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EXISTENCE AND GLOBAL EXPONENTIAL STABILITY OF
POSITIVE ALMOST PERIODIC SOLUTIONS FOR A
DELAYED NICHOLSON’S BLOWFLIES MODEL

YANLI XU

ABSTRACT. This paper concerns with a class of delayed Nicholson’s blow-
flies model with a nonlinear density-dependent mortality term. Under
appropriate conditions, we establish some criteria to ensure that the so-
lutions of this model converge globally exponentially to a positive almost
periodic solution. Moreover, we give some examples and numerical sim-
ulations to illustrate our main results.

1. Introduction

Nicholson’s blowflies equation was introduced by Nicholson [22] to model
laboratory fly population. Its dynamics was later studied in [8] and [23], where
this model was referred to as the Nicholsons blowflies equation [8]. The the-
ory of the Nicholsons blowflies equation has made a remarkable progress in
the past forty years with main results scattered in numerous research papers.
In particular, there have been extensive studies on the problem of the ex-
istence of positive periodic solutions for the classical Nicholson’s model and
some generalizations with variable coefficients and delays. We refer the reader
to [5, 12, 13, 18, 21, 20, 24, 32] and the references cited therein. Recently, as
pointed out by L. Berezansky et al. [1], a new study indicates that a linear
model of density-dependent mortality will be most accurate for populations at
low densities, and marine ecologists are currently in the process of constructing
new fishery models with nonlinear density-dependent mortality rates. There-
fore, L. Berezansky et al. [1] and W. Wang [28] proposed the following Nichol-
son’s blowflies model with a nonlinear density-dependent mortality term:

(1) (1) =~ P(at ()70,
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where the variable coefficients and delays are continuous functions. More de-
tails on biological explanation to model (1.1) can be found in [1] and [28].
Subsequently, there have been extensive results in the literature on the most
important qualitative properties of the model and its analogous equations such
as existence of positive solutions, persistence, permanence, oscillation and sta-
bility; some of the results can be found in [2, 4, 11, 14, 17, 29]. On the other
hand, the variation of the environment plays an important role in many bi-
ological and ecological dynamical systems. Fink [7] and He [10] pointed out
that periodically varying environment and almost periodically varying envi-
ronment are foundations for the theory of nature selection. Compared with
periodic effects, almost periodic effects are more frequent. In [31], it also has
been shown that, in the sense of category, the “amount” of almost periodic
functions (not periodic) is far more than the “amount” of continuous periodic
functions. Hence, the effects of almost periodic environment on evolutionary
theory have been the object of intensive analysis by numerous authors and some
of these results on Nicholson’s blowflies model without the nonlinear density-
dependent mortality term can be found in [3, 19, 27, 30]. However, to the best
of our knowledge, few authors have considered the problem on positive almost
periodic solutions of Nicholson’s blowflies model (1.1). Hence, it is worthwhile
continuing to investigate the existence and stability of positive almost periodic
solutions of (1.1).

Motivated by the above discussions, in this paper, we consider the follow-
ing Nicholson’s blowflies model with the nonlinear density-dependent mortality
term:

12) o) = 2B t)t

RUGLICNENE < VA Py
b0+ 2 T gﬂ (D(t = 75(t))e :
where a, b, 8,7 : R — (0,400) and 7; : R — [0,+00) are almost peri-
odic functions, and j = 1,2,...,m. Obviously, (1.2) is the recruitment-delayed
model with the Rickers type birth function and the harvesting strategy Type
IT (cyrtoid) (see [28]), and (1.1) is a special case of (1.2) with m = 1.

For convenience, we introduce some notations. In the following part of this
paper, given a bounded continuous function g defined on R, let g™ and g~ be
defined as

1.3 T = t), g~ = inf g(t).
(1.3) g fg}gg(),g ;gRg()

It will be assumed that

_ + - - - - -
(1.4) r‘@iﬁ” ,a”>0,b0">0, 57 >0, =21, j=12,....m.

Throughout this paper, let R, denote nonnegative real number space, C' =
C([-r, 0], R) be the continuous functions space equipped with the usual supre-
mum norm ||-||, and let Cy = C([—r, 0], R4). If 2(¢) is continuous and defined
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on [—r +tg, o) with ¢g,o € R, then we define z; € C, where x,(0) = x(t + 0)
for all § € [—r, 0].

It is biologically reasonable to assume that only positive solutions of model
(1.2) are meaningful and therefore admissible. Much can be learned by consid-
ering admissible initial conditions

(1.5) x, =@, @€ Cy and ¢(0) > 0.

We denote by z(to, ¢)(z(t; to, ¢)) an admissible solution of admissible initial
value problem (1.2) and (1.5). Also, let [tg, n(¢)) be the maximal right-interval
of the existence of z(to, ¢).

Definition 1.1 (see [7, 10]). A continuous function u : R — R is said to be
almost periodic on R if, for any € > 0, the set T'(u,e) = {d : |Ju(t + ) — u(t)| <
e for all t € R} is relatively dense, i.e., for any € > 0, it is possible to find a real
number | = I(¢) > 0 with the property that, for any interval with length I(¢),
there exists a number ¢ = d(e) in this interval such that |u(t 4+ J) — u(t)| < €
for all t € R.

