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ANNIHILATORS IN ONE-SIDED IDEALS GENERATED BY
COEFFICIENTS OF ZERO-DIVIDING POLYNOMIALS

Tar KEuUN KwAK, DONG SU LEE, AND YANG LEE

ABSTRACT. Nielsen and Rege-Chhawchharia called a ring R right McCoy
if given nonzero polynomials f(z), g(z) over R with f(z)g(z) = 0, there
exists a nonzero element r € R with f(z)r = 0. Hong et al. called a ring
R strongly right McCoy if given nonzero polynomials f(x), g(z) over R
with f(x)g(z) = 0, f(x)r = 0 for some nonzero r in the right ideal of R
generated by the coefficients of g(z). Subsequently, Kim et al. observed
similar conditions on linear polynomials by finding nonzero r’s in various
kinds of one-sided ideals generated by coefficients. But almost all results
obtained by Kim et al. are concerned with the case of products of linear
polynomials. In this paper we examine the nonzero annihilators in the
products of general polynomials.

1. Introduction

A ring is usually called reduced if it has no nonzero nilpotent elements. Cohn
[5] called a ring R reversible if ab = 0 implies ba = 0 for a,b € R. Due to Nar-
bonne [21], a ring R is called semicommutative if ab = 0 implies aRb = 0 for
a,b € R. Reduced rings are reversible and reversible rings are semicommuta-
tive, but not conversely in general. Rege and Chhawchharia called R an Ar-
mendarizring [24, Definition 1.1] if whenever any polynomials f(z), g(x) € R[z]
satisfy f(z)g(z) = 0, then ab = 0 for each coefficient a of f(x) and b of g(z).
Any reduced ring is Armendariz by [3, Lemma 1], but the class of semicom-
mutative rings and the class of Armendariz rings don’t imply each other by
[24, Example 3.2] and [8, Example 14]. McCoy [20] showed that if two poly-
nomials annihilate each other over a commutative ring then each polynomial
has a nonzero annihilator in the base ring. In [10], Weiner showed this fact
fails in noncommutative rings. Based on this result, Nielsen [22] and Rege
and Chhawchharia [24] called a noncommutative ring R right McCoy (resp.,
left McCoy) if whenever any nonzero polynomials f(z),g(z) € Rz] satisfy
f(z)g(x) = 0, then f(x)c = 0 (resp., cg(z) = 0) for some nonzero ¢ € R,
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and a ring R is called McCoy if it is both left and right McCoy. Armendariz
rings are clearly McCoy but the converse does not hold by [24, Remark 4.3].
A ring is called Abelian if every idempotent is central. It is well-known that
semicommutative rings and Armendariz rings are Abelian. Nielsen developed
and extended the concept of a McCoy ring. In particular, he showed that any
reversible ring is McCoy [22, Theorem 2] and gave an example that is a semi-
commutative ring but not McCoy [22, Section 3]. Nielsen also showed that the
McCoy condition is not left-right symmetric [22, Section 3 and Section 4].

Hong et al. [7] called a ring R (possibly without identity) strongly right
(resp., left) McCoy if f(x)g(x) = 0 implies f(z)r = 0 (resp., rg(xz) = 0) for
some nonzero 1 in the right (resp., left) ideal of R generated by the coefficients
of g(x) (resp., f(z)), where f(x) and g(x) are nonzero polynomials in R[z].
Strongly McCoy property for rings is not left-right symmetric by [11, Remark
2.6]. Reversible rings are strongly both left and right McCoy by [7, Theorem
1.6] or the proof of [22, Theorem 2]. Strongly right McCoy rings are clearly
right McCoy, but not conversely by [7, Example 1.9].

Recently, the strongly McCoy condition for a ring is generalized by Kim et
al. [11]. A ring R (possibly without identity) is called right linearly right-ideal-
McCoy (resp., right linearly left-ideal-McCoy) [11, Definition 2.1] if f(x)g(z) =
0 implies f(x)r = 0 for some nonzero r in the right (resp., left) ideal of R
generated by the set of all coefficients of g(z), where f(z) and 0 # g(x) are
linear polynomials in R[z]. The left linearly left-ideal-McCoy and left linearly
right-ideal-McCoy can be defined symmetrically. Strongly right McCoy rings
are clearly right linearly right-ideal-McCoy but not conversely by [11, Example
2.5(1)].

