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ON A SEMI-SYMMETRIC METRIC CONNECTION IN AN
(e)-KENMOTSU MANIFOLD

Ram NawAL SINGH, SHRAVAN KUMAR PANDEY, GITESHWARI PANDEY,
AND KIRAN TIWARI

ABSTRACT. The object of the present paper is to study a semi-symmetric
metric connection in an (¢)-Kenmotsu manifold. In this paper, we study
a semi-symmetric metric connection in an (¢)-Kenmotsu manifold whose
projective curvature tensor satisfies certain curvature conditions.

1. Introduction

The idea of a semi-symmetric linear connection on a differentiable manifold
was first introduced by Friedmann and Schouten [11] in 1924. Hayden [12] intro-
duced a semi-symmetric metric connection on a Riemannian manifold. Yano
[21] proved the theorem: A Riemannian manifold admits a semi-symmetric
metric connection whose curvature tensor vanishes if and only if Riemannian
manifold is conformally flat. Semi-symmetric metric connections on a Rie-
mannian manifold have been studied by Amur and Pujar [1], Pravanovic [15],
Binh [4], De ([6], [7]), De and Biswas [8], Sharfuddin and Hussain [16], Pathak
and De [14], Jun, De and Pathak [13], Barman and De [2], Chaubey and Ojha
[5], Singh and Pandey [17], Singh, Pandey and Pandey ([18], [19]) and many
others.

Duggal and Sharma [10] studied a semi-symmetric metric connection in a
semi-Riemannian manifold. They studied some properties of the Ricci tensor,
affine conformal motions, geodesics and group manifolds with respect to the
semi-symmetric metric connection. On the other hand, the study of manifolds
with indefinite metrics is of interest from the standpoint of physics and relativ-
ity. Manifolds with indefinite metrics have been studied by several authors. In
1993, Bejancu and Duggal [3] introduced the concept of (¢)-Sasakian manifolds
and Xufeng and Xiaoli [20] established that these manifolds are real hypersur-
faces of indefinite Kahlerian manifolds. Recently De and Sarkar [9] introduced
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(e)-Kenmotsu manifolds and studied conformally flat, Weyl semisymmetric,
¢-recurrent (g)-Kenmotsu manifolds.

In the present paper, we establish the relation between Levi-Civita con-
nection and semi-symmetric metric connection in an (¢)-Kenmotsu manifold
and obtained relation between curvature tensors of Levi-Civita connection and
semi-symmetric metric connection. Also some curvature properties of projec-
tive curvature tensor with respect to semi-symmetric metric connection in an
(¢)-Kenmotsu manifold have been studied.

2. Preliminaries

An n-dimensional smooth manifold (M™, g) is called an (¢)-almost contact
metric manifold if

(2.1) ¢*X = —X +n(X)S,

(2.2) n(é) =1,

(2.3) 9(&,8) =¢,

(2.4) n(X) =eg(X, ),

(2.5) 9(6X, 9Y) = g(X,Y) —en(X)n(Y),

where € is 1 or —1 according as ¢ is space-like or time-like and rank ¢ is n — 1.
It is important to mention that in the above definition £ is never a light-like
vector field.
If

(2.6) dn(X,Y) = g(X, ¢Y)

for every X, Y € TM™, then we say that M™ is an (¢)-contact metric manifold.
Also,

(2.7) b =0, nog =0,
If an (¢)-contact metric manifold satisfies

where V denotes the Riemannian connection of g, then M™ is called an (¢)-
Kenmotsu manifold [9].

An (g)-almost contact metric manifold is an (¢)-Kenmotsu manifold [9] if
and only if

(2.9) Vx{=e(X —n(X)§).
In an (¢)-Kenmotsu manifold, the following relations hold [9]
(2.10) (Vxn)(Y) = g(X,Y) = en(X)n(Y),

(2.11) R(X,Y)§ =n(X)Y —n(Y)X,
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(2.12) R X)Y =n(Y)X —eg(X,Y)E,

(2.13) R(X,Y)$Z = ¢R(X,Y)Z +{g(Y, 2)p X — g(X, Z)¢Y
+9(X,92)Y — g(Y,0Z)X},

(2.14) n(R(X,Y)Z) =elg(X, Z)n(Y) — g(Y, Z) n (X)),

(2.15) S(X, &) = —(n—1)n(X),

(2.16) S(¢X,pY) = S(X,Y) +e(n — 1)n(X)n(Y).

Definition 2.1. An (¢)-Kenmotsu manifold M™ is said to be n-Einstein if its
Ricci tensor S is of the form

(2.17) S(X,Y) =ag(X,Y) + bn(X)n(Y),

where a and b are scalar functions of .

