we simply write || - ||. If for each
t € 10,7, u(x,t) belongs to a Sobolev space X equipped with a norm ||-|| x, then
we define for p € [1,00), [[u(z, )70 (0 10.x) = Oto lu(x, t)||5dt and for p = oo,
lu(z,t)||Lo<(0,t0:x) = €888UPg<i<y, lu(z,t)||x. If to = T', then we simply write
LP(X) and L*°(X) instead of LP(0,T : X) and L*°(0,T : X) respectively. And
also (f,g) denotes the usual inner product given by (f, g) = [, fgdz.

We denote V = L2(Q), A = (L?(Q)? and W = {w € H(div: Q) |w -n =
0 on dQ} where H(div : Q) = {w € (L}(Q)¢|V-w € L*(Q)}. Let
En = {E1,E2,...,EnN,} be a regular quasi-uniform subdivision of 2 where
E; is a triangle or a quadrilateral if d = 2 and Fj; is a 3-simplex or 3-rectangle
if d = 3. Boundary triangles or rectangles (3-simplex or 3-rectangle) are al-
lowed to have a curvilinear edge (a curved surface). Let h; = diam(E;) be the
diameter of E; and h = max{h; | 1 <i < N,}. We assume that there exists
a constant § > 0 such that each F; contains a ball of radius dh;. The quasi-
uniformity requirement is that there is a constant 7 > 0 such that h/h; < 7,
i=1,2,..., Ny

We denote by Ap x Vi = A(Q, &, k) x V(Q,E, k) the Raviart-Thomas-
Nedelec space associated with &,. Let E € &, and let P(F) denote the re-
striction of the polynomials of total degree < k to the set E. Similarly we let
Qr(F) indicate the space of the restrictions of the polynomials of degree < k
with respect to each one of the d variables x1,x2,...,x4 to E. If £ € &, is a
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triangle, we let
Vi(E) = Pu(E),  An(E) = Wh(E) = (P(E))* @ (21, 22)" Pu(E).

Similarly, if F is a rectangle, we let V},(E) = Qr(E),

2 oubtt . .
Ah(E) = Wh(E) = {H € (QkJrl(E)) : ag;y'+1 =0,j#41<4,j< 2}-
If F is a rectangular, then the above finite element space coincides with that
of Raviart and Thomas [24]. If E is a triangle, then it is the modification due
to Nedelec [22]. With the obvious modification, we define

AR(E) = Wi(E) = (Pu(E))’ @ (1,29, 23)" Pu(E),

k1
3,0U; o .

— =0, i,1<4,5 <3,
|a$?+1 J # J }

An(E) = Wh(E) = {p € (Qrt1(E))

for T being a 3-simplex or a parallelogram in R3.
Let Vi, CV, Ap, C A and Wj, C W be the finite element spaces such that

Vh:{U€V|U|E€Vh(E), VEESh},
Ap={peA| pulg € AL(E), VE €&},
Wy, = {w S W| w|E S Wh(E), VE € 5h}-

From now on, we concentrate the case that F is a triangle or a 3-simplex,
and analyze the approximation results for this case only. Following the similar
process, we may obtain the corresponding results for the case that E is a
rectangle or parallelogram.

To introduce an expanded mixed formulation, we let A = —Vu, o = —(Vu+
Vug) = XA+ A Thus the weak form of (1.1) that we shall treat is given by
seeking a triple (u, A, 0) € V x A x W such that

(2.1) Aw) — (u,V-w) =0, Vwe W,
(2'2) ()‘a K) + (At’ IJ’) - (0’, IJ’) =0, Vi eA,
(2.3) (ug,v) +(V-o,0) = (f(u),v), VYveW

3. Optimal L? error estimates of the expanded semidiscrete
approximations of u, A and o

In this section by applying an expanded mixed method we will construct the
semidiscrete approximations of u, —Vu and —Vu — Vu,, prove their existence
and analyze the L? error estimates of semidiscrete approximations of u, A and
o.

Raviart and Thomas [24] defined a projection IIp, x Py, : W xV — W, x V},
satisfying the properties:

(3.1) (V-w—-V - -IIyw,v) =0, Vv eV,
(3.2) (v = Pro,x) =0, Vx € V.
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Then obviously we have (V- w,v — P,v) =0, Vv eV, Vw € Wy, and we
know that the following diagram commutes

WL)V
th \LP’I
WhL)Vh

i.e., divIIl, = Pydiv as functions from W onto V. And also the following
approximation properties hold [24]:

(3.3) [lw—Mpw| < Ch"|wll, Yw € (H'(Q), 1<r<k+1,

(3.4) |lu— Pyullr, < Ch"|ullyp, Yuec WHP(Q), 0<r<k+1, 1 <p<oo.
And also we define Ry, : A — Ay, be the projection satisfying

(3.5) (A= RpA, pn) =0, Ve Ap,

(3.6) A= RuA| < CR™A|lr, YA€ (HT(Q)), 0<r<k+1.