From the theory of almost periodic functions in [7, 10], it follows that for
any € > 0, it is possible to find a real number [ = [(e) > 0, for any interval with
length [(e), there exists a number ¢ = §(¢) in this interval such that

(1.6) { la(t +6) —a(t)| <e, [b(t+0) —b(t)| <e [B;(t+0)—B;(t)] <e,
[Tt +0) =) <€ |y(t+30) =) <e
forallt € Rand j=1,2,...,m.
Since the function 1;1 is decreasing with the range [0, 1], it follows easily
that there exists a unique x € (0, 1) such that

1—k 1
1.7 = —.
(1.7) e
Obviously,
11—z 1
1.8 = —.
(1.8) igr;I ===

Moreover, since ze~® increases on [0, 1] and decreases on [1, +00), let & be

the unique number in (1, +00) such that

(1.9) ke " =Re "

2. Preliminary results

In this section, some lemmas will be presented, which are of importance in
proving our main results in Section 3.

Lemma 2.1. Suppose that there exists a positive constant M > k such that

(2.1) v (OM <E for all teR, j=1,2,...,m,
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and
(2.2)

M 1B . Calt) | B
f‘é}é{ bty + M e mt)} <O en M n]{ OETRP LA }>°'

=1
Then, for ¢ € C° = {plp € C, o(0) € (k, M) for all 0 € [-r, 0]},
n(p) = oo and xi(to,) € C° fort > to.

Proof. This lemma can be proven in the similar way as in Lemma 2.1 of [15].
But for convenience of reading, we give the proof as follows. Let z(t) =
x(t;to, @), where p € C°. We first claim:

(2.3) x(t) < M for all t € [tg,n(¢)).

Suppose, for the sake of contradiction, that there exists t1 € (tg,n(p)) such
that

(2.4) $(t1) =M, .T(t) <M forall te [to — T,tl).

Calculating the derivative of z(t), together with the fact that sup,.p ze™" = %,
(1.2), (2.2) and (2.4) imply that

0<2'(t1)

<0,

which is a contradiction and implies that (2.3) holds.
We next show that

(2.5) x(t) > k for all t € [to, n(yv)).

Assume, by way of contradiction, that (2.5) does not hold. Then, there exists
ta € (to, n(p)) such that

(2.6) z(t2) =k and z(t) >k forall t € [tg—r, t2).
Then x < 7;(t2)x(te — 7 (t2)) < vj(t2) M <K and hence

vj(t2)x(ta — 75(t2))e ™ DT E2=m ) > min ke ™" Fe "} = ke ",
where j =1,2,...,m. It follows from (2.2) and (2.6) that

0> 2'(t2)

= dn SO )ty (ta))e 02702
7;(t2)
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t "Bt
> _ a(tz)k +Zﬂj(2)ne*“
b(tz) + K priel (t2)

"N Bi(t)
> inf e *
- HteR 1?e[o n] g i(t) }

>0,

which is a contradiction and implies that (2.5) holds. Thus, z(t) is bounded
on [to, n(¢)). From Theorem 2.3.1 in [9], we easily obtain n(p) = +o00. This
ends the proof of Lemma 2.1. (I

Lemma 2.2. Suppose (2.1) and (2.2) hold, and
a(t)b(t) o L
0 o d =ty ¢ 20z <o

Moreover, assume that x(t) = z(t;to, ) is a solution of equation (1.2) with
initial condition p € C° and ¢’ is bounded continuous on [—r, 0]. Then for
any € > 0, there exists | = I(e) > 0, such that every interval [, o +1] contains
at least one number & for which there exists N > 0 satisfying

(2.8) |z(t+06) —x(t)| < e forall t> N.

Proof. Define a continuous function I'(u) by setting

D(u) = sup{ - [(bé()t)% — ul Jr;ﬂj(t)e—lQew}, u € [0,1].

teR

Then, we have

a(t)b(t) e 1
o) = - i(t)— 0
© S“p{ (b(t) + M)? +;ﬁj( Jay <
which implies that there exist two constants 7 > 0 and A € (0, 1] such that

(2.9) INGVES félg{ - [(b(a()% ]+ Zﬁj r} < —-n<0.

For t € (—o0, to — 7], we add the definition of x(t) with x(t) = x(to — 7).
Set

Go)= [0+ a(d)z(ttd) |
€(0,t) = bt +6)+x(t+68) blt+5)+z(t+0)
a(t)x(t + 9) B a(t)x(t +9)

-l b(t +0) + x(t + 5) b(t)+:c(t+5)]

Z Bi(t+ 8) — B (D))t + 6 — 5t + §))e (HDe(t+0-Ts(+5)
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+ 37 B[t + 6 — 7yt + 6))e W IFDHI—T (149)

j=1
—a(t — 7 (t) + 5)efvj(t+5)r(tffj(t)+5)]

+ Y BBt = 7y (1) + §)e DO
j=1

(2.10) —x(t —7j(t) + 6)e W=+ 4 € R,
By Lemma 2.1, the solution z(t) is bounded and
(2.11) k<z(t) <M forall teR.

which implies that the right-hand side of (1.2) is also bounded, and 2/(t) is a
bounded function on [tg—7, +00). Thus, in view of the fact that z(t) = x(to—r)
for t € (—oo,tg — r], we obtain that z(t) is uniformly continuous on R. From
(1.6) and (2.10), for any € > 0, there exists [ = I(e) > 0, such that every interval
[a, e + 1], « € R, contains ¢ for which

(2.12) le(6,t)] < %ne for all ¢t € R.

