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ON MINUS TOTAL DOMINATION OF DIRECTED GRAPHS

WenSheng Li, Huaming Xing, and Moo Young Sohn

Abstract. A three-valued function f defined on the vertices of a di-
graph D = (V,A), f : V → {−1, 0,+1} is a minus total dominating
function(MTDF) if f(N−(v)) ≥ 1 for each vertex v ∈ V . The minus
total domination number of a digraph D equals the minimum weight of
an MTDF of D. In this paper, we discuss some properties of the minus
total domination number and obtain a few lower bounds of the minus
total domination number on a digraph D.

1. Introduction

For terminology and notation on graph theory not given here we follow [1].
Let G = (V,E) be a simple graph (digraph or undirected graph). Let v be a
vertex in V . The open neighborhood of v is the set N(v) = {u ∈ V |uv ∈ E}
and the degree of v is dG(v) = |N(v)|. The maximum degree and minimum
degree of G are denoted by ∆(G) and δ(G), respectively. When no ambiguity
can occur, we often simply write d(v), ∆, and δ instead of dG(v), ∆(G), and
δ(G), respectively. For any S ⊆ V , G[S] is the subgraph induced by S. We
denote χ(G) by the chromatic number of G. Let D = (V,A) be a digraph. For
each vertex v ∈ V , let N−(v) be the in-neighbor set consisting of all vertices
of D from which arcs go into v and N+(v) be the out-neighbor set consisting
of all vertices of D into which arcs go from v. If uv ∈ A, we say that v is an
out-neighborhood of u and u is an in-neighborhood of v. We write d+(v) for the
outdegree of a vertex v and d−(v) for its indegree. Then d+(v)+d−(v) = d(v).
The maximum outdegree, the maximum indegree, the minimum outdegree, and
the minimum indegree of D are denoted by ∆+, ∆−, δ+, and δ−, respectively.
If S ⊆ V and v ∈ V , then E(S, v) is the set of arcs from S to v. For a real-
valued function f : V → R, the weight of f is w(f) =

∑
v∈V f(v). For S ⊆ V ,

we denote f(S) =
∑

v∈S f(v). Then w(f) = f(V ).
A total dominating function, abbreviated as TDF, of a digraph D was intro-

duced by Huang and Xu [4] as function f : V → {0, 1} such that f(N−(v)) ≥ 1
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for every v ∈ V . The total domination number of D is γt(D) = min{w(f) | f is
a TDF on D}.

A signed total dominating function, abbreviated as STDF, of a digraph D

was introduced by S. Sheikholeslami [8] as function f : V → {−1,+1} such
that f(N−(v)) ≥ 1 for every v ∈ V . The signed total domination number of D
is γst(D) = min{w(f) | f is a STDF on D}.

A minus total dominating function of an undirected graph G = (V,E)
is defined in [2] as a function of the form f : V → {−1, 0,+1} such that
f(N(v)) ≥ 1 for every v ∈ V . The minus total domination number of G is
γ−
t (G) = min{w(f) | f is a minus total dominating function on G}. Minus

total domination of a graph has been studied in [5, 6, 7, 10, 11] and elsewhere,
but the respective analogs on directed graphs have not received any attention.

Now, we introduce the notion of a minus total domination number of di-
graphs.

Let D = (V,A) be a simple digraph. A minus total dominating function,
abbreviated as MTDF, of D is a function of the form f : V → {−1, 0,+1}
such that f(N−(v)) ≥ 1 for every v ∈ V . The minus total domination number

γ−
t (D) = min{w(f) | f is an MTDF on D}. We call an MTDF f to be a γ−

t -
function of D if w(f) = γ−

t (D). An MTDF f is minimal if no g < f is also an
MTDF on D.

To ensure existence of an MTDF, we henceforth restrict our attention to
digraphs with δ− ≥ 1. Throughout this paper, if f is an MTDF on D, then we
let Pf , Qf , and Mf denote the sets of those vertices in D which are assigned
under f the value +1, 0, and −1, respectively. When no ambiguity is possible,
Pf , Qf , and Mf are abbreviated as P , Q, and M , respectively.