Now we formulate the expanded mixed finite element method as follows: find
a triple (up, Ap, OR) € Vi X Ap x Wh, such that

(3.7) (Ah,w) — (up, V- w) =0, Vw e Wh,
(3.8) (An, 1) + (An)e, ) — (On,p) =0, YV € Ap,
(3.9) ((up)t,v) + (V- on,v) = (f(up),v), Vve W,

where up(0) = Pp(uo(x)), An(0) = RRA(0) = Rp(—Vup(x)).

Theorem 3.1. (i) If f is a continuous function, then there exists a semidiscrete
approzimation (up, Ap, op) satisfying (3.7)—(3.9).

(ii) If f satisfies Lipschitz continuous on a domain D containing (z,0,
Pr(ug(x))), then there exists a unique semidiscrete approximation (up, Ap, op).

Proof. Let {¢; : 1 <i < £} be an orthogonal basis of Vj, and {4, : 1 <1i < m},

{p; : 1 < i < n}, orthogonal bases of Ap, Wh, respectively. Since W, is a

subspace of Ap, {¢; : 1 <i<n}isasubsetof {¢p, : 1 <i<m}. Let up(x,t) =
14 n

iz @i(t)9i(x), An(w,t) = 370, Bi(t)h(w), and on(x,t) = 325 ri(t)p(2).
From (3.7), (3.8) and (3.9), we obtain a system of ordinary differential equa-

tions:

(3 10)
£

Zﬁl ¢'L’(’p_1 Zal(t)((blav('p])zoa j:132a"'an7
i=1

(3 11)

Zﬂz (Wi ;) + 3 B Wi ;) = 3 i) e ;) =0, j=1,2,....m,
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(3 12)

Za ¢’Lv¢j +ZT1 V cp,,qu ( ( Z‘%¢z)v¢]) =1,2,...,¢L

From (3.11), since Wh C Ap,

(3.13)
Zﬁl( 'l/)l,QOJ +ZB "/}1590‘7 Zrz ('pz"Pg —0 ‘7—1,2,...7 .
=1 =1 =1

Let r(t) = (ri(t),r2(t),....,mn(1)", B(E) = (B1(t), Ba(t)..... Bm(t))T, A =
(aij)i<ij<n, B = (b1J)1§1§n71SJSm7 aij = (%,%) and bij = (¥, ;). (3.13)
can be represented by

Bﬁ()+B,@'() Ar(t) = 0.
By the invertibility of A, we get r(t) = A~ (BB(t)+Bp3'(t)). Since V-, € Vi,
we can represent V - ¢, = Zk:l 'y;“(,bk( ). From (3.12) we get

506007 +Zn (ivm,@)(f(z,t,iami),@),lsj'se,
k=1 =1

=1

from which we have

4
(3 ! ) n 4 4
Za (61, 65) +Z(Z b 63w ()= (£ (2.6, 3 i) 65), 1 <<
=1 k=1 =1
If we let a(t) = (a1 (t), aa(t),...,ce(t)T, ®=(Vki)1<k<r1<i<n, D=(dij)1<ij<0

and F(@) = (Fy (@)1 where di = (63, 6) and Fy ()= (7 (7,1, 5y i),
¢j), then (3.14) can be reduced to

(3.15) Dd/(t) + D®r(t) = F(«).

And the equation (3.10) can be represented by

m 4
Z@-(t)(wi,@j)fzzm Sy di)oi(t) =0, j=1,2,...n,
1=1

i=1 k=1
which implies

(3.16) Bp(t) — " Da(t) = 0.
By substituting r(t) = A~ (Bg(t) + BB'(t)) into (3.15), we obtain
(3.17) Do/ (t) + D®A™'BB(t) + D®A'BA (t) = F(a).

Now we substitute (3.16) into (3.17) to get

(3.18) {(1()0)* D3A™'#" D)ol (1) = DA™ " Da(t) + F(a),
o = vy,
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where a(0) = ap can be determined uniquely from the initial condition that
up(0) = Pp(uo(z)). Since D + D®A™'®T D is positive definite and f is
continuous, (3.18) has a solution «(t) by the theory of the system of or-
dinary differential equations. By combining (3.16) with the relation »(t) =
A~ (BA(t) + BB/(t)), we have

r(t) = A7'® " Da(t) + A7'®T Do/ (t),

which shows the existence of r(t). To prove the existence of 3(t), if we let
E = (eij)i<ij<m, €ij = (¥;,9;), then E is symmetric and positive definite.
(3.11) can be reduced to

E@'(t) = EB(t) — B'r(t),
/3(0) = BO)

where 3(0) = B, can be determined uniquely from the initial condition that
An(0) = Rp(—Vug(x)). Therefore B(t) exists which completes the proof of (i).
If f satisfies a Lipschitz condition on a domain D containing (z, 0, Py (uo()))
by the theory of the system of ordinary differential equations, (3.18) has a
unique «(t). Therefore in a consecutive order, we can prove that »(t) and 3(¢)
exist uniquely, which completes the proof of (ii). O

The result of the previous theorem induces the continuity of u"(z,t) =

Zle a;(t)¢;(z) with respect to t, so that ||u”(t)|| = is continuous with respect
to t. By (3.4), there exists a constant K* such that for sufficiently small h,

(3.19) Ju(, 0) - u" (@, 0|~ = luo(x) — Ph(uo(@) = < K,

holds. Throughout this paper C denotes a generic positive constant depen-
dent on the domain Q, K* u(x,t), the constants é and 7 which manage the
regularity and quasi-uniformity of the subdivision of 2, but independent of the
discretization sizes of space variable and time variable. If the generic constant
C depends on some specific constants besides the ones mentioned already, we
will clearly state the dependency.