In this paper, we continue study of the McCoy condition for one-sided ideals
generated by the coefficients of zero-dividing polynomials which extends the
concept of linearly left-ideal-McCoy property.

Throughout this note every ring is associative with identity unless otherwise
stated. We use R[z] to denote the polynomial ring with an indeterminate x
over a ring R. Let Cj(,) denote the set of all coefficients of f(x) € R[x] and
RC}(z) (vesp., Cy(y)R) denote the left (resp., right) ideal of R generated by
C}(z)- Denote the n by n full (resp., upper triangular) matrix ring over a ring
R by Mat,(R) (resp., U,(R)). Use E;; for the matrix with (¢, j)-entry 1 and
elsewhere 0. Z,, denotes the ring of integers modulo n.

2. Property of right left-ideal-McCoy rings

Due to Lambek [18], an ideal I of a ring R is called symmetric if rst € I
implies rts € I for all v, s,t € R. If the zero ideal of a ring R is symmetric then
R is also called symmetric; while Anderson and Camillo [2] used the term ZCj
for this concept. Commutative rings and reduced rings are clearly symmetric.
Symmetric rings are clearly reversible but not conversely in general.
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Thinking about [7, Corollary 1.2] in the context of a noncommutative ring,
we will say that a ring R has the condition (}) if whenever f(x)g(z) = 0
where f(z) = 31" a;z’ and g(z) = > im0 bjzd are nonzero in R[z], there is
a product ag,ay, - - - ay, , with ay; € {ag,...,an} for each i (if any), and some
b: € {by,...,bn}, such that (as, ---ay, )by # 0 but f(z)(ay, - --as, )be = 0.

Symmetric rings satisfy the condition (f) by [7, Proposition 1.7], and re-
versible rings also satisfy the condition (}) for the product of linear polynomials
by the proof of [4, Proposition 5.3].

We start with the following definition which not only generalizes the con-
dition () but also strengthens the concept of right linearly left-ideal-McCoy
rings.

Using the definitions in [11], a ring R (possibly without identity) is called
right left-ideal-McCoy (resp., right right-ideal-McCoy) if f(z)g(x) = 0 implies
f(z)r = 0 for some nonzero r in the left (resp., right) ideal of R generated by
Cy(x) for two polynomials f(x) and 0 # g(x) in R[z]. The left right-ideal-McCoy
and left left-ideal-McCoy can be defined symmetrically.

Remark 2.1. (1) Note that our definition of a right right-ideal McCoy (resp.,
left left-ideal McCoy) ring is precisely what Hong et al. defined as a strongly
right (resp., left) McCoy ring in [7]. The class of right left-ideal-McCoy rings
and the class of strongly right McCoy rings do not imply each other by [11,
Example 2.5].

(2) The class of right left-ideal-McCoy rings and the class of left right-ideal-
McCoy rings are independent of each other by [11, Example 2.4].

(3) Armendariz rings are obviously both right left(right)-ideal-McCoy and
left right(left)-ideal-McCoy.

(4) Right left-ideal-McCoy rings are clearly right McCoy, but not conversely
by [11, Example 2.2(2)]. Right left-ideal-McCoy rings are also right linearly
left-ideal-McCoy. The ring R in [22, Section 3] is a semicommutative ring but
not right McCoy and hence it is not right left-ideal-McCoy. However, R is right
linearly left-ideal-McCoy by [11, Proposition 2.3]. On the other hand, the ring
in [11, Example 2.5(2)] (see also [8, Example 14]) is right left-ideal-McCoy but
not semicommutative.

(5) Mat,,(A) and U, (A) over any ring A for n > 2 are not right McCoy by
[9, Example 1.3 and Example 1.6] and so they are not right left-ideal-McCoy.

Theorem 2.2. (1) A reversible ring is both left left-ideal-McCoy and right
right-ideal-McCoy.

(2) If R is a reversible ring, then R is either left right-ideal McCoy or right
left-ideal McCoy.

Proof. (1) The case of right right-ideal-McCoy is proved by the proof of [7, The-
orem 1.6(1)], and the case of left left-ideal-McCoy is proved by the symmetric
version of the proof of [7, Theorem 1.6(1)].