Let Ng > max{tg, to — d}. For t € R, denote
u(t) = x(t + 0) — ().
Then, for all ¢ > Ny, we get

du(t) _ a)z(t+95)  alt)z(t) ]
dt b(t) +x(t+38)  b(t) + x(t)
'%ﬁiﬁxﬂw@-—n@)+5k‘”“”“‘”m+®
(2.13) : —a(t — 7;(t)e O] 4 ¢(5)1).

From (2.13) and the inequalities
iy a(t)A  a(t)B
bt)+ A b(t)+ B

_ a(t)b(t)
"*@@+A+WA—MVM*B|

)sgn(A — B)

a(t)b(t)
2.14 < —-—+--1A-B h A B M], 0<0<1
( ) < (b(t)+M)2| | where A,B€[k,M], 0<0<1,
and
e, 1—(s+6(t—s))
|se™5 —te™t| = | o 61—5) [|s — |

1
(2.15) < —ls—t[ where s,t €[k, +00),0<0 <1,

e
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we obtain

(2.16)

D™ (e [u(s)])]s=t
¢ ¢ a(t)z(t +6) a(t)z(t)
< A fu()] + ¢ { - [b(t) 2G50 b))

Z (1) + §)e D=7 (0+9)

sgn(x(t +6) — (1))

— a{t — (1)) B OO 4 (5, t)’}

— eMu(t)] + e’\t{ - bégtff(jfg) - bégtfit()t)]sgn(x(t +6) — 2(t))
S ﬂj(t) —y; () (t—7;(t
+ J:Zl,_yj(t)h/](t) (t_TJ()+5)e (®)=( (®)+9)

(Bt — (1)) ORI | (s, t)\}

<aeMun)+ M - Gl + Zﬁju)e%u(t ~ o) + fe@.0)

)+
- _ [% )\t|u | + Zﬁ i) A= 'rj(t))|u( Tj(t))l
+ eMle(0,t)| for all t > Np.
Let
(2.17) U(t) = t 7SF<IZ<t{eAS|U(S>|}.

It is obvious that e*|u(t)| < U(t), and U(t) is non-decreasing.
Now, we distinguish two cases to finish the proof.

Case one.
(2.18) U(t) > e*|u(t)| for all t > Np.
We claim that
(2.19) U(t) = U(Ny) is a constant for all ¢ > Nj.

Assume, by way of contradiction, that (2.19) does not hold. Then, there exists
t1 > Ny such that U(t;) > U(Np). Since

eMu(t)] < U(No) for all t < Np.
There must exist 3 € (Np, t;) such that
(@) =U(h) = U(B),
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which contradicts (2.18). This contradiction implies that (2.19) holds. It fol-
lows that there exists to > Ny such that

(2.20) lu(t)| < e MU(t) = e MU(Ny) < ¢ for all t > t,.

Case two. There is a tf; > Ny such that U(t}) = e*0|u(t)|. Then, in view
of (2.9) and (2.16), we get

0< D™ (e [u(s)])|s=t
_alt)bts) _ yoxs 42y,

< —
=~ G+ anp
S * 1 i (ts —1;(tg * * 0 *
D0 Bi(t5) DA (it — 7 (15))] + € |e(5, )]
j=1
a(t8>b(t8) = * 1 Ar * 1 At?
< [ _ . — _
= U5 + a2 AH;W%%Q& JUto) + gmee™

(2.21) < —qU(t}) + nee s,
which yields that
(2.22) Mo u(ty)] = Uth) < ee*o and |u(th)| < e.

For any t > t§, with the same approach as that in deriving of (2.22), we can
show

(2.23) eMu(t)] < ee* and |u(t)| < e,
if U(t) = eMu(t)].
On the other hand, if U(t) > e*|u(t)| and t > t, we can choose t§ < t3 <t
such that
Ults) = eM*|u(tz)| and U(s) > e |u(s)| for all s € (t3, 1],
which, together with (2.23), yields
lu(ts)] < e.
With a similar argument as that in the proof of case one, we can show that
(2.24) U(s) = Ul(ts) is a constant for all s € (¢3, t],
which implies that
lu(t)| < e MU(t) = e MU(t3) = |u(ts)|e  8) < e

In summary, there must exist N > max{t5, Ny, t2} such that |u(t)] < e
holds for all ¢ > N. The proof of Lemma 2.2 is now complete. (]
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3. Main results

In this section, we establish sufficient conditions on the existence and global
exponential stability of almost periodic solutions of (1.2).