To continue the analysis of the convergence of semidiscrete approximations
and fully discrete approximations, In the rest of this paper, we need to assume
that f satisfies the following locally Lipschitz continuous at u(x,t): if |u(x,t) —
u*] < 2K*, then |f(z,t,u(z,t)) — f(z,t,u*)| < C(u, K*)|u(z,t) — u*| for all
(x,t) € Q x [0,T].

Theorem 3.2. If f is locally Lipschitz continuous at u(z,t) and u, A and o
satisfy w € L>®°(H®), A € L>°(H?) and o € L™ (H?#), respectively and v > %,
then
[u—unllpee(r2) + IA = Al o (22
< Ch” (Jlull ooy + M oo rre) + ol L2 22))
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and
llo = onll o2y < CRY (lull ooy + 1N Loy + o]l oo 1 )
where v = min(k 4+ 1, s), hold.

Proof. By subtracting (3.7) from (2.1), (3.8) from (2.2), and (3.9) and (2.3)
respectively, we have the followings:

(3.20)

()\f)\h,w)f(ufuh,V~w):0, YVw € Wh,
(3.21)

(A=A, 1) + (At — ()t p) — (60 —oh, 1) =0, V€ Ap,
(3.22)

(ug — (up)e,v) + (V- (0 —on),v) = (f(z,t,u) — f(z,t,up),v), Vv €&V

For the time being, we assume that there exists a sufficiently small h to be
defined below so that

(3.23) |z, t) — ul(z, )| e < 2K*, Vt, 0 <t < T, Yh < h,

holds. We will prove the adequacy of this assumption (3.23) later. By choosing
w =IIpo —op, in (3.20), p = Rp A — Ap in (3.21) and v = Pru — uy, in (3.22)
respectively, we have

(3.24) (RRA — An,po —op) — (Phu—up, V- (o —op)) = 0,
(RuA — An, RoA — Ap) + (RhA: — Ant, RbA — Ap)
(3.25) — (Ipo — on, RpA — Ap) = (0 —IIho, RpA — Ap),
(Phut — upt, Py — up) + (V- (Ipo — o), Pyu — up)
(3.26) = (f(x,t,u) — f(z,t,up), Phu — up).
Combining (3.24)—(3.26), we get
P un? + [ BuA ~ M + 2 T RiA  n?

= (0 —IIpo, RpA — Ap) + (f(x,t,u) — fx,t,up), Phu —up)
1 1

< gllo— Mpo|® + I BrA — Anl* + C(llu = Puull + || Phw — upl|) [| Pou — un |
1 1

< gllo - Mpo|® + I BrA — Al + C(llu = Poull® + || Pau — ua?),

from which we obtain
1d

1
——||Phu — up|* + = | ReX — Apl?
1Pn = unl|” + S| Re wll*+ 52

[RRA — Anl?
(3.27) < CR* {J|ullZ + lo |2} + ClI Pou — ua ).
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By taking the integration for both sides of (3.27) with respect to ¢ from 0 to Z,
we get

1 (Pru = un) ()] + [|(BrX = M) (£)|* + /HRh)\ An|ldt

S Ch2V{HUH%2(Hs) + HUH%Z(H‘S)} + C/O HP}]U — Uh||2dt

By applying Gronwall’s Lemma we have
(3.28)

|(Pow = un) (D)2 + [ (BaX = An) (D)2 < O { sy + 1ol are) -

which implies, by the approximation results (3.4) and (3.6).
(3.29)

J—unll oo 22) A=Al e 22 < OB (Iull ooy A e ey ol 2 s )-

Now by means of contradiction, we will show that the assumption (3.23) is
appropriate. Suppose that there exists t* such that 0 < ¢* < T, ||u(t) —
up(t)||z~ < 2K* holds for 0 <t < t* but [u*) — un(t*)||r~ > 2K*. Now
we take a sequence {t,,}22; C [0,t*) converging to t*. Then we obviously have
[|(Phu — up)(tn)ll < Ch*{||lullL2(pe) + llo||l2(m=)}- Choose h sufficiently small
so that [|(u —up)(tn)l|Le < |[(u = Pau)(tn)l[ Lo + [[(Pru = un)(tn) [ < e(h” +
h=2h¥) < 3 K* holds Vh < h. Since ||(u—up)(t)| L= is continuous with respect
to t, |[(u — up)(t*)||L=~ < 2K* holds which contradicts to ||(u — up)(t*)| = >
2K*.