(2) Let R be a reversible ring and suppose that f(z)g(z) = 0 for 0 # f(z) =
Yimgair™, g(x) = >_gbjz™ € Rlz]. By the proof of [7, Theorem 1.6(1)],
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there exists 7 = alal’ ---al* € R (t < m and I, > 0 for k € {0,...,t}) with
g(x)r # 0 and a;b;7 =0 for all ¢ and j. Since R is reversible, we also have
0= (alal ---al)a;b; for all i and j.
Case 1. If (alfal ---alt)f(x) = 0, then f(z)(alval ---al) = 0 since R is
reversible; hence we get
ai(alfal - alt)b; = 0 for all i and j.
But (afal! ---al)g(x) # 0, so (alfal - - alt)b,, # 0 for some jo. This yields
f(x)(aé”alf . ~ai‘)bj0 = 0 with (aé”alf . ~ai‘)bj0 € RCy(y)-

Case 2. If (afal!---al)f(x) # 0, then (ala’ ---al)a;, # 0 for some 4.
This yields

(alooall1 . ~ait)aiog(:c) = 0 with (alooall1 . ~ai’5)ai0 € Cy) R. O

In fact, we do not know whether reversible rings are both left right-ideal-
McCoy and right left-ideal-McCoy.

Question. Are reversible rings both left right-ideal-McCoy and right left-ideal-
McCoy?

Observe that the right left-ideal-McCoy condition and semicommutativity
of rings do not imply each other by Remark 2.1(4). However, we have the
following.

Theorem 2.3. If R[x] is a semicommutative ring, then R satisfies the condi-
tion (1) (hence is right left-ideal-McCoy).

Proof. Let R[z] be a semicommutative ring. We apply the method in the
proof of [7, Theorem 1.1]. Put f(z)g(z) = 0 with 0 # f(z) = > i*,a;z’
and 0 # g(z) = >0, bjz? in Rlz]. We can assume that a,, # 0, b, # 0.
If f(x)b, = 0, then we are done. Assume f(z)b, # 0. Then a;g(xz) # 0
for some i € {0,1,...,m}. Let k be the largest integer such that arg(z) #
0. Since f(x)g(z) = 0, we get agb, = 0. Note that apg(z) is a nonzero
polynomial and its degree is less than n. Since R[x] is semicommutative, we
have £(z)(axg(x)) = 0.

If we replace g(x) with agg(x) in the argument above, then we can also
find a; or 0 # agby for some 0 < h < n — 1 such that a;(arg(x)) # 0 and
f(z)arby, = 0. Note f(x)(ajar)g(x) = 0. Continuing this process, we finally
obtain a¢,,...,as, and by with t; = k, h < n, {as,,...,a,} € {ag,...,am},
and t € {0,1,...,n} such that 0 # (ay, - - - ar,)g(z) = (a¢, - - as, )by € R and

f@)((ag, -+~ ay )be) = 0.
Thus R satisfies the condition (f), entailing that R is right left-ideal-McCoy. O

This theorem provides the following interesting new result.

Corollary 2.4. If R[z] is a semicommutative ring, then R is right McCoy.
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The converse of Theorem 2.3 does not hold: Indeed, the ring R in [11,
Example 2.5(2)] is right left-ideal-McCoy (and so right McCoy) but not semi-
commutative. Thus R[x] is not semicommutative.

Example 2.5. (1) The class of right left-ideal-McCoy rings is not closed under
homomorphic images. For the ring of quaternions R with integer coefficients
is a domain, and so right left-ideal-McCoy. For any odd prime integer g, the
ring R/qR is isomorphic to Mata(Z,) by [6, Exercise 2A], and thus R/qR is
not right left-ideal-McCoy by Remark 2.1(4).

(2) The class of right left-ideal-McCoy rings is not closed under subrings.
We refer to [11, Example 2.13(2)]. Let K be a field and K{e,a,b,c) be the
free algebra with noncommuting indeterminates e, a, b, c over K. Set R be the
factor ring of K (e, a,b,c) with the relations

e2=¢e,ae=a, ea=0,eb=be=0,ec=ce=c

A= =c=ab=ac=ba=bc=ca=cb=0.

By the same argument as in [11, Example 2.13(2)], we can see that R is right
left-ideal-McCoy. Consider the subring S = {a + e + va | o, 8,7 € K} of
R. Let f(z) =a+ (e — 1)z, g(xz) = a + ex in S[z]. Then f(z)g(x) = 0 and
SCyy = {Be+na| B,y € K}. If f(x)d =0 for 0 # d = Be + ya € SCy(y)
then fa = 0 and Be +vya = 0 and so f = 0 = ~, a contradiction. Thus S is not
right left-ideal-McCoy.