Theorem 3.1. Under the assumptions of Lemma 2.2, equation (1.2) has at
least one positive almost periodic solution.

Proof. Let v(t) = v(t;to, ) be a solution of equation (1.2) with initial condi-
tions satisfying the assumptions in Lemma 2.2. We also add the definition of
v(t) with v(t) = v(tg —r) for all ¢ € (—o0, to — r|. Set

e t) = — | alt +tvt+te)  a(Hv(t +tx) ]
’ bt +te) +o(t+tg) bt +tx) + v(t + tr)
7[ a(t)v(t + tr) _a(t)u(t +ty) ]
b(t +tg) +o(t+tg)  b(t) +v(t+tg)
+ Y 1Bt + 1) = B0t + tr — 5 (t + 1) )e TR (H0)
j=1
) B Ot + tr — 7i(t + ty) e TV T ()
j=1
—o(t —7(t) + tk)e*'Yj(tJFtk)'”(t*Tj(t)‘Hk)]
+ > Bt — 75(8) + ty ) HR O
j=1
(31)  —o(t —7(t) +tg)e W OETOHD] R

where {t;} is any sequence of real numbers. By Lemma 2.1, the solution v(¢)
is bounded and

(3.2) k<wv(t) <M forall teR,

which implies that the right-hand side of (1.2) is also bounded, and v/(¢) is a
bounded function on [tg—r, +00). Thus, in view of the fact that v(t) = v(tg—r)
for t € (—o0,t9 — r], we obtain that v(¢) is uniformly continuous on R. Then,
from the almost periodicity of a,b,7;,v; and ;, we can select a sequence
{tx} — +oo such that
(3.3)
{ la(t +tr) —a(t)] < ¢, [b(t+tx) = b(t)| <
1Bt +te) = Bi (1) < % st +tw) — ()

for all j,¢.

Since {v(t+tx) :;"i is uniformly bounded and equiuniformly continuous, by
the Arzala-Ascoli lemma and the diagonal selection principle, we can choose a
subsequence {ty, } of {tx}, such that v(t + tx,) (for convenience, we still denote
by v(t + 1)) uniformly converges to a continuous function z*(t) on any compact

i+ te) — ()] < ¢

<% leB D <4,

=
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set of R, and
(3.4) k<z*(t) <M forall t€R.

Now, we prove that z*(t) is a solution of (1.2). In fact, for any ¢ > ¢, and
At € R, from (3.3), we have

(3.5) a*(t+ At) — 27 (t)
= lim [o(t + AL+ tg) — o(t + tg)]

k——+oo
— lim t+At{_ a(p + ti)o(p + tr)
k—+oo Jy b(ﬂ+ tk> + ’U(,LL + tk)

37 85+t + th — 7y () )e B W BT GOy g

j=1
C i ”At{f a(p)v(p + t)
koo Jy b(p) +v(p + tr)

+ > Bt (= 7y (p))e 1 WF ey gy
j=1

t+At
+ Jim t e(k, p)dp
t+At * m
a(p)z™(p) . 5 ()" (= (1))
= e M B () . e~ Wz (= gy,
| e X 3”1 750) b
where t + At > tg. Consequently, (3.5) implies that
d oo a®)zr () & . 3 (B (=75 (1)
(3.6)  —{z"(t)} = b(tHx*(t)Jr;ﬁg(t)w (t—mj(t))e ™ 3w,

Therefore, z*(t) is a solution of (1.2).

Secondly, we prove that z*(¢) is an almost periodic solution of (1.2). From
Lemma 2.2, for any € > 0, there exists [ = I(¢) > 0, such that every interval
[, a4 1] contains at least one number ¢ for which there exists N > 0 satisfying

(3.7) [v(t+d) —v(t)| <e forall t> N.

Then, for any fixed s € R, we can find a sufficient large positive integer N1 > N
such that for any k& > Ny,

(3.8) s+t >N, |[v(s+tr+96)—v(s+tg)| <e.



EXISTENCE AND GLOBAL EXPONENTIAL STABILITY 483

Let kK — +00, we obtain
(3.9) |2 (s 4+ 0) — z*(s)] < &,

which implies that z*(¢) is an almost periodic solution of equation (1.2). The
proof of Theorem 3.1 is now complete. O

Theorem 3.2. Suppose that all conditions in Theorem 3.1 are satisfied. Let
x*(t) be the positive almost periodic solution of equation (1.2) in Theorem 3.1.
Then, x*(t) is globally exponentially stable, i.e., the solution x(t;to, p) of (1.2)
with admissible initial conditions (1.5) converges exponentially to x*(t) as t —
+00.

Proof. Let x*(t) be the positive almost periodic solution of equation (1.2) in
Theorem 3.1. To prove Theorem 3.2, we should show the global exponential
stability for z*(¢). Since ¢ € C4, using Theorem 5.2.1 in [25, p. 81], we have
x4t (to, p) € Cy for all ¢ € [to,n(p)). Let a(t) = x(¢;t0,p). From (1.2) and the

fact that b'zgfm < ab((tg)m forall t€ R, x >0, we get

¥ =5 1e +Zﬁj 2(t = 73(8))e” D7)
(3.10) > % (1) +Zﬁj(t) (t_T(t))e_’Yj(t)Z(t—Tj(t)).