To estimate ||o—op ||, we differentiate the both sides of (3.20) with respect to
t and choose w = IIp0 — o, then we have (At — Apt, Ilpo —op) — (ur —upe, V-
II;,0 — o) = 0. Combining this equation with (3.21) with p = Ilpo — op,
and (3.20) with w = IIpo — o, yields that

(U7’u,h,V~(Hh0'70'h))+(’ut7uht,V~(Hh0'70'h))7(0'70'h,thfo'h) =0,
from which by (3.2) we have the following error equation
(Phu—up, V- (Ilpo —on)) + (Phus — une, V - (IIho — op))
(3.30) — (o0 —op,IIpo — o) =0.
Now we take v = V - (IIpo — op) in (3.22) to get
(Phug — upne, V- Mpo —op)) + (V- (6 —op), V- (IIho — o))
= (f(l‘,t, u) - f(xa t,up), V- (Hha - a'h))v
which by (3.1) implies the following
Pyus — upt, V- (po —op)) + (V- Mpo —op),V - (IIpo — on))
(:E t U f(ZC,t,Uh),V' (Hha_ah))

(
(3.31) = (f
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Now we subtract (3.30) from (3.31) to get
|V - (Tpo —op)||> — (Pou—up, V- (Mo — on)) + (6 — on, Mpo — on)
= (f(z,t,u) — f(z,t,up), V- (po — o)),
which yields that,
IV (Mpo —op)|* + (Ilho — on,Hpo — o)
= (Pou—up, V- (Mpo —op)) + (Mlpo — 0,110 — o)
+ (f(z, t,u) — f(z,t,up), V- (llpo — on)).
Then by the Cauchy-Schwarz inequality we have
IV - (Iho —on)|* + [Hpo — on|?
< C([I1Phu — upl® + [Tho — o || + [lu — unl|®)
< P ([ull Lo g1y + Moo (gz) + 19122122y + 9 ]12).-
Therefore |0 — on|| o2y < CRY([[ul Lo sy + Al Lo (rre) + O] Lo (m12)). O

4. Error estimates of the expanded fully discrete approximations of
u, A and o

In this section we construct the fully discrete approximations of u, A and
o using an expanded mixed Galerkin method and we prove its optimal con-
vergence in ¢>°(L?) normed space. For a positive integer N, we let At = %,
t" =n(At) forn =0,1, ..., N, and t"? = a1t" + aot" !, with a; = (1+6)/2
and ag = (1 — 0)/2, where 0 <0 < 1.

Construct (U™, A", 3)) € Vi, x Ap x Wp, such that U™ = u(t™), A™ =2 A(t"),
Sh 2 o(t™?), n=2,3,..., N and satisfying
(4.1) (A", w)— (U",V-w) =0, Vw € Wh,
4.2) (A" 4 A", ) — (Zh, pu) =0, Ve Ap,
(4.3) (0:U™,0) + (V- Bg,0) = (f(z, ™%, EU"),v), Yv € V,
where An,@ _ OélAn +a2An—17 atAn _ A”—A/\t'"‘_l7 EU"™ = ﬂlUn_l +52Un—2,
b1 = (3+9)/2 and By = (—1 — 9)/2

Since the extrapolation method (4.1)—(4.3) requires the previously computed
approximations, U?, U!, A and A! a starting procedure is needed. So we
define U = Py, (uo(x)), A° = Ry (—Vug(x)). Then obviously (A%, w)—(U°, V-
w) =0, Vw € W, holds.

Define (U, A", 25) € Vi, x Ap x Wy, such that U' = u(t!), A* = A(th),
¥, = o(th?) and (U', A', 2}) satisfies
(4.4) (AY,w)— (U, V- -w) =0, Yw € W,
(4.5) (AY + 9,A ) — (Bh,p) =0, V€ Ap,
4.6) QU 0) + (V- Zg,0) = (f(2, "7, U),0), Vv eV,
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where UM = a1 U + apU°. Concerning the starting procedures (4.4)—(4.6) it
can be shown that if u, XA and o satisfy the hypotheses of Theorem 4.1, then

(4.7) lu(t) = U] < C(h" + (At)HH0),
(4.8) IA(E) = Al < C(R” + (At)HHo0),
(4.9) lo(t"?) — S| < C(h” + (At) o)

holds where v = min(k + 1, s), dgo denotes the Kronecker symbol and the con-
stant C' depending on the Sobolev norms of u, A and o appearing in Theorem
4.1. The proofs of these estimates are similar to the ones that will be given
concerning the principal scheme (4.1)-(4.3), so we omit the proofs.