In [9], De and Sarkar have given an example of (¢)-Kenmotsu manifold.

Example 1. We consider the three dimensional manifold M3 = {(z,y,2) €
R3,z # 0}, where (z, y, z) are the standard coordinates in R3. The vector

fields
o o 0

€1 =2, € =2—, €3=—2_—.
0z

Or dy
are linearly independent at each point of the manifold. Let g be the Riemannian
metric defined by

gler,e3) = glez, e3) = g(e2, e2) =0,

gler,e1) = glez, e2) = g(es, e3) = ¢,
where ¢ = +1. Let n be the 1-form defined by n(Z) = eg(Z,e3) for any
zZ eTM"™.
Let ¢ be the (1, 1)-tensor field defined by
p(e1) = —e2, P(e2) = e1, d(ez) =0.
Then using the linearity of ¢ and g, we have
n(es) =1, ¢*Z =—Z +n(Z)es,

9(¢Z,oW) = g(Z, W) —n(Z)n(W)
for any Z, W € TM™.
Let V be the Levi-Civita connection with respect to metric g. Then, we
have
[e1,e2] =0, [e1,e3] = cer, [ea, e3] = cea.
The Riemannian connection V of the metric g is given by
+9(Z,[X,Y]),
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which is known as Koszul’s formula. Then Koszul’s formula yields
Ve, e3 =ce1, Ve,e3 =€ea, Ve,ez =0,
Ve, ea =0, Ve,ea = —ce3, Vegea =0,
Ve, e1 =—ce3, Ve,e1 =0, Ve,er =0.

These results shows that the manifold satisfies

Vx&=e(X —n(X)§)

for & = e3. Hence the manifold under consideration is an (g)-Kenmotsu mani-
fold of dimension three.

3. Semi-symmetric metric connections

A linear connection V in an almost contact metric manifold M™ is said to
be semi-symmetric connection [16], if its torsion tensor

(3.1) T(X,Y)=VxY - VyX — [X,Y]
satisfies
(3.2) T(X,Y)=n(Y)X - n(X)Y.

Further, a semi-symmetric connection is called a semi-symmetric metric con-
nection [21] if

(3.3) (Vxg) (Y, Z) =0.

Let M™ be an n-dimensional (¢)-Kenmotsu manifold and V be the Levi-Civita

connection on M™. The relation between the semi-symmetric metric connection
V and the Levi-Civita connection V on (M™, g) is given by

(3.4) VxY =VxY +n(Y)X — g(X,Y)E.
Let R be the curvature tensor of semi-symmetric metric connection V given by
(3.5) R(X,Y)Z =VxVyZ ~VyVxZ — @[X,Y]Z,

which on using equation (3.4) takes the form
(3.6)  R(X,Y)Z=R(X,Y)Z+[(Vxn)(2)Y — (Vyn)(Z)X]

+[9(X, 2)(Vy§) — g(Y, Z)(VxE)]

+0(2)(Y)X = n(X)Y]+n(§)g(X, 2)Y

—g(Y, 2)X] + [g(Y, Z2)9(X,§) — g(X, Z)g(Y, §)l¢,
where
(3.7) R(X,Y)Z =VxVyZ —NyVxZ =V xy|Z
is the Riemannian curvature tensor of connection V. By virtue of equations
(2.2), (2.4), (2.9) and (2.10), equation (3.6) reduces to

(3.8) R(X,Y)Z = R(X,Y)Z + (2 +¢)[9(X, 2)Y — g(Y, Z)X]
+ (1 +¢)[g(Y, Z)n(X) — g(X, Z)n(Y)]§
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+ (1 +e)n(2)n(YV)X —n(X)Y],
which is the relation between curvature tensors of connection V and V. From
equation (3.8), we have
(3.9) 'R(X,Y,Z,U)
='R(X,Y,Z,U)+ (2+¢)[g(X, 2)g(Y,U) — g(Y, Z)g(X,U)]

+ (1 +8)g(Y, Z)n(X) — g(X, Z)n(Y)]n(U)

+ (1 +2) [9(X, U)n(Y) — g(Y,U)n(X)In(2),
where 'R(X,Y, Z,U) = g(R(X,Y)Z,U) and 'R(X,Y, Z,U) = g(R(X,Y)Z,U).