In Section 2, we establish some properties of minus total domination on a
digraph D. It is shown that if CT (n) is a circulant tournament for odd n ≥ 3,
then γ−

t (CT (n)) = 3. In Section 3, we obtain a few lower bounds for minus
total domination number on a digraph D. It is shown that if D is an oriented
graph of order n ≥ 3 with δ− ≥ 1 and δ+ ≥ 1 and if G is the underlying graph
of D, then γ−

t (D) ≥ χ(G) + δ+ −∆(G) − n + 3. Furthermore, we prove that

if D is a digraph with δ+ ≥ 1, then γ−
t (D) ≥ δ+−∆++2

δ++∆+ n, and this bound is
sharp. Our research expands the results of signed total domination of directed
graphs as Corollaries 2-4, and enriches the theory of domination on directed
graphs.

The motivation for studying this variation of the total domination varied
from a modelling perspective. For example, by assigning the values −1, 0
or +1 to the vertices of a directed graph which we can model networks of
people or organization in which global decisions must be made (e.g., positive,
negative or neutral responses or preferences). We assume that each individual
has one vote and that each individual has an initial opinion. We assign +1
to vertices (individuals) which have a positive opinion, 0 to vertices which
have no opinion, and −1 to vertices which have a negative opinion. We also
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assume, however, that an individual’s vote is affected by the opinions of in-
neighboring individuals. In particular, the opinions of neighboring individuals
(thus individuals of high outdegree have greater ‘influence’) have equal weight.
A voter votes ‘aye’ if there are more vertices in its in-neighborhood set with
positive opinion than with negative opinion, otherwise the vote is ‘nay’. We
seek an assignment of opinions that guarantee a unanimous decision: that is,
for which every vertex votes ‘aye’. We call such an assignment of opinions
a uniformly positive assignment. Among all uniformly positive assignments
of opinions, we are interested primarily in the minimum number of vertices
(individuals) who have a positive initial opinion. The minus total domination
number can help us to find the minimum number of individuals which have
positive opinions.

2. Properties on minus total domination of a digraph

Lemma 1. An MTDF f on D is minimal if and only if for every vertex v ∈ V

with f(v) ≥ 0, there exists a vertex u ∈ N+(v) with f(N−(u)) = 1.

Proof. Let f be a minimal MTDF and assume that there is a vertex v0 with
f(v0) ≥ 0 and f(N−(u)) ≥ 2 for every u ∈ N+(v0). Consider the function
g : V → {−1, 0,+1} such that g(v0) = f(v0) − 1 and g(v) = f(v) for every
v ∈ V − {v0}. Then for each u ∈ N+(v0), g(N

−(u)) = f(N−(u))− 1 ≥ 1 and
g(N−(v)) = f(N−(v)) for every v ∈ V − N+(v0). Thus g is an MTDF on D.
Since g < f , the minimality of f is contradicted.

Conversely, let f be an MTDF onD such that for every v ∈ V with f(v) ≥ 0,
there exists a vertex u ∈ N+(v) with f(N−(u)) = 1. Assume that f is not
minimal, i.e., there is an MTDF g on D such that g < f . Then g(v) ≤ f(v)
for all v ∈ V , and there exists at least one vertex v0 ∈ V with g(v0) < f(v0).
Therefore, f(v0) ≥ 0 and by assumption, there exists a vertex u0 ∈ N+(v0) with
f(N−(u0)) = 1. Then g(N−(u0)) ≤ f(N−(u0))− 1 = 0, a contradiction. �

Lemma 2. Let D be a digraph of order n. If for every vertex v ∈ V , there

exists a vertex u ∈ N+(v) with d−(u) = 1, then γ−
t (D) = n.

Proof. Let f be a γ−
t -function on D. By assumption, for every vertex v ∈ V ,

we have f(v) = f(N−(u)) ≥ 1, which implies that f(v) = 1. Thus γ−
t (D) =

w(f) = n. �

Corollary 1. If Cn is the directed circle on n vertices, then γ−
t (Cn) = n.