To analyze the order of convergence we introduce the following notations:

Cut) = u(t) = u(t), CA(1) = Al) = A®), (o () = o(t) = o(t),

it =) = am?, Ay = Xt = A"

pZ’e = ﬂt(t"’e) — 8,@", p;z\,@ = Xt(tnﬂ) — Gt;\n,

er = a(t") — U™, e} = A(t") — A", en? = (") — =7,

53,9 — ,Enﬁ _ Eﬂ",

where @(t) = Pyu(t), A(t) = RpA(t) and o (t) = Lo ().

Lemma 4.1.

(1) For 0 = 0, Zf Ut € Loo(tn—l’tn : L2) and Uy € Loo(tn—l’tn : Hl),
then
o3 ?]l < CA [usee oo (en1 42y and
Vol || < C(AL)?||ugse]| oo (n—1 pn. g1y hold.

(i) For 6 € (0,1], if uy € L@ 1,¢" : L?) and uy € L1t : HY),
then
1% < C(A) [[uge| poo (41,4 12) and
V|| < C(AL) uee|l poo en-1,en:pry hold.

Proof. By Taylor’s expansion, we easily obtain for § = 0,
ol < CAL) st poo (e m:12)
holds and for 6 € (0, 1],
131l < (A8 |[tage | oo pm-1,m:12)
holds. Therefore if # = 0, then by (3.4) we have
0 < CA (fustell Lo (en1 4m:12))-

And similarly for 0 < 6 < 1, ||p?|| < CAt(||uge| poo(gn—1,¢n.12)) holds. By the
similar method we can prove the approximation results of V", O

Now we state the following lemmas without proof. The proofs can be ob-
tained by Taylor’s expansion easily.
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Lemma 4.2. If uy € L°(t""2,t" : LP) for 1 < p < oo, then
vl llr < CA?[|ugel| Lo (in-1 4n:L0y and
€02 o < CAL)? [t oo (12 4m: 9

hold.

Lemma 4.3. If Ay € L™~ 1,¢" : L?), then the following holds:
n,0
lvall < C(At)QH>‘ttHLx(tn71,tn:L2)'

Theorem 4.1. Suppose that [ satisfies the locally Lipschitz continuity at u(x,
t). Let {U", A", Sg}N_, € Vi, x Ap, x Wy, be the solutions of (4.1)—(4.3).

(1) For 0 = 0, zfu S LOO(HS), U € LOO(HS), Uy € LOO(LQ), Ut € LOO(LQ),
A€ LOO(HS), )\tt € LOO(Lz), >\ttt € LOO(Lz), o c LOO(HS) and At = O(h),
then

n n v 2
Jmax[[u(t”) = U”| < CO0* + (A0 Jull oy + Juele e

(4.10) + sl Loe 2y + llwseell oo (22) + o] oo () }
max IAE") = A" < C(h” 4+ (A)*) {llull Lo ey + lwell oo ey

+ llueel| Loo 2y + el oo (z2) + ([ Al Lo (229
(4.11) Xt oo 22y + 1 Aettll poo 2.2y + 1ol Loo (122}
and

n,o n v 2
Jmax o) = S5 < C* -+ (AP ull ey + el 2o

(4.12) + sl oo 2y + Nl oo 22y + lol| oo 12y }
hold where v = min(s, k + 1).

(i) For 0 < 0 < 1, ifu € L®(H?®), uy € L®(H?®), uyy € L=(L?), X €
L®(H?®), Ay € L™(L?), o € L®(H®) and At = O(h2*%) for some e > 0,
then

Jmax [[u(t”) = U”| < CO0* + AO{ulle(ars) + utl e

(4.13) + lJuetll oo 22y + o oo crrey

max [|A(") = A"[| < C(h" + At {Jull oo (rrey + Nlwell Loo rroy + [t Los (22)
(4.14) Al oo ey + [ Neell oo 2y + ol Los (222) }

max _[lo(t™?) — 2§ < C(h” + (AO) {llull oo rrey + el Lo )

2<n<N
(4.15) + lJueell o (r2) + ol o care) §
hold where v = min(s, k + 1).
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Proof. We will prove below the statement (i) only. Similarly for 0 < 6 < 1,
we can get the error estimations (4.13)—(4.15) under the appropriate regularity
conditions for u, A and o. We first prove by mathematical induction that

(4.16) e | < K*/5, ¥m =0,1,...,N.

For n = 0, (4.16) trivially holds since U° = @(0). Now we assume that
ller|lre < K*/5,¥n < m — 1 for some m with 2 < m < N. By (3.4) and
(4.7), (4.16) holds for n =1 as follows:

lebllze = ' — U g < ch™2(|a" — UY|pe) < ch™ 2 (h” + At?) < K* /5.
From (4.2),

(4.17) (A™? + QA" w) — (0, w) =0, Ywe W
Now substitute (4.1) into (4.17) to get
(4.18) (U™ V- w) + (0:,U", V- w) — (2f,w) = 0.