In view of z(tg) = ¢(0) > 0, integrating (3.10) from ¢ty to ¢, we have
a(u)
() > e o T By (ty)
I ‘Z&‘Jdu/ i 38 d”Zg (5 — 75(s))e = D=Ts () gy

(3.11) > 0 for all t € [to, n(y)).
We next show that there is ¢, € [to,n7(¢)) such that

(3.12) k<z(t) <M forall telt,, n(p)), and n(p) = —+oo.
We first show that there exists t4 € [to, n(®)) such that

(3.13) x(ts) < M.

Otherwise,

(3.14) z(t) > M for all ¢ € [to,n(p)),

which together with (2.2), implies that
(t)

i at)x(t) ﬂyt —j (D) (t—7;(t))
x'(t) = — D)+ (D) Z Ok z(t —7(t))e””
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a®M 1B
= b(t)+M+e;7j(t)

(3.15) <0 forall te [to, n(p)).

This yields that z(t) is bounded and monotone decreasing on [tg, 7(¢)). Again
from Theorem 2.3.1 in [6], we easily obtain () = +o00. Then, (3.15) leads to

x(t) = x(to) Jr/ 2'(s)ds

to

x%>HW{iﬁﬂi+§§ﬂﬁ”ytt@Vt2m

teR b(t) + M il (t)
and
m_o(0) = —ox.

which contradicts with (3.11). Hence, (3.13) holds. We claim:

(3.16) xz(t) <M for all t € [ts, n(p)), and n(p) = +oo.

Suppose, for the sake of contradiction, there exists t5 € (t4, 7()) such that
(3.17) x(ts) =M, x(t) <M for all t € [tq, ts5).

Calculating the derivative of z(t), together with the fact that sup,cp ze™ = 1,
(1.2), (2.2) and (3.17) imply that

0 < 2'(t5)

alts) M 5 B (ts) —; (t5)(t5 =75 (t5))
b%HM+wa”WW5”W”’ ]

1 m
b(ts +M+EZ

Jj=1
<0,

which is a contradiction and implies that (3.16) holds.
Furthermore, we prove that there exists a positive constant [ such that

(3.18) liminf z(t) = [.

t——+o0

Otherwise, we assume that ltimgnfz(t) = 0. For each t > ty, we define
—+oo

m(t) =max{{: £ <t,z(§) = min z(s)}.

to<s<t
Observe that m(t) — 400 as t — +oo and that
(3.19) t_l}+moo z(m(t)) = 0.
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However, x(m(t)) = ming,<s<¢ 2(s), and so z’'(m(t)) < 0 for all m(t) > to.
Accordmg to (1.2), we have

0> a'(m(t))

alm(®)z(m(t)
= b(m(t))
3 By (m{))a(m(r) — 75 (m{t)))e s (MOmO— ()

a(m(t))x(m(t)) - =5 (m(t))xz(m(t)—7;(m(t
T bm@)) = ;ﬂj(m(t))z(m(t) = 7j(m(t)))e s (D@ =T (m0)
(3.20) > Bi(m(t)z(m(t) — 7j (m(t)))e*w(m(t))z(m(t)frj(m(t))),

where m(t) > tog, j =1,2,...,m. This, together with (3.19), implies that
(3.21) lim z(m(t) —m;(m(t) =0, j=1,2,...,m

t——+oo

Noting that the continuities and boundedness of the functions a(t),b(t) and
B;(t), we can select a sequence {t,, };7> such that

lim t, =400, lim xz(m(t,)) =0,

n—+oo n—+oo
o Bi(m(tn))b(m(tn) ..
(3.22) nll}r_‘r_loo J RN =aj, j=12,...,m.

In view of (3.20), we get

am(t,)
bm(t)
m () — 75 (m(tn)))e=smEDalm(t.) = (m(t,)
> Zﬂj(m(tn)) () m(t ))gg(m(tn))
m =(m — 1i(m(ty)))e Fa(m(tn)—7;(m(tn)))
> 3 i)

S - +I m —T5(Mm
= 3 Bty Tt = (m(t))
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and
m ﬂ] tn (tn>> — fx(m(t V=75 (m(tn)))
(3 23) 1 e ’Yj n J n .
; a(m ))
Letting n — +o00, (3.21), (3.22) and (3.23) imply that
1> lim Bj(m(t"))b(m(t" lim e—vfw(m(tn)—ﬁ(m(tn)))
T 4= n—o+oo a(m(ty,)) n—+o0
Jj=1
_ i 32 )0t ()
n—>+ooj:1 a(m(tn))
(3.24) > Timinf $ 22000
t—+o0 4 a(t)
j=1

From (2.2), we get

0< mf (-2 +iﬁj(t)e*5}

teRr, sefo, k] b(t) +5 = = 7;(t)