Since every TDF (or STDF) on a digraph is also an MTDF, the total dom-
ination number, signed total domination number and minus total domination
number of a digraph are related as follows.

Lemma 3. Let D be a digraph. Then γ−
t (D) ≤ min{γt(D), γst(D)}.

Theorem 1. Let D be a digraph. If ∆− ≤ 2 and δ+ ≥ 1, then γ−
t (D) = γt(D).
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Proof. Let f be a γ−
t -function on D. Then M = ∅. Suppose to the contrary

that M 6= ∅. Let u ∈ M . Since δ+ ≥ 1, we have N+(u) 6= ∅. Let w ∈ N+(u).
Since N−(w) ≤ ∆− ≤ 2, f(N−(w)) ≤ f(u) + 1 = 0, a contradiction. Consider
the mapping g : V → {0, 1} such that g(v) = f(v) for every v ∈ V . Then
T = {v ∈ V | g(v) = 1} is a total dominating set of D. Therefore, γt(D) ≤
|T | = w(g) = w(f) = γ−

t (D). By Lemma 3, γ−
t (D) ≤ γt(D), which implies

that γ−
t (D) = γt(D). �

Let n(n ≥ 3) be an odd integer. We have n = 2k + 1, where k is a positive
integer. We define the circulant tournament CT (n) with n vertices. The vertex
set of CT (n) is V (CT (n)) = {v0, v1, . . . , vn−1}. For each i (0 ≤ i ≤ n − 1),
the arcs go from vi to the vertices vi+1, vi+2, . . . , vi+k, the sums being taken
modulo n. Then we have the following theorem.

Theorem 2. Let CT (n) for odd n ≥ 3 be a circulant tournament. Then

γ−
t (CT (n)) = 3.

Proof. Let f be a γ−
t -function on CT (n). For each vi ∈ V (CT (n)), N−(vi) =

{vi−k, . . . , vi−1 | subscripts modulo n}. Therefore,

f(N−(v0)) = f(vn−k) + · · ·+ f(vn−1) ≥ 1

f(N−(v1)) = f(vn−k+1) + · · ·+ f(v0) ≥ 1

...

f(N−(vn−1)) = f(vn−k−1) + · · ·+ f(vn−2) ≥ 1.

Summing these inequalities, we have k(f(v0) + f(v1) + · · · + f(vn−1)) ≥ n.
Then γ−

t (CT (n)) = w(f) ≥ n
k
= 2 + 1

k
. Since γ−

t (CT (n)) must be an integer,

γ−
t (CT (n)) ≥ 3.
On the other hand, consider the function g : V (CT (n)) → {−1, 0,+1} such

that g(vi) = +1 for i ∈ {0, k, 2k} and otherwise g(vi) = 0. Then g is an
MTDF on CT (n) and w(g) = 3. Thus γ−

t (CT (n)) ≤ 3, which implies that
γ−
t (CT (n)) = 3. �

3. Lower bounds of minus total domination number of a digraph

Theorem 3. Let D be a digraph of order n ≥ 2. Then γ−
t (D) ≥ 4 − n and

this bound is sharp.

Proof. Let f be a γ−
t -function on D and let v ∈ V . Then, there exists a vertex

u ∈ N−(v) with f(u) = 1, and there also exists a vertex w ∈ N−(u) with
f(w) = 1. Therefore |Pf | ≥ 2 and |Mf | ≤ n− 2. Thus γ−

t (D) = |Pf | − |Mf | ≥
4− n.

If H = C2∨Kn−2 in which C2 is a directed circle and the edges are oriented
from V (C2) to V (Kn−2). Consider the mapping g : V (D) → {−1, 0,+1} by
g(v) = 1 if v ∈ V (C2), and g(v) = −1 if v ∈ V (Kn−2). Then g is an MTDF of
D and w(g) = 4− n. Hence, γ−

t (D) = |Pg| − |Mg| ≤ 4− n, which implies that

γ−
t (D) = 4− n. This completes the proof. �
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Corollary 2 ([8]). For any digraph D of order n ≥ 2, γst(D) ≥ 4 − n, and

this bound is sharp.