Now we take v = V- w in (4.3) and substitute this result into (4.18) to obtain
(4.19) (U™ V-w) —(V-35,V-w)+ (f(z,t"?, EU"),V-w) — (2§, w) = 0.
Substituting (2.1) into (2.2), we get
(4.20) (u, V- -w) + (ut, V- w) — (o, w) =0,
and combining (4.20) and (2.3) with v = V - w we have
(4.21) (u,V-w)—(V-o,V-w)+(f(z,t,u), V-w)—(o,w) =0, Vte(0,T].
Now we subtract (4.19) from (4.21) to obtain that
(4.22)
(u(t™?) = U™,V -w) — (V- (a(t™) = ),V - w) — (o (t™) — 5§, w)

= — (f(z,t"% u(@t™?) - f(z,t™° EU™),V - w).

Noting that u(t™?)—U™? = ,(t™0) 420 +en?, o (t™?) -2} = (o (t™7)+en?,

and u(t™?) — BU™ = ¢, (t™%) + 49 + €9 + Fe? and applying (4.22) with

w = e’ we have

(133) (€10, en?) — (V- e,V - en?) - (el ")
= — (Cu(t™?), V- eg?) = (v, V - eg?) + (V- (o (t™7), V - eg?)
+(Co(t™),e5) = (f(a, ™ u(t™)) — f(z,t™%, BU"),V - eg?).
Applying (3.4), Lemma 4.2 and (4.16), we have
lu(@™?) = Bv™[[pee < 1Gu(t™)]lLe + 172
(4.24) < 2K*.

Applying (3.1), we have (V - (s (t"?),V - €%?) = 0 and adopt this result, the
Cauchy-Schwarz inequality and (4.24) to the equation (4.23) then we have

(4.25) [leg? > + IV - ex?||?

L +[1€30 L + (| Bl p
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< el + CLCE P + v 1 + 116 (P + 1€ + | B}
+ 5l I 4+ 217 en)P,
which by (3.4), (3.3) and Lemma 4.2, implies that
(426) leg’|> + |V - ex?|?
<2 I + OB 4 (A} ([l s ey + el e
101 e oo gmogy) + C I + 2 2).
Now we subtract (4.3) from (2.3) to get the following
(u(t™?) — 0U™,v) + (V- (0(t™?) — %), v)
= (f(z, ™% ut™?) — f(z, t™?, EU™),v), Yve Vi,
which implies by (3.1) that
(8™ — 0, U™ v) + (V - (Tpo (™) — Tp),v)
= (8,55" — ut(t”’e),v) + (f(x,t"’e,u(t”’e)) - f(:z:,t”’e,EU”),v), Vv e V.
Therefore we have
(Oeer,v) + (V- (Mo (™) — 37),v)
= (8,55" — ut(t”’e),v) + (f(x,t""g,u(t"’e)) — f(:z:,t”’e,EU”),v), Vv e V.
from which we deduce the following
(enr — en 1, er) + At(V - (Mpo(t™?) — 37),en)
= At(@tﬂ" — ut(t”’e), eZ) + At(f(:z:, t"’e,u(t""g)) — f(x,t"’e, EU"), e").

u

By noting that (eff —efi ™", ) > (1/2) ||| — (1/2)]le;;~||* and applying (3.4),
Lemma 4.1 and Lemma 4.2, we get for § = 0,

1 1 _
SlenlP = 5llen?

IN

S|V (Mo (t) — S| + C(A) e

+ C(At) (R + (At)4)(HutH%W(t"*l,t":HS) + HutttH%W(t"*l,t":L%)

£ OO (1GNP + 117+l + 1 2e )

ANV - (o () — S| + CAD)e; P

+ CLAN B + (D)) (Nl e ey + sl e g2
et gty + 0 ) + OO (el P + %),

Now we add the both sides of the above inequality from n = 2 to n = m and
applying (4.26) we get the following,

IN

1 1
Sl = el
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IN

1 - n n - n
S At DIV o (™) = 5)|1° + (A1) Y flenll?
n=2

n=2

+C(h* + (At)4)(“u”2L°°(HS) + ||ut||%°°(H5) + ||utt||%°°(L2) + ||uttt||2L°°(L2))

m

+C(a8) Y (len™ 1> + llen?11%)

n=2

1 - n v
SAEY {20en I + O+ (A (0l s e
n=2

IN

el s + 10 s rey) + Ol 2 + el 2)1) )

+ (AN Y flenll® + C(h* + (D)) (lullg oo (arey + el o (rre

n=2
m

el g (z2) + Nuseel oo z2)) +C(AD) Y (llew™ 12 + lle2)1%),

n=2

from which we have

1 m v
S llew 12 < O + (A" ([ullf oo 7oy + el Zoo ey + lueell7 (2

m . 1
- luseelF o z2) + 11 2o rey) + C(AL) Y Jlenll® + glleal’

n=0
Since At is sufficiently small, we obtain
m—1
e ll> < CAat >~ flenl® + O™ + (A ) [ull7oe g7y + luel|Foe 1o
n=0