Rings satisfying the condition (1) are clearly right left-ideal-McCoy but not
conversely by Example 2.5(2). In fact, consider the right left-ideal-McCoy ring
R in Example 2.5(2) and the polynomials f(z) = a+ (e — 1)z, g(z) = a+ex in
Rlz] with f(x)g(z) = 0. Then f(z)ae = —ax # 0 and f(x)(e — 1)a = ax # 0.
Thus R does not satisfy the condition ().

Note that Abelian rings and right left-ideal-McCoy rings are independent
each other by [11, Example 2.13(3)] and Example 2.5(2): Indeed, the right left-
ideal-McCoy ring R in Example 2.5(2) is not Abelian since e is an idempotent
but it does not commute with a.

A ring R is called (von Neumann) regular if for each a € R there exists b € R
such that a = aba.

Proposition 2.6. For a regular ring R, the following conditions are equivalent:
(1) R is reduced,

(2) R is semicommutative,

(3) R is Abelian,;

(4) R is right left-ideal-McCoy; and

(5) R is right McCoy.

Proof. (1)<(2)<(3) are well-known. (3)<(5) follows from [15, Theorem 20].
(3)=(4) Suppose that R is Abelian. Then R is reduced and so R is right
left-ideal-McCoy. (4)=-(5) is clear. O
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A ring R is usually called 7-regular if for each a € R there exist a positive
integer n, depending on a, and b € R such that a™ = a"ba™. Regular rings are
obviously 7-regular. The condition “R is regular” in Proposition 2.6 cannot be
weakened by the condition “R is m-regular”. That is, there exists a w-regular
and right left-ideal-McCoy ring R which is not reduced: For example,

a b c
R= 0 a d ||abec,de A
0 0 a

for a division ring A is Armendariz by [12, Proposition 2] and hence right
left-ideal-McCoy.

There exists a ring R which is not right left-ideal-McCoy such that R/T and
I are right left-ideal-McCoy for any proper ideal I of R.

Example 2.7. For a division ring F, we consider a ring R = Us(F). Then
R is not right left-ideal-McCoy by Remark 2.1(5). The only nonzero proper
ideals of R are

F F 0 F 0 F
11—(0 0),[2—(0 F)andlg—(o 0)

Then R/I; and R/I, are isomorphic to F and

R/13{<8 2>+I3|G,C€F}

is a reduced ring, and hence each R/I; (for i = 1,2, 3) is right left-ideal-McCoy.
Note that I5 is clearly right left-ideal-McCoy. By [16, Example 2.14], I; and
I3 are Armendariz, and hence they are right left-ideal-McCoy.

Recall that a ring R is left (resp., right) weakly regular [23] if I? = I for
every left (resp., right) ideal I of R.

By the similar argument to the proofs of [11, Proposition 2.10(2) and Propo-
sition 2.12], we have the following proposition.

Proposition 2.8. (1) Let R be a right left-ideal-McCoy ring and I a proper
ideal of R. If R is a left weakly reqular ring, then I is right left-ideal-McCoy
as a ring.

(2) The class of right left-ideal-McCoy rings is closed under direct limits.

(3) Let T be a chain, Ry (v € T') be rings with R, C Rg for a < 3, and
Ry (A € A C 1) be right left-ideal-McCoy rings. If A is dense in T, then
R = UyerR, is right left-ideal-McCoy.

(4) Let R = [] cp Rx be the direct product of rings Rx. Then R is right
left-ideal-McCoy if and only if Ry is for every A € A.

(5) Let R = )"\ o Rx be a direct sum of rings Rx. Then R is right left-
ideal-McCoy if and only if Ry is for every A\ € A.

(6) For a central idempotent e of a ring R, R is right left-ideal-McCoy if
and only if eR and (1 — e)R are.
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3. Extensions of right left-ideal-McCoy rings
Given a ring R and n > 2, consider the subrings

Dy (R) = {(mij) € Upn(R) | m1y = -+ = mp,} and

Vi(R) = {m = (my;) € Dp(R) | mst = m(s41)41) for s =1,...,n — 2 and
t=2,...,n—1}
of Up(R).
Recall that for a reduced ring R and 3 > n, D, (R)[z] is semicommutative

by [16, Remark 2.2(3)] and hence D, (R) is right left-ideal-McCoy by Theorem
2.3.