Theorem 4. Let D be an oriented graph of order n ≥ 3. Then γ−
t (D) ≥ 6−n,

and this bound is sharp.

Proof. Let f be a γ−
t -function onD. Then for each v ∈ Pf , there exists a vertex

u ∈ N−(v) with f(u) = 1. Thus |Pf | ≤ |A(D[Pf ])|. Since D is an oriented

graph, we have |A(D[Pf ])| ≤
|Pf |(|Pf |−1)

2 . Therefore, |Pf | ≤
|Pf |(|Pf |−1)

2 and

|Pf | ≥ 3. Then |Mf | = n− |Pf | − |Qf | ≤ n− 3. Thus γ−
t (D) = |Pf | − |Mf | ≥

6− n.
If D = C3 ∨Kn−3 in which C3 is a directed circle and the edges are oriented

from V (C3) to V (Kn−3). Consider the mapping g : V (D) → {−1, 0,+1} by
g(v) = 1 if v ∈ V (C3), and g(v) = −1 if v ∈ V (Kn−3). Then g is an MTDF of
D and w(g) = 6 − n. Hence, γ−

t (D) ≤6−n, which implies that γ−
t (D)=6−n.

This completes the proof. �

Szekeres and Wilf [9] gave the following upper bound on the chromatic num-
ber of a simple graph G.

Theorem 5 ([9]). For any simple graph G, χ(G) ≤ 1 + max{δ(H) |H is a

subgraph of G}.

Theorem 6. Let D be an oriented graph of order n ≥ 3 with δ− ≥ 1 and δ+ ≥ 1
and let G be the underlying graph of D. Then γ−

t (D) ≥ χ(G)+δ+−∆(G)−n+3.

Proof. Let f be a γ−
t -function on D. Then |E(P, v)| ≥ |E(M, v)|+ 1 for every

v ∈ V . Thus for each v ∈ V ,

∆(G) ≥ d(v) ≥ |E(P, v)| + |E(M, v)|+ |E(Q, v)|+ δ+(v)

≥ |E(P, v)| + |E(M, v)|+ δ+(v)

≥ 2|E(M, v)|+ 1 + δ+.

Therefore, |E(M, v)| ≤ ∆(G)−δ+−1
2 for every v ∈ V . Let µ = ∆(G)−δ+−1

2 , then
|E(M, v)| ≤ µ. Let H = D[M ] and T = G[M ], which is the induced graph of
G by M . Let H ′ be an induced subgraph of H and let T ′ be the underlying
graph of H ′. Then for every v ∈ V (H ′), d−H′ (v) ≤ d−H(v) = |E(M,x)| ≤ µ.
Therefore ∑

v∈V (H′)

d+H′(v) =
∑

v∈V (H′)

d−H′ (v) ≤
∑

v∈V (H′)

µ = |V (H ′)|µ.

Thus, there exists a vertex u ∈ V (H ′) with d+H′ (u) ≤ µ and we have dT ′(u) =

d−H′ (u) + d+H′ (u) ≤ 2µ. By Theorem 5,

χ(T ) ≤ 1 + max{δ(L) |L is a subgraph of T }

= 1 +max{δ(T ′) |T ′ is an induced subgraph of T }

≤ 1 + 2µ.
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Since γ−
t (D) = |P |−|M | = 2|P |+ |Q|−n, we have |P |+ |Q| = γ−

t (D)+n−|P |.
Notice that |P | ≥ 3, which is proved in Theorem 4. Thus

χ(G) ≤ χ(G[M ]) + χ(G[P ]) + χ(G[Q])

≤ χ(G[M ]) + |P |+ |Q|

= χ(T ) + γ−
t (D) + n− |P |

≤ 2µ+ γ−
t (D) + n− 2

= ∆(G) − δ+ + γ−
t (D) + n− 3.

Therefore, γ−
t (D) ≥ χ(G) + δ+ −∆(G) − n+ 3. �

Theorem 7. Let D be a digraph with δ+ ≥ 1. Then γ−
t (D) ≥ δ+−∆++2

δ++∆+ n, and

this bound is sharp.

Proof. Let f be a γ−
t -function on D.