Hllueell 7o 2y + et Toe 2y + 010 1oy b+ llewl®.
By applying the discrete type of Gronwall inequality, we get
(4.27) lez1* < Clleg]|” + C(h* + (At)*) (Il Lo 70y + N1t Zoo (214
+ ||utt||2L°°(L2) + ||uttt||2L°°(L2) + ||U||2L°°(HS))'

Therefore |||~ < Ch=2{h* + (At)2} < K*/5 holds, so by (4.7) we proved
the statement (4.10) as follows:

max [[u(t") = U < O + (A)2) (ull g ey + el e

2<m<N
+ llwetllpoe 2y + llweel oo 2y + lo || oo (112)) -
From (4.26) and (4.27) we get
lex?|? < Cllu(t') = U+ C(h® + (A)*) (l[ull Foo ey + l1uell7 < are)

+ ||utt||%°°(L2) + ||Uttt||%ao(L2) + ”UH%OO(HS))'
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Therefore by (4.7), we proved the statement (4.12) as follows:
lo(t™%) = Zg || < ¢ (™) + lex’|
< C(R” 4+ (AL)?) {ull oo crrey + el oo (rry + l|wee]| Loor2)
(4.28) + ueeell poo(r2) + ol Lo rre) }-
To estimate || A(t") — A™||, we substract (4.2) from (2.2) to get
(429)  (A(W™?) = A", ) + (M(t™%) = QA" p) = (a(t™7) — S, 1) = 0.
Since A(t™0) — A™? = ¢\ (™) + ’7?\’9 + e?\’e, we get
A (t0) = B A™ = A (80) = A (™) + X (t™0) — DA™ + O A" — O A"
= Calt™") = pR7 + Ore}.

Adopting this relation to (4.29) and applying (3.5), we have

n,0 _n n o _n n, n,0 _n n, n,0 _n
(ex’,ex) + (Oex, ex) = — (Cat™") + %7, eX) — (Ca (™) — P57, eR)

+(a(t™") — 5, €})
,0 ,0
= — (") + (37 eR) + (a(t™) = 2j, eR),
which implies,
1

n n—1 a2 n a2, 5,1 1 n,0
sz (el = llex™12) < ((an + 52 )leR 2 + SEllex 1) + 5 la "I
3 n 1 n,0 1 n n
+ Sl + SR I + 515 — o ()]
2 2 2
n n— 1 n,0 1 n,0
< C{llexI? +llex 1%} + 1A’ 12 + 5 ek
1 n n
(4.30) +35lI%5 ot )12

Now we add the both sides of (4.30) from n = 2 to N to obtain

N N
n n,0 n,0 n n,
eX 11 < Caty " llexlP+a Y (I I+ 103 1P +I=5 —a(™)]%) +llexll*.

n=1 n=2

Therefore for sufficiently small A¢, by applying Lemmas 4.3, 4.1 and (4.28) we
conclude that

N-1 N
leX 1> < CAL Y Jlex)l? + C(An) (h* + (A)*) 3~ (IAatll e gt g2
n=1 n=2

+ ||Attt||ioo(tnfl7tn:L2) + ||u||2L°°(H5) + HutH%w(HS) + HU”H%“’(N)
+ et oo 2y + 01 F e (o)) + CIA(ED) — AT
Now we apply the discrete-type Gronwall inequality and (4.8) to get
leX1? < C(h* + (A)) {lullFoo ey + N1l Foo ey + llueell7 o (2)
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Hllugeel| 7o p2) + Xl oo g2 + INeeell o 2 + IOl oo o) )

from which we obtain the statement (4.11)
[A(") = A" < C(h” + (At)Q){HUHLOO(Hs) + Jwell oo (o) + lJwsel| Loo(z2)
+ lJweeel oo (r2) + [ Al oo ey + 1 Aetll oo 22y + 1 Aetell oo (22
+ ol ey - O
5. Numerical results and conclusions

In this section, we will present some numerical results to verify the conver-
gence order of the proposed EMFEM. For the sake of convenience we consider
the Sobolev equation (1.1) with @ = [0,1] and 7" = 1.0. The fully discrete
scheme (4.1)-(4.6) is characterized by 6. For each 6, we provide a set of numer-
ical results with f(z,t) and f(x,t,u) which is locally Lipschitz continuous in
u. And also we choose k =01ie. Vi, ={veV|v|g € Ry(E), VE € &},

Ap={peA| plg € P(F)®xPy(E), YE €&},
Wh={weW|w|g € P(E)DzPy(FE), YE €&}

(I) In case of 8 = 1 (Bachward Euler method).
To prove the order of convergence we choose At = h.
(1) with f(x,t) = (1 + 272)et cos(wz).
With ug(x) = cosmz, the solution of (1.1) is given by u(x,t) = e’ cos(nz).
Tables 1 and 2 show that the approximations of u(z,t), A(«,t) = —u, and
o(x,t) = —(uy+u,) converge with convergence order = 1 for the space variable
as well as the time variable as we expect from Theorem 4.1(ii).

