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ON LIGHTLIKE SUBMANIFOLDS OF A GRW SPACE-TIME

TAE Ho KaANG

ABSTRACT. This paper provides a study of lightlike submanifolds of a
generalized Robertson-Walker (GRW) space-time. In particular, we in-
vestigate lightlike submanifolds with curvature invariance, parallel second
fundamental forms, totally umbilical second fundamental forms, null sec-
tional curvatures and null Ricci curvatures, respectively.

1. Introduction

In general relativity, a space time is a four-dimensional differentiable man-
ifold equipped with a Lorentzian metric. One of the important cosmological
models in general relativity is the family of Robertson-Walker space-times:

Li(e,f) = (I x; F,§),§ = —dt* + f*(t)ge.
Explicitly, Li(c, f) is a warped product with Lorentzian metric § of an open
interval I and a three-dimensional Riemannian manifold (F,g.) of constant
curvature ¢ with a warping function f > 0, which is defined on an open interval
I in R}

Recently, B. Y. Chen and J. Van der Veken ([3]) studied nondegenerate
surfaces (i.e., spatial or Lorentzian) of a Robertson-Walker space-time from
differential geometric view point. In [9], the author studied lightlike (degener-
ate, null) hypersurfaces of a generalized Robertson-Walker space-time (GRW),
which is also defined as a warped product L’f“(c, f)=1Ix; F, where F is an
n-dimensional Riemannian manifold of constant curvature c.

In [4], B. Y. Chen and S. W. Wei provided a general study of submanifolds
in the Riemannian warped product I x; F, g = dt* + f%(t)g..

In this article we give a study of lightlike submanifolds of a GRW space-time
L’f“(c, f). In particular, we investigate lightlike submanifolds with curvature
invariance and parallel second fundamental forms (Section 4), totally umbili-
cal lightlike submanifolds (Section 5), null sectional curvatures and null Ricci
curvatures (Section 6), respectively.
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2. Basics on GRW space-times

In this section, we review some results of the connection and curvature of a
GRW space-time, which follow from general results on warped product ([11]).
Consider a GRW space-time

LT e, f) = (I x5 F,§),§ = —dt* + f2(t)ge,

where f is a smooth positive function on I, and (F, g.) is an n-dimensional
Riemannian manifold of constant sectional curvature c¢. The standard choices
for F are S™, E™ and H™, with curvature 1, 0,—1, respectively.

Let m and o be the natural projections of I x F onto I and F| respectively.
Let £(I) and £(F) be the set of horizontal and vertical lifts of vector fields on
I and F to I xj F, respectively. Let 0; € £(I) denote the horizontal lift vector
field to I x ¢ F' of the standard vector field % on I.

By a spacelike slice of L+ (c, f) = (I x; F,§) we mean a hypersurface of
L7 (e, f) given by a fibre S(tg) := 7~ (to) with metric £2(to)ge.

For each vector X tangent to L' (c, f), we put

(2.1) X = ¢x0; + X,

where ¢x = —g(X, 0;) and X is the vertical component of X.
The following two lemmas are well-known ([11]).

Lemma 2.1. Let V be the Levi Civita connection of Ly (c, f). For vectors
fields X, Y € £(F) we have
(1) Vs,0: = 0,

(2% Vo, X = Vxd, = (Inf)X,

(3) §(VxY.0) = ~5(X.Y)(In fY.

(4) VxY is the vertical lift of VY, where VT is the Levi Civita connection
of F.
Lemma 2.2. Let R be the curvature tensor of LY (¢, f). If X,Y,Z € £(F),
then

(1) R(0, X)0, = L X,

(2) R(X,8,)Y = —g(X,Y) L0,

(3) R(X,Y)d; = 0,

(4) R(X,Y)Z = L (5(v, 2)X = 3(X, 2)Y).

f
It follows from (2.1) and (2) in Lemma 2.1 that
(2.2) Vx (f()0) = f'(t)X

for any vector field X on L} (c, f).
On the other hand we can agglomerate (1) ~ (4) in Lemma 2.2 together into
a single form (2.3) ([9]).



ON LIGHTLIKE SUBMANIFOLDS OF A GRW SPACE-TIME 297

Proposition 2.3. For any vector fields X, Y, Z on L' (c, f)

(2.3) R(X,Y)Z = Mg(Y, 2)X — §(X, Z)Y}
+u{oxdzY — by dz X + (oxg(Y, Z) — ¢y g(X, Z))0:},

_ fPre . fF=(+0)
=" M= 72 .

where A

Remark 2.4. (1) LT (¢, f) is flat if and only if f(t) = at + b(c = —a?),

(2) L7t (c, f) has constant curvature k2 > 0 if and only if f(t) = ae** +
be~kt ¢ = 4k2ab,

(3) LT (¢, f) has constant curvature —k? < 0 if and only if f(t) = asin(kt)+
beos(kt), ¢ = —4k?(a? + b?).

(4) LY (¢, f) is of constant curvature if and only if u = 0.