Proposition 3.1. For a ring R and n > 2, if D, (R) is right left-ideal-McCoy,
then so is R.

Proof. Suppose that D,,(R) is right left-ideal-McCoy. Let f(x) and 0 # g(x)
be polynomials in R[z] with f(z)g(z) = 0 where f(z) =Y ", a;z",0 # g(z) =

Zé‘:o bjz?d. We take F(z) = > 1" ) Ajz’ and G(z) = Zé‘:o BjzJ, where
0 a 0 0 0 0
Az - . 5 Bj = .
0 O a; 0 0 0
for each ¢ and j. Then
f@) 0 0 00 - gl)
0 fl@) -~ 0 00 --- 0
F(z) = . , G(z) =
0 0 - f(x) 00 - 0

and F(x)G(z) = 0. Since D,(R) is right left-ideal-McCoy, there exists a
nonzero C' = (¢s¢) € Dy(R)Cg(y) such that F(x)C’. =0. Say_C’ = Zé‘:o D;B;
where D; € D, (R). Forj =0,1,...,1,let D; = (d0) with d) = dU) for s = .
Then cg = Zé‘:o d(j)bj # 0 for s = 1,t = n and otherwise 0. Thus f(x)c1, =0
and 0 # c1, € RCy(y), showing that R is right left-ideal-McCoy. ]

Considering the structure of D, (R) related to ideals, one may think of the
possibility of the existence of annihilators in the ideals generated by the coeffi-
cients of given zero-dividing polynomials in Proposition 3.1. We will study this
in near future works.

Question. If R is a right left-ideal-McCoy ring, is D,,(R) also right left-ideal-
McCoy (n > 3)?

However, we have the following.
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Theorem 3.2. For a ring R and n > 2, the following conditions are equivalent:
(1) R is right left-ideal-McCoy; and
(2) Vo (R) is right left-ideal-McCoy.

Proof. We apply the proof of [11, Theorem 2.8]. (1)=(2) Note that V;,(R)[z] =

V.(R[z]) for any n > 2. Suppose that R is right left-ideal-McCoy. Let
f(z) and 0 # g(z) be polynomials in V,(R)[z] with f(z)g(xr) = 0 where

fla) =0 A, 0 # g(x) = Y\ Bja? with A; = (aly)) and B; = (b)) for
s, tyu,v € {1,2,...,n}. We can write

fllo(x) }cugig te ?ngﬂfg 9110(13) 91251‘; c glngl'g
f(x) _ : 11: 2n: 7 g(:c) _ : 911: an:
0 0 fll(I) 0 0 911(1‘)

with fo(2) = X0 alda’, guu(x) = 35_y bi¥)a7. Note that

Jst(x) = f(5+1)(t+1)( r) and
9st(¥) = goyye41)(w) for s =1,...,n—2and t =2,...,n — 1.

Since f(z)g(x) =0, we have fi1(x)g11(z) = 0.

Case 1. gii(z) #0.

Since R is right left-ideal-McCoy and f11(2)g11(x) = 0, there exists 0 # o =
Zi‘:o hjbg) € RCy,, (2 such that fi1(z)a = 0, where h; € R for any j. If we
let

l
d =" (Einh;)B; € Va(R)Cy(a)
j=0

then d = Ey,a # 0 and f(x)d = 0.

Case 2. gi1(z) =0.

In this case, we can find the largest k with respect to the property of g (x) #
0 for some ¢. Then k < t and g;(z) = 0 for all j = 1,...,¢t — 1. This yields
fii(x)gre(x) = 0. Since R is right left-ideal-McCoy, there exists 0 # 8 =
S o hib) € RC,,, (o) such that fi1(z)8 = 0, where h; € R for any j. If we

let
l

d' = ((Bwk + Exuany + - + E—rs1))hi) B € Va(R)Cy(a),
§=0
then d' = Ey,0 # 0 and f(z)d = 0.
By Cases 1 and 2, V;,(R) is right left-ideal-McCoy.
(2)=(1) is the same as the proof of Proposition 3.1. O

Recall that for a ring R and an (R, R)-bimodule M, the trivial extension of
R by M is the ring T(R, M) = R® M with the usual addition and the following
multiplication: (r1,mq)(re,ma) = (r172,71m2 + mqre). This is isomorphic to
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the ring of all matrices (g
operations are used.