TABLE 1
h = At | [[u(t™) — UN] | convergence order
1/10 | 0.1765 ¢-0
1/20 0.8897 e-1 0.99
1/40 0.4468 e-1 0.99
1/80 0.2239 e-1 1.00
1/160 0.1121 e-1 1.00
1/320 0.5607 e-2 1.00

(2) with f(z,t,u) = v+ u? + 2e(2x — 1) — e* (32 — 32°)%.

With ug(z) = 2% — 2%, the solution of (1.1) is given by u(z,t) = e’($2? —
223). Then —u, = e*(#? —2) and —ugy —uq = 2¢’(x? —x). Tables 3 and 4 show
that the approximations of u, —u, and —(u, + u.¢) converge with convergence
order = 1.

(IT) In case of 8 = 0 (Crank-Nicolson method).

(i) with f(z,t) = (1 + 272)et cos(mz).
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TABLE 2
h= At [ |A(#N) — AV | convergence order | [|o () — BV | convergence order
1/80 0.1619 e-1 0.6988 e-3
1/160 0.8258 e-2 0.97 0.4428 e-3 0.66
1/320 0.4170 e-2 0.99 0.2987 e-3 0.57
1/640 0.2095 e-2 0.99 0.1711 e-3 0.80
1/1280 0.1050 e-2 1.00 0.9116 e-4 0.91
1/2560 0.5258 e-3 1.00 0.4700 e-4 0.96
TABLE 3
h = At | [[u(t™) — UM] | convergence order
1/10 0.1865 e-1
1/20 0.9760 e-2 0.93
1/40 0.4992 e-2 0.97
1/80 0.2523 e-2 0.98
1/160 0.1268 e-2 0.99
1/320 0.6359 e-3 1.00
TABLE 4
h=At | IA#Y) — AT | convergence order | ||o(tY) — V| | convergence order
1/40 0.2720 e-2 0.5365 e-3
1/80 0.1421 e-2 0.94 0.3596 e-3 0.58
1/160 0.7258 e-3 0.97 0.2120 e-3 0.76
1/320 0.3668 e-3 0.99 0.1147 e-3 0.89
1/640 0.1843 e-3 0.99 0.5957 e-4 0.95
1/1280 0.9242 e-4 1.00 0.3035 e-4 0.97

Theorem 4.1 shows that for 8 = 0, the scheme converges with convergence order
2 in temporal direction. As shown in Table 5, U™ (x) converges to u(t") with
convergence order 1, since the spatial error O(h) dominates the temporal error
O(At?). Since with d = 1 Ap(E) = Wh(E) = Py(E) ® 2Py (E) = P1(F) holds,
so that we have a chance to get the approximations A and -5 of A(t") and
o(t™) which converge to A(t"V) and o(t") with convergence order 2 in spatial
variable as shown in Table 6, though U converges to u(t") with convergence
order 1.
(2) with f(z,t,u) = u+ u? + 2et(2x — 1) — e? (122 — 12%)2

As appeared in Tables 7 and 8, we have the computational convergence
results which validate the theoretical proofs of Theorem 4.1 with a locally
Lipschitz continuous f(z,t,u) in w.

Conclusions. In this paper, applying the EMFEM to the problem (1.1) we
approximate the scalar unknown, the gradient and the flux separately and prove
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TABLE 5
h = At | [[u(t™) — UM] | convergence order
1/10 0.1746 e-0
1/30 0.5812 e-1 1.00
1/90 0.1937 e-1 1.00
1/270 0.6456 e-2 1.00
1/810 0.2152 e-2 1.00
TABLE 6
h=At | [A(#Y) — AV | convergence order | [|o(tY) — = | | convergence order
1/10 0.4958 e-1 0.9834 e-1
1/30 0.5519 e-2 2.00 0.1094 e-1 2.00
1/90 0.6133 e-3 2.00 0.1216 e-2 2.00
1/270 0.6815 e-4 2.00 0.1351 e-3 2.00
1/810 0.7572 e-5 2.00 0.1501 e-4 2.00
TABLE 7
h = At | Ju(t™) — UN] | convergence order
1/10 0.1444 e-1
1/30 0.4781 e-2 1.01
1/90 0.1592 e-2 1.00
1/270 0.5306 e-3 1.00
1/810 0.1769 e-3 1.00
TABLE 8
h= At | IA(#Y) — AV | convergence order | ||o(t¥) — =7'|| | convergence order
1/10 0.4763 e-2 0.9815 e-2
1/30 0.5311 e-3 2.00 0.1094 e-2 2.00
1/90 0.5906 e-4 2.00 0.1217 e-3 2.00
1/270 0.6565 e-5 2.00 0.1353 e-4 2.00
1/810 0.7295 e-6 2.00 0.1504 e-5 2.00

the convergence of optimal order. We prove the convergence of three unknowns
theoretically as well as computationally. We present the numerical results with
d = 1 which verify the theoretical analysis of the optimal order of convergence
of three unknowns. We conclude that the EMFEM accomplishes our purpose
in approximating the unknowns of the semilinear Sobolev equations.
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