Case 1. δ+ < ∆+.
Let P = P∆+ ∪ Pδ+ ∪ PΘ, where P∆+ = {v ∈ P | d+(v) = ∆+}, Pδ+ = {v ∈

P | d+(v) = δ+} and PΘ = {v ∈ P | δ+ + 1 ≤ d+(v) ≤ ∆+ − 1}. Similarly,
we define M = M∆+ ∪ Mδ+ ∪ MΘ and Q = Q∆+ ∪ Qδ+ ∪ QΘ. Further, for
i ∈ {∆+, δ+,Θ}, let Vi = Pi ∪Mi ∪ Qi. Thus n = |V∆+ | + |Vδ+ |+ |VΘ|. Since
for every v ∈ V , f(N−(v)) ≥ 1, we have

∑
v∈V f(N−(v)) ≥ n. Thus

n ≤
∑

v∈V
f(N−(v))

=
∑

v∈V

f(v)d+(v)

=
∑

v∈P

d+(v) −
∑

v∈M

d+(v)

≤ ∆+|P∆+ |+ δ+|Pδ+ |+(∆+ − 1)|PΘ| −∆+|M∆+ |−δ+|Mδ+ |−(δ+ + 1)|MΘ|.

Since for i ∈ {∆+, δ+,Θ}, |Pi| = |Vi| − |Mi| − |Qi|, we have

n+∆+|M∆+ |+ δ+|Mδ+ |+ (δ+ + 1)|MΘ|

≤ ∆+|V∆+ |+ δ+|Vδ+ |+(∆+−1)|VΘ| −∆+|M∆+ | − δ+|Mδ+ |−(∆+−1)|MΘ|

−∆+|Q∆+ | − δ+|Qδ+ | − (∆+ − 1)|QΘ|.

Therefore

∆+|V∆+ |+ δ+|Vδ+ |+ (∆+ − 1)|VΘ|

≥n+2∆+|M∆+ |+2δ+|Mδ+|+(∆+ + δ+)|MΘ|+∆+|Q∆+|

+ δ+|Qδ+|+(∆+−1)|QΘ|.

Then

(∆+ − 1)n ≥ 2∆+|M∆+ |+ 2δ+|Mδ+ |+ (∆+ + δ+)|MΘ|

+∆+|Q∆+ |+ δ+|Qδ+ |+ (∆+−1)|QΘ|+ (∆+−δ+)|Vδ+ |+ |VΘ|
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= 2∆+|M∆+ |+ (∆+ + δ+)|Mδ+ |+ (∆+ + δ+ + 1)|MΘ|

+∆+|Q∆+ |+∆+|Qδ+ |+∆+|QΘ|+ (∆+ − δ+)|Pδ+ |+ |PΘ|.

≥ (∆+ + δ+)|M∆+ |+ (∆+ + δ+)|Mδ+ |+ (∆+ + δ+)|MΘ|

+∆+|Q∆+ |+∆+|Qδ+ |+∆+|QΘ|+ (∆+ − δ+)|Pδ+ |+ |PΘ|.

≥ (∆+ + δ+)|M |+∆+|Q|

≥
∆+ + δ+

2
(2|M |+ |Q|).

Therefore 2|M |+|Q| ≤ 2(∆+−1)
∆++δ+

n. Thus γ−
t (D) = n−(2|M |+|Q|) ≥ δ+−∆++2

∆++δ+
n.

Case 2. δ+ = ∆+ = k ≥ 1.
Since for every v ∈ V , f(N−(v)) ≥ 1, we have n ≤

∑
v∈V f(N−(v)) =∑

v∈V f(v)d+(v) = k(|P | − |M |). Therefore γ−
t (D) = |P | − |M | ≥ n

k
.

In conclusion, we have γ−
t (D) ≥ δ+−∆++2

δ++∆+ n.
By Corollary 1, the lower bound is sharp. �

Corollary 3. Let D be a digraph with δ+ ≥ 1. Then γst(D) ≥ δ+−∆++2
δ++∆+ n.

Corollary 4 ([8]). If Cn is the directed circle on n vertices, then γst(Cn) = n.
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