. a(t) <= B;(t)
< 2w
a t s

S A (t) z;

and

t
0<1nf{ 1+Zﬂﬂ @ }foralltER

which contradicts to (3.24). Hence, (3.18) holds.
To prove (3.12), it is sufficient to show { > k. If not, we assume that [ < x.
By the fluctuation lemma [26, Lemma A.1], there exists a sequence a se-
quence {t;}>5 such that
(3.25)
t — 400, x(tr;to, o) — I, and x'(tx;to, ) = f(tr, 2, (to, ) — 0, as k—+o0.
Since {zy, (to, @) :;"i is bounded and equicontinuous, by Ascoli-Arzela The-
orem, for a subsequence, still denoted by {xy, (to, ¢)};°5, we have
xt,, (to, ) — ¢* for some ©* € C([-r,0], (0, 400)).
From (3.16), we get
(3.26) e (0)=1<¢"(s) <M for se[-r0].
By the boundedness of {7;(tx)}}2], there is a subsequence of {t},°5, still

denoted by {tk}k:p which converges to a point 77 € [7; ,T;r] with j =
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1,2,...,m. Similarly, we can also suppose that

. % — + . 7k _ +
hrfooa(tk)fa €la, at], kgr}rloob(tk)fb e, bt

k
Jim 8= g7 €8, 81 lim 55 =97 €y a7 J =12 m.
Hence,
(3.27) f(tr, 2, (to, ) = A as k — 400,
with
(3.28) A=— +Zﬁ )e= e (=T,

According to (1.8), (1.9), (2.1), (2.2) and the fact that
0<i<k, I<vje*(~T )<'y]M</£ i=1,2,...,m,

we obtain
a*l ﬂ* - P
A= E * ¥ =y 9" (=75)
Tl = %*WP (=7

= b*+z+Z jl_l

a ﬂ; —1
g b*+l+z 2

j=1 75

= t
min
te(0,T], s€|0, n] Zl t

>0,

>1

which contradicts (3.25) and implies [ > &.
Finally, we prove that x*(¢) is globally exponentially stable.
Set y(t) = x(t) — x*(t), where t € [tg — r,+00). Then

(3.29)
y'(t)
- ] a®)z(t)  a(t)z*(t) ]
b(t) +x(t)  b(t) +a*(t)
+ i Bj (t)[.%‘(t —Tj (t))e*’Yj(t)i(t*Tj(t)) —z* (t — 7 (t))ef'yj(t)z*(t—q—j(t))]_

We consider the Lyapunov functional

(3.30) V(t) = |y(t)|e, where X is defined in (2.9).
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Calculating the upper left derivative of V(¢) along the solution y(t) of (3.31),
we have

D) < - [ s — g n(alt) - a* (0)e

£ 22 Bl - (1))
j=1
()

(3.31) — 2 (t — 7 (t))e DT E=TI )AL L Xy ()] eM for all £ > to.

We claim that
V(t) = [y(t)|e™
= |a(t) — 2" (t)|e™
)\(t Jr’l‘) *
< @ t) — t 1
e (g% 20 =2 (O] +1)
(3.32) =K forallt>t,+r,
Contrarily, there must exist ¢, > t, + r such that

(3.33) V(t) =K and V(t) < K forall ¢t € [tg—r, ts).

Since z(t) > k and z*(t) > k for all ¢t > ¢,. Together with (2.14), (2.15),
(3.31) and (3.33), we obtain

0< D™ (V(t))
< -] a(te)z(ts) B a(te)z*(ts)
T blE) kel b+t

+ ZﬂJ N (te — 75 (s ))e*’Yj(t*)m(trrj(t*))

Jsgn(x(ts) — 2 (t))e

— 2t — ,rj(t*))e—w(t*)w*(t*—Tj(t*))|e>\t* + /\|y(t*)|e’\t*

< - (b(z’(t;)—l:_(]\})2| et + Zﬂﬂ -7 (t*))ef'yj(t*)z(t*f'rj(t*))

— " (te = 7 (ty))e 7T (t*_”(t DX+ Aly(t) e

- ) .

Zl
%t

— 7 (t*))e—w(t*)w(t*—"'j (t+))

*

D (b — 7j(t))e” 73 (B) 2" (b =75 (82)) | Al

L (el

<~y 1+ 202
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1 s (b
D By (ke — 7yt

_alt)ht) Ly (SETLY

Thus, )
a(t.)b(ty) Z’” 1y,
0= [(b(t*)+M)2 7>\]+jzlﬂj(t*)€_2€/\ ’

which contradicts with (2.9). Hence, (3.32) holds. It follows that
ly(t)] < Ke™* for all ¢ > t, +7.
This completes the proof. (I

4. An example

In this section, we present an example to check the validity of our results we
obtained in the previous sections.