Putting X = U = e; in the above equation and taking summation over i, 1 <
1 < n, we get
(3.10) SY,2)=8S(Y,Z)+ (e +2)(e —n) +2)g(Y, Z)

+ (1 +e)(n—2e)n(Y)n(2),
where S and S are the Ricci tensors of connection V and V, respectively in
M™. Contracting the above equation, we get

(3.11) F=r+n((e+2)(e—n)+2)+e(l+e)(n—2),

where 7 and r are the scalar curvatures of the connection V and V, respectively.
Writing two more equations by the cyclic permutations of X, Y and Z, we
get

(3.12) R(Y,Z)X = R(Y.Z)X + 2+ )[g(Y, X)Z — g(Z. X)Y]
+ (14 9)g(Z X (Y) - gV, X)n(2)]¢
+ (14 9)Z)Y — n(Y) ZIn(X)

and

(3.13) R(Z,X)Y = R(Z,X)Y + (2+)[9(Z, V)X — g(X,Y)Z]
+ (1 +)[g(X,Y)n(Z) — 9(Z,Y )n(X)]§
+ (1 +e)n(X)Z —n(Z)Yn(Y).

Adding equations (3.8), (3.12) and (3.13) and using the Bianchi’s first identity,
we get

(3.14) R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0.
Thus, we can state as follows:

Theorem 3.1. An (e)-Kenmotsu manifold M™ with semi-symmetric metric
connection satisfies the equation (3.14).

Now interchanging X and Y in the equation (3.9), we get
(3.15) 'R(Y, X, Z,U)
='R(Y,X,Z,U) + (2 +¢)[g(Y, Z)g(X.U) — g(X, Z)g(Y,U)]
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+ (1 +9)lg(X, 2)n(Y) — g, Z)n(X)|n(U)
+ (1 +8)[g(Y, U)n(X) — g(X, U)n(Y)]n(2).
Adding equations (3.9) and (3.15) with the fact that
'R(X,Y,Z,U)+ R(Y,X,Z,U) =0,
we get
(3.16) 'R(X,Y,Z,U)+ R(Y, X, Z,U) = 0.
Again interchanging Z and U in the equation (3.9), we get
(3.17) 'R(X,Y,U, Z)
='R(X,Y,U,Z) + (2+¢)[g(X,U)g(Y. Z) — g(Y,U)g(X, Z)]
(14 )oY, U)n(X) — (X, U)n(V)]n(Z)
(14 9)lg(X, Z2)(Y) — g(¥, Zn(X)(D).
Now adding equations (3.9) and (3.17) with the fact that
'"R(X,Y,Z,U)+ "R(X,Y,U,Z) =0,

we get

(3.18) 'R(X,Y,Z,U)+ 'R(X,Y,U, Z) = 0.
Again interchanging pair of slots in the equation (3.9), we get
(3.19) '"R(Z,U, X,Y)

='R(Z,U,X,Y)+ (2+¢)[9(Z, X)g(U,Y) — g(U,X)g(Z,Y)]
+ (L+9)[gU, X)n(2) = g(Z, X)n(U)]n(Y)
+ (1 +9)[9(Z,Y)nU) = g(U, Y )n(2)n(X).
Now subtracting the equation (3.19) from the equation (3.9) with the fact that
'R(X,Y,Z,U) " R(Z,U,X,Y) =0,
we get
(3.20) '"R(X,Y,Z,U)~" R(Z,U,X,Y)=0.
Thus, in view of equations (3.16), (3.18) and (3.20) we can state as follows:

Theorem 3.2. The curvature tensor of type (0,4) of a semi-symmetric metric
connection in an (¢)-Kenmotsu manifold is

(i) Skew-symmetric in first two slots,

(i) Skew-symmetric in last two slots,

(iil) Symmetric in pair of slots.

Now, let R(X,Y)Z = 0, which by virtue of the equation (3.8) yields
(321) R(X,Y)Z=(2+¢)g(Y,Z2)X — g(X,2)Y] + (1 +)[g(X, Z)n(Y)
—9(Y, Z)n(X]J§ + (1 + &) [n(X)Y — n(Y) X]n(Z).
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Taking the inner product of the above equation with &, we get

(3.22) en(R(X,Y)2) = elg(Y, Z)n(X) — g(X, Z)n(Y)],
which by virtue of equation (2.4) gives
(3.23) R(X,Y)Z =[g(Y,2)X — g(X, Z2)Y].

The above equation can be written as
Thus, we can state as follows:

Theorem 3.3. If the curvature tensor of a semi-symmetric metric connection
in an (¢)-Kenmotsu manifold M™ vanishes, then the manifold is of constant
curvature.