), where r € R and m € M and the usual matrix

Corollary 3.3. For a ring R, the following conditions are equivalent:

(1) R is right left-ideal-McCoy;

(2) The trivial extension T(R, R) of R is right left-ideal-McCoy; and

(3) R[z]/(z™) is a right left-ideal-McCoy ring for any positive integer n,
where (x™) is an ideal of R[z] generated by x™.

Proof. (1)<(2) follows directly from Theorem 3.2, since T'(R, R) = V5.
(1)&(3) Va(R) = Rz]/(2") by [19]. O

Let R be an algebra over a commutative ring S. Recall that the Dorroh
extension of R by S is the Abelian group R @ S with multiplication given by
(r1,51)(r2, 82) = (rire 4+ s172 + 271, 8182) for r; € R and s; € S.

Recall that an element u of a ring R is right regular if ur = 0 implies r = 0
for r € R. Similarly, left regular elements can be defined. An element is regular
if it is both left and right regular (and hence not a zero divisor).

Applying the proofs of [11, Theorem 3.1, Proposition 3.2 and Proposition
3.3], we have the following.

Proposition 3.4. (1) Let R be an algebra over a commutative domain S, and
D be the Dorroh extension of R by S. Then R is right left-ideal-McCoy if and
only if D 1is.

(2) Let A be a multiplicatively closed subset of a ring R consisting of central
reqular elements. Then R is right left-ideal-McCoy if and only if A~ R is.

(3) If R[x] is a right left-ideal-McCoy ring, then so is R.

We do not know whether the converse of Proposition 3.4(3) holds.

The ring of Laurent polynomials in x, coefficients in a ring R, consists of all
formal sum Z?:k r;x" with obvious addition and multiplication, where r; € R
and k,n are (possibly negative) integers. We denote this ring by R[z;z~1].

Corollary 3.5. For a ring R, the following conditions are equivalent:
(1) R[] is right left-ideal-McCoy; and
(2) Rlz; 2] is right left-ideal-McCoy.

Proof. (1)&(2) Tt directly follows from Proposition 3.4(2). For, let A =
{1,2,22,...}, then A is clearly a multiplicatively closed subset of R[x] and
R[z;x~1] = A~1R[z]. O

A multiplicatively closed (m.c. for short) subset S of a ring R is said to
satisfy the right Ore condition if for each a € R and b € S, there exist a; € R
and b; € S such that ab; = ba;. It is well-known that S satisfies the right
(resp., left) Ore condition and S consists of regular elements if and only if the
right quotient ring RS~! of R with respect to S exists.
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Theorem 3.6. Let S be an m.c. subset of a ring R, and suppose that S
satisfies the Ore condition and S consists of reqular elements. If R is right
left-ideal-McCoy, then so is RS™!.

Proof. Let F(x)G(z) = 0 where F(x) = apu™! + ayu™'z + -+ + apu=ta™
and 0 # G(z) = bov™' + byjv~ e + -+ + by~ 'a™ € RS™[z] for a;,b; € R
with u, v regular. By hypothesis, there exists a regular u; for all j’s such that
u™tb; = bjuy* for some b € R. Now let f(z) = Y10 as’, g(x) = Y7o byad,

g1(z) = X7_o Va7, Then

F(2)G(z) = f(x)u" g(x)o™! = f(z)gi(x)uy v
and hence f(z)g1(x) = 0, noting that g(x) # 0 and g1 (z) # 0. Since R is right
left-ideal-McCoy, there exists 0 # r € RCy, () such that f(z)r = 0. So we get
ur # 0 and
0= f(x)r = f(x)u"tur = F(x)ur.
Let r = roby + r1by + - + b}, for some ro, ..., 7, € R. Since b, = utbjug
for all j, we have

0 # uruyt = u(robly + by + -+ rpbl )uy’

-1 -1 -1
u(rou™ "bouy + riu biug + -+ - rpuT byug )ug

= urou” by + uriuT by + - - + urpu b, € ZRS‘lbj.
§=0
Thus 0 # uruy 'v™! € RS™'Cg(y) and F(z)uruy 'v~! = 0, showing that RS~!
is right ideal-McCoy. ([

We do not know the answer to the following.

Question. Let S, R and RS™! as before. If RS™! is right left-ideal-McCoy
then is R right left-ideal-McCoy?