Example 4.1. Consider the following Nicholson’s blowflies model with a non-
linear density-dependent mortality term:

~0.6951934x(t) | 100 + sin \/Etz (1 9ot tyomelt—2e" )
0.7537127 + z(t) ~ 100 + cos v/3t

Obviously, r = 2e, a= = a¥ = 0.6951934, b~ = b" = 0.7537127, B > %,

Bi <X,y =~ =1 From (1.7), (1.8), & > 1 and ke™* = e~ ", we obtain

r~ 0.7215355, & ~ 1.342276.

Let M = 1.087308, we get

a”M  0.6951934 x 1.087308
bt + M 0.7537127 4+ 1.087308
1 1011
A2 < 01T 0.3753113,
e~ 9e
. a(t) ﬁl(t) —s
— +
te[0.7] s€[o, K]{ b(t) +s | m(t) }
in ~0.6951934 N 99
telo,T], s€fo, k] 0.7537127+ s 101
0.6951934 99
in {———— "7 4 " 7% & 0.005143492
i =S s T 101 ) ’
a~b~ 6951934 x 0.7537127
- ~ 0.1545945
(bt 4+ M)2 ~ (0.7537127 + 1.087308)2 ’
1 1011

Fo<—Zx01
Pl 5 < 59 oz ~ 0-1380693,

(4.1) 2'(t) =

~ 0.4105817,

e’}

Y]
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which implies that the Nicholson’s blowflies model (4.1) satisfies (2.1), (2.2)
and (2.7). Hence, from Theorems 3.2, equation (4.1) has exactly one positive
almost periodic solution *(t). Moreover, 2*(¢) is globally exponentially stable.
This fact is verified by the numerical simulation in Figs. 1-3.

0.9

()

0.65 4

0.6 q

0.55 . . .
0 500 1000 1500 2000

t

F1G. 1. Numerical solution z(t) of equation (4.1) for initial value ¢(s) =
0.6, s € [—2e,0].

1.15 T T T

11r q

1.05F q

g oost g
0.9 g
0.85 g

0.8

0.75 - . :
0 500 1000 1500 2000

t

F1G. 2. Numerical solution z(t) of equation (4.1) for initial value p(s) =
11, s € [~2€,0].
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1.4

13f q
12 q

11 B

09 1
0.8 WMWWM
07 ‘ ‘ ‘

0 500 1000 1500 2000

X(t)

F1c. 3. Numerical solution z(t) of equation (4.1) for initial value p(s) =
1.4, s € [~2¢,0].

Remark 4.1. Recently, H. Ding et al. [6] and W. Wang [28] gave the local
existence of positive almost periodic solutions of Nicholson’s blowflies model
with a nonlinear density-dependent mortality term a(t) — b(t)e™**) and a har-
vesting term, respectively. Unfortunately, the global exponential convergence
for the positive almost periodic solutions of Nicholson’s blowflies model have
not been studied in [6, 28]. Most recently, B. Liu [16] employed a novel proof
to establish some criteria to guarantee the existence and exponential stability
of positive periodic solutions for Nicholson’s blowflies model with time-varying
coefficients and delays. And the author also indicated that it is difficult to es-
tablish criteria ensuring global exponential stability of positive almost periodic
solutions for Nicholson’s blowflies model. For all we know, there is no research
on the problems of positive almost periodic solutions of Nicholson’s blowflies
model with a nonlinear density-dependent mortality term %. Thus, all
the results in the references [2, 4, 5, 6, 11, 12, 13, 14, 15, 17, 18, 21, 24, 28, 32]
and [3, 19, 27, 30] cannot be applicable to prove that all the solutions of (4.1)
with initial value ¢ € Cy and ¢(0) > 0 converge exponentially to the posi-
tive almost periodic solution. Moreover, in this present paper, we give a novel
proof to establish some criteria to guarantee the global exponential stability
of almost periodic solutions for Nicholson’s blowflies model with a nonlinear
density-dependent mortality term.

Acknowledgement. The author would like to express the sincere appreci-
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presentation and quality of the paper. In particular, the authors expresses the
sincere gratitude to Prof. Jianli Li for the helpful discussion when this work is
carried out.



492

[1]

2]

3]

[4]

[5]
[6]
7]
(8]
[9]
(10]
(11]
(12]
(13]
(14]
(15]
[16]

(17]

(18]
19]
20]

(21]

(22]

YANLI XU

References

L. Berezansky, E. Braverman, and L. Idels, Nicholson’s blowflies differential equations
revisited: Main results and open problems, Appl. Math. Model. 34 (2010), no. 6, 1405
1417.

W. Chen, Permanence for Nicholson-type delay systems with patch structure and non-
linear density-dependent mortality terms, Electron. J. Qual. Theory Differ. Equ. 2012
(2012), no. 73, 1-14.

W. Chen and B. Liu, Positive almost periodic solution for a class of Nicholson’s blowflies
model with multiple time-varying delays, J. Comput. Appl. Math. 235 (2011), no. 8,
2090-2097.

W. Chen and L. Wang, Positive periodic solutions of Nicholson-type delay systems with
nonlinear density-dependent mortality terms, Abstr. Appl. Anal. 2012 (2012), Art. ID
843178, 13 pp.

Y. Chen, Periodic solutions of delayed periodic Nicholson’s blowflies models, Can. Appl.
Math. Q. 11 (2003), no. 1, 23-28.