Now suppose Ricci tensor of a semi-symmetric metric connection in M"
vanishes, i.e., S(Y, Z) = 0, then from the equation (3.10) we have

(3.25) S(Y,Z2)=—[(e+2)(e—n)+2]g(Y,Z) — (1+¢e)(n—2e)n(Y)n(Z),
which is
S(Y,Z) = ag(Y, Z) + bn(Y)n(Z),

where a = —[(e +2)(e —n) + 2] and b = —[(1 4+ €)(n — 2¢)]. Thus, from the
above discussion, we can state the following:

Theorem 3.4. If the Ricci tensor of the semi-symmetric metric connection
V in an (g)-Kenmotsu manifold vanishes, then the manifold M™ is n-Einstein
manifold.

4. Quasi-projectively flat (¢)-Kenmotsu manifold with respect to
semi-symmetric metric connection

The projective curvature tensor is an important tensor from the differential
geometric point of view. Let M™ be an n-dimensional Riemannian manifold.
If there exists a one to one correspondence between each coordinate neighbour-
hood of M™ and a domain in Euclidian space such that any geodesic of the
Riemannian manifold corresponds to a straight line in the Euclidean space,
then M™ is said to be locally projectively flat [2]. The projective curvature
tensor P with respect to semi-symmetric metric connection is defined by

(41)  P(X,Y)Z=R(X,Y)Z— [S(Y,Z2)X — 8(X, 2)Y].

(n—1)

Definition 4.1. An (¢)-Kenmotsu manifold M™ is said to be quasi-projectively
flat with respect to semi-symmetric metric connection, if

(4.2) 9(P(6X.Y)Z,¢W) = 0,

where P is the projective curvature tensor with respect to semi-symmetric
metric connection.



338 R. N. SINGH, S. K. PANDEY, G. PANDEY, AND K. TIWARI

In view of the equation (4.1), we have

(4.3) g(P(X,Y)Z,W)

= 9(RIX.V)Z.W) = s S0V, 2)g(X W) = S(X. 2)g(¥. W),
Putting X = ¢X and W = ¢W in the above equation, we get
(4.4)
g(P(¢X,Y)Z, W)
= 9(ROX.Y)Z.0W) = 5 [S(Y. Z)g(0X. 1) = S(0X. Z)g(¥. o).

Now assume that M™ is quasi-projectively flat with respect to semi-symmetric
metric connection. Then by virtue of equations (4.2) and (4.4), we have

(4.5) g(R(6X,Y)Z, oW) =

(n i 1) [S(Y, Z)g(¢X, oW)—S(¢X, Z)g(Y, sW)].

Using equations (3.8) and (3.10) in the above equations, we get

(4.6)  g(R(6X,Y)Z, W)

= . Ty IS(Y: 2)g(6X, 6W) = 5(6X, Z)g (¥, 6W)]
" ((5 - 2()755_1)1 = 2) [9(Y, 2)9(8X, W) — 9(6X, Z)g(Y, oW

(1+¢)(1 - 2¢)
+ (W) (X, W) n(Y)n(Z).

Let {e1,e2,...,en-1,&} be a local orthonormal basis of vector fields in M™.
Then {peq, pea, ..., Pe,_1,£} is also a local orthonormal basis of M™. Putting
X =W =¢; in the equation (4.6) and taking summation over i, 1 <i <n-—1,
we get

(4.7) Z R(¢ei, Y)Z, de;)

=1 D IS, 2)g(dei, gei) — S(dei, Z)g(Y, des)]

+ ((E - )1) : 2) i[g(Y, 2)g(dei, gei) — g(gei, Z)g(Y, des)]

i=1

i ¢eza¢ez ) ( )
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Also,
n=1
=1
n=1
1=1
n=1
=1
and
n—1
(4.11) 9(dei, Z)g(Y, pe;) = g(Y, Z).

=1
Hence, by virtue of equations (4.8), (4.9), (4.10) and (4.11) the equation (4.7)
takes the form

(4.12) S, 2) = [(n=2)e = 1J(g(Y, 2) + (=1 = &)(n — n(Y)n(2),

which is

-
Il

S, 2) =ag(Y,Z) +bn(Y)n(Z2),
where a = (n —2)e — 1 and b = (=1 —¢) (n — 1). This shows that M™ is an
n-Einstein manifold. Thus, we can state as follows.

Theorem 4.1. A quasi-projectively flat (¢)-Kenmotsu manifold with respect to
a semi-symmetric metric connection is an n-Einstein manifold.

5. ¢-projectively flat (e)-Kenmotsu manifold with respect to a
semi-symmetric metric connection

Definition 5.1. An (¢)-Kenmotsu manifold with respect to a semi-symmetric
metric connection is said to be ¢-projectively flat if

(5.1) *(P(¢X,0Y)0Z) =0,
where P is the projective curvature tensor of the manifold M™ with respect to
semi-symmetric metric connection.