Finally, we investigate minimal noncommutative right left-ideal-McCoy
rings. The construction of the following rings is due to Xu and Xue [25, Ex-
ample 7].

Let A = Zs(z,y), the free algebra with noncommuting indeterminates z,y
over the field Zy. Let I be the ideal of A generated by

3,2 2
Yy ,yxr,r —IY

and Ry = A/I. Then R; has 16 elements. Since Ry = D5(Z3), Ry is Armen-
dariz by [16, Remark 2.2(3)] and so right left-ideal-McCoy.

Let B = Z4{x,y) be the free algebra with noncommuting indeterminates
x,y over the field Z4. Let I be the ideal of B generated by

I37y2,y$,$2 - SC’IJ,SCQ - ia QZC, iy

and Ry = B/I. Then R, is Armendariz with 16 elements by [16, Example 2.10]
and [25, Example 7]. Thus Ry is obviously right left-ideal-McCoy.
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Let C' = Za(x,y) be the free algebra with noncommuting indeterminates
x,y over the field Zy. Let I be the ideal of C generated by

2®, 9% yx, 2® — zy, y? — ay

and Rs = C/I. Then Rj is an Armendariz ring by [16, Example 2.10] with 16
elements, and so Rj is right left-ideal-McCoy.

Let D = Z4{(x,y) be the free algebra with noncommuting indeterminates
x,y over Zy. Let Ry = D/I where [ is the ideal of D generated by

wsaysayl‘ax2 - 'Tyax2 - Qa y2 - Qa QZC, Qy

Then R4 is an Armendariz ring by [16, Example 2.10] with 16 elements, and
so Ry is right left-ideal-McCoy.

Let
a b
R5:{(0 a2)|a,b€GF(22)},

where GF(2?) is the Galois field of order 22. Then Rj is an Armendariz ring
by [16, Example 2.10] with 16 elements by [26, Example 2], and so R is right
left-ideal-McCoy.

Let R be a finite noncommutative ring and R; for i € {1,2,3,4,5} be rings
above. If R is a minimal Armendariz and semicommutative ring, then R is of
order 16 and is isomorphic to R; for some ¢ by [16, Theorem 2.11], or if R is a
minimal Abelian ring, then R is of order 16 and is isomorphic to R; for some i
by [14, Proposition 2.3]. Notice that every R; is Abelian right left-ideal-McCoy.
Therefore, if R is a minimal noncommutative Abelian right left-ideal-McCoy
ring, then R is of order 16 and is isomorphic to R; for some i € {1,2,3,4,5},
where R;’s are the rings in the above.

As a corollary of this fact and [16, Corollary 2.12], R is a minimal noncom-
mutative Abelian right left-ideal-McCoy ring ring if and only if R is a minimal
noncommutative semicommutative ring if and only if R is a minimal noncom-
mutative Armendariz ring.

Now, we consider the structure of minimal right left-ideal-McCoy rings with-
out identity. Recall that a semicommutative ring with identity is Abelian, but
this is no longer valid for the case of rings without identity as follows.

Let D be a domain and

D D 0 D
R6_(0 0>’R7_(0 D)
be subrings of Uz(D). Then both Rg and R7 are non-Abelian, semicommutative

and Armendariz by [16, Example 2.13 and Example 2.14]. Thus both Rg and
R7 are right left-ideal-McCoy.

Theorem 3.7. Let R be a ring without identity. If R is a minimal non-Abelian
right left-ideal-McCoy ring, then R is isomorphic to

Zo Zo 0 Ze
0 0 0 Zy)-
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Proof. Let R be a minimal right left-ideal-McCoy ring. Then |R| = 4 by the
existence of the right left-ideal-McCoy ring as above, Rg or R;. If R is nilpotent
then R is commutative by [16, Lemma 2.7], a contradiction. If | J(R)| = 0 where
J(R) is the Jacobson radical of R, then R is also commutative by the proof of
[14, Theorem 1.15], a contradiction. Thus we have the result of |J(R)| = 2,
whence we also follow the proof [14, Theorem 1.15] to conclude that R is

isomorphic to
Zo o o 0 Zs
o o) \0 z) O

Hence, by Theorem 3.7 and [16, Corollary 2.16], if R is a ring without
identity, then R is a minimal non-Abelian right left-ideal-McCoy ring if and
only if R is a minimal non-Abelian semicommutative ring if and only if R is a
minimal non-Abelian Armendariz ring.
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