H. Ding and J. J. Nieto, A new approach for positive almost periodic solutions to a class
of Nicholson’s blowflies model, J. Comput. Appl. Math. 253 (2013), 249-254.

A. M. Fink, Almost Periodic Differential Equations, in: Lecture Notes in Mathematics,
vol. 377, Springer, Berlin, 1974.

W. Gurney, S. Blythe, and R. Nisbet, Nicholsons blowflies revisited, Nature 287 (1980),
17-21.

J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations,
Springer-Verlag, New York, 1993.

C. Y. He, Almost Periodic Differential Equation, Higher Education Publishing House,
Beijing, 1992 (in Chinese).

X. Hou, L. Duan, and Z. Huang, Permanence and periodic solutions for a class of delay
Nicholson’s blowflies models, Appl. Math. Model. 87 (2013), no. 3, 1537-1544.

J. Li and C. Du, Existence of positive periodic solutions for a generalized Nicholson’s
blowflies model, J. Comput. Appl. Math. 221 (2008), no. 1, 226-233.

B. Liu, The existence and uniqueness of positive periodic solutions of Nicholson-type
delay systems, Nonlinear Anal. Real World Appl. 12 (2011), no. 6, 3145-3151.

, Permanence for a delayed Nicholson’s blowflies model with a nonlinear density-
dependent mortality term, Ann. Polon. Math. 101 (2011), no. 2, 123-128.

, Positive periodic solutions for a nonlinear density-dependent mortality Nichol-
son’s blowflies model, Kodai Math. J. 37 (2014), no. 1, 157-173.

, Global exponential stability of positive periodic solutions for a delayed Nichol-
son’s blowflies model, J. Math. Anal. Appl. 412 (2014), no. 1, 212-221.

B. Liu and S. Gong, Permanence for Nicholson-type delay systems with nonlinear
density-dependent mortality terms, Nonlinear Anal. Real World Appl. 12 (2011), no.
4, 1931-1937.

X. Liu and J. Meng, The positive almost periodic solution for Nicholson-type delay
systems with linear harvesting terms, Appl. Math. Model. 36 (2012), no. 7, 3289-3298.
F. Long, Positive almost periodic solution for a class of Nicholson’s blowflies model with
a linear harvesting term, Nonlinear Anal. Real World Appl. 13 (2012), no. 2, 686-693.
F. Long and B. Liu, Ezistence and uniqueness of positive periodic solutions of delayed
Nicholson’s blowflies models, Ann. Polon. Math. 103 (2012), no. 3, 217-228.

F. Long and M. Yang, Positive periodic solutions of delayed Nicholson’s blowflies model
with a linear harvesting term, Electron. J. Qual. Theory Differ. Equ. 2011 (2011), no.
41, 1-11.

A. Nicholson, An outline of the dynamics of animal populations, Aust. J. Zool. 2 (1954),
9-65.




EXISTENCE AND GLOBAL EXPONENTIAL STABILITY 493

[23] R. Nisbet and W. Gurney, Modelling Fluctuating Populations, John Wiley and Sons,
NY, 1982.

[24] S. Saker and S. Agarwal, Oscillation and global attractivity in a periodic Nicholson’s
blowflies model, Math. Comput. Modelling 35 (2002), no. 7-8, 719-731.

[25] H. L. Smith, Monotone Dynamical Systems, Math. Surveys Monogr., Amer. Math. Soc.,
Providence, RI, 1995.

, An Introduction to Delay Differential Equations with Applications to the Life
Sciences, Springer New York, 2011.

[27] L. Wang, Almost periodic solution for Nicholsons blowflies model with patch structure
and linear harvesting terms, Appl. Math. Model. 37 (2013), 2153-2165.

[28] W. Wang, Positive periodic solutions of delayed Nicholson’s blowflies models with a
nonlinear density-dependent mortality term, Appl. Math. Model. 36 (2012), no. 10,
4708-4713.

, Exzponential extinction of Nicholson’s blowflies system with nonlinear density-
dependent mortality terms, Abstr. Appl. Anal. 2012 (2012), Art. ID 302065, 15 pp;
doi:10.1155/2012/302065.

[30] W. Wang, L. Wang, and W. Chen, Ezistence and exponential stability of positive almost
periodic solution for Nicholson-type delay systems, Nonlinear Anal. Real World Appl.
12 (2011), no. 4, 1938-1949.

[31] Z. Zheng, H. Ding, and Gaston M. N’Guérékata, The space of continuous periodic
functions is a set of first category in AP(X), J. Funct. Spac. and Appl. 2013(275702)
(2013), 1-3.

[32] Q. Zhou, The positive periodic solution for Nicholson-type delay system with linear
harvesting terms, Appl. Math. Model. 37 (2013), no. 8, 5581-5590.

[26]

29]

DEPARTMENT OF MATHEMATICS
XIANGNAN COLLEGE

CHENZHOU, HUNAN 423000, P. R. CHINA
E-mail address: xuyanliling@aliyun.com