Let M™ be a ¢-projectively flat (¢)-Kenmotsu manifold with respect to semi-
symmetric metric connection. It is easy to see that ¢? (P(¢X, ¢Y )$Z) = 0 holds
if and only if

(5.2) 9(P(¢X,¢Y)$Z,6W) =0

forany X, Y, Z, W € TM™.
Putting Y = ¢Y andZ = ¢Z in the equation (4.4), we get

(5.3) 9(P(6X, 9Y)$Z,6W)
= g(R(¢X,9Y)dZ,¢W)
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1
(n—1)

Using the equation (5.3) in the equation (5.2), we obtain

[S(6Y, ¢Z)g(¢ X, dW) — S(6X, 6Z)g(6Y, oW)).

(5.4) 9(R(¢X,9Y)9Z, oW) =

1

Ty S0 Z)a(0X. oW)
— 8(¢X,0Z)g(6Y, oW)],
which on using equations (3.8) and (3.10) gives

(5.5) 9(R(¢X, Y )9 Z, oW)

— T S0V, 02)g(0X. 61V)  S(6X. 02)9(6Y. oW )]

(I+¢)
(n—1)
Let {e1,ea,...,en_1,&} be alocal orthonormal basis of vector fields in M™. We

Use the fact that {¢e1, dea, ..., de,_1,£} is also orthonormal basis. Putting
X =W =¢; in equation (5.5) and summing over i, we get

+

[9(0Y, 62)g(¢ X, oW) — g(¢ X, 0Z)g (Y, pW)].

(5.6) Z R(eq, oY) Z, pe;)

n—1
- & L 5 SISV, 0Z)g(ei,be:) = S(ei, 92)g 0V, )
i=1
n—1
L S lo (6, 02)gles, 6e) — g6 62 (6Y, 60
1=1
which by virtue of equations (4.8), (4.9), (4.10) and (4.11) takes the form
(5.7) S(9Y,0Z) = [(n — 2)e = 1]g(¢Y.42).

Using equations (2.5) and (2.16) in the above equations, we get
(5-8)  SY,Z) = ((n—=2)e = 1)g(¥,2) + (2 —n)(1 +&)n(Y)n(2),
which is of the form

S(Y,2) = ag(Y, Z) + bn(Y)n(Z),

where @ = (n —2)e — 1 and b = (2 —n)(1 + ¢). This shows that M™ is an
n-Einstein manifold.
Thus, we can state as follows.

Theorem 5.1. ¢-Projectively flat (¢)-Kenmotsu manifold with respect to a
semi-symmetric metric connection is an n-Einstein manifold.
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6. (¢)-Kenmotsu manifold with respect to a semi-symmetric metric
connection satisfying P.S =0

Consider (¢)-Kenmotsu manifold with respect to a semi-symmetric metric
connection satisfying

(6.1) (P(X,Y) . 8)(2,U) =0,

where S is the Ricci tensor with respect to a semi-symmetric metric connection.
Then, we have

(6.2) S(P(X,Y)Z,U)+ 8(Z,P(X,Y)U) = 0.

Putting X = £ in the equation (6.2), we have

(6.3) S(P(&,Y)Z,U)+ S(Z,P(Y)U) =0.

In view of the equation (4.1), we have

04)  PEY)Z=REV)Z - s lSY2) - S(E 2)Y)
By virtue of equations (3.8) and (3.10), we have

(6.5) R(E,Y)Z =R(EY)Z+en(2)Y - g(Y, Z)¢

and

(6.6) S(&2)=5(&2) —(n—1en(2).

Using equations (6.5) and (6.6) in the equation (6.4), we get

p _ _(gznt2 N
60 PEVZ= - () a2 -
-y e
Now using the equation (6.7) in the equation (6.3), we get
(6.8) (e =n+2)[g(Y,Z)nU) +g(Y,U)n(Z)] + [S(Y, Z)n(U) + S(Y,U)n(Z)]
+2(n = 2)(1+e)n(Y)n(Z)n(U) =0.
Putting U = ¢ in the above equation and using equations (2.2) and (2.15), we
get
(6.9) SY,2)=(n—-e+2)g(Y,Z)+ (1 +&)(2—n)n(Y)n(Z),

which is of the form

S(Y, Z)¢

S(Y,Z)=ag(Y,Z)+bn(Y)n(Z),

wherea=n—e+2and b= (1+¢)(2 —n).
This shows that M™ is an n-Einstein manifold. Thus, we can state as follows.

Theorem 6.1. An (5)_—K_enmotsu manifold M™ with a semi-symmetric metric
connection satisfying P .S =0, is an n-FEinstein manifold.
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