3. Basics on lightlike submanifolds

Let (M, g) be an (m+n)-dimensional semi-Riemannian manifold of constant
index v,1 <v <m +n and (M, g) be a submanifold of (M, g) of codimension
n.

Consider the so-called radical distribution Rad(T M) := TMNTM~*. We say
that (M, g) is a lightlike submanifold of (M, g) if Rad(TM) defines a nonzero
differentiable distribution on M of rank(Rad(TM)) =:r > 0.

Let S(I'M) be a complementary distribution of Rad(T'M) in TM. Then
S(TM) is orthogonal to Rad(T' M) and nondegenerate with respect to g and
T M has the orthogonal direct sum

TM = Rad(TM) L S(TM).

Let S(TM+*) be a complementary distribution of Rad(TM) in TM=*. Then
TM+ has the following orthogonal direct decomposition

TM* = Rad(TM) L S(TM™).

Let t(TM) and ltr(TM) be complementary (but not orthogonal) vector
bundles (resp. the transversal vector bundle and the lightlike transversal vec-
tor bundle) to TM in TM |y and Rad(TM) in S(TM*)*, respectively, where
S(TMH)* denotes the orthogonal complementary vector subbundle to S(T' M)
in S(TM)*, ie., S(TM)* = S(TM~*) L S(TM*)*.

Then we have the following decompositions:

(3.1)  t(TM)
(3.2)  TM |y

itr(TM) L S(TM™),
S(TM) L {Rad(TM) @ ltr(TM)} L S(TM™)
= TMe& tr(TM).

There are four possible cases on lightlike submanifolds. If an m-dimensional
lightlike submanifold (M, g) of (M, §) with codimension n is
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case 1 : r-lightlike if 1 <r < min{m,n},

case 2 : co-isotropic if r =n < m, S(TM*) = {0},

case 3 : isotropic if r =m < n, S(TM) = {0},

case 4 : totally lightlike if r = m = n, S(TM) = {0} and
S(TM+) = {0}.

According to the decomposition (3.1) we put

(3.3) VxY =VxY +h(X,Y)
=VxY +h(X,Y)+h*(X,Y), VX,Y € T(TM),

(3.4) VxN = —-AxX + VYN + D*(X,N), N €T (itr(TM)),
(3.5)  VxW =—AwX + VW + DX, W), W e T(S(TM™)),
where VxY, ANX, Aw X € T(TM), h(X,Y) € T'(tr(TM)), h/(X,Y), V&N,
DYX, W) e T(itr(TM)), and h*(X,Y), D*(X,N), V5W € T(S(TM*1)).

We note that the lightlike second fundamental form h' of a lightlike sub-
manifold M does not depend on S(T'M), S(TM~*) and Itr(TM).

Making use of (3.3) ~ (3.5) and the fact that V is a metric connection, we
obtain
(3.6) g(R'(X,Y), ) + gV, (X, €) + gV, Vx€) = 0,
(3.7) g(h*(X,Y), W) + (Y, D'(X, W) = g(Aw X, Y),

where ¢ € T(Rad(TM)), W € T(S(T'M*)) and N, N’ € T'(Itr(TM)).
From the decomposition TM = S(T'M) L Rad(TM), we set

(3.10) VxPY = V%PY +h*(X,PY),
(3.11) Vx§ = —A{X+V¥

for X, Y €T(TM) and € €T (Rad(T M)), where {V PY, A;X } and {h*(X, PY),
V&) belong to T'(S(T'M)) and I'(Rad(T M)), respectively.

It follows that V* and V*' are linear connections on distributions S(7'M)
and Rad(T M), respectively. From (3.10) and (3.11) we obtain
(812)  gh'(X,PY),&) = g(AX, PY),
(3.13)  g(A*(X,PY),N) = g(AxX,PY), VX,Y € T(TM).

In general, the induced connection V on M is not a metric connection, since
(3.14) (Vxg) (Y, Z) = g(h'(X,Y), Z) + g(h'(X, Z),Y).

Now we give some structure equations of lightlike submanifolds.
Let (M, g,S(TM),S(TM L))_be an m-dimensional r-lightlike submanifold of
a semi-Riemannian manifold (M, g). Denote by R, R, R' and R*! the curvature
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tensors of V,V, V! and V*!, respectively. The following structure equations
hold:

(3.15) R(X,Y)Z = R(X,Y)Z+ Apx.2Y — Ay X
+ Apex. )Y — Ape v, X
— (Vxh)(Y, Z) = (Vyh') (X, Z)
+ DY (X, h%(Y, Z)) — DY, h%(X, Z)) — (Vxh*)(Y, Z)
— (Vyh*) (X, Z) + D*(X,h\(Y, Z2)) — D*(Y, h' (X, Z)),

(3.16) R(X,Y)N = RY(X,Y)N + h{(Y, AN X) — ' (X, ANY)
+ DY(X,D*(Y,N)) — D'(Y, D*(X, N))
+ (Vy A)(N, X) = (Vx A)(N,Y)
+ Apsx. Y = Apsv,ny X + (VxD*)(Y, N)
— (VyD*)(X,N) + h*(Y,AnX) — h*(X, ANY),

(3.17) g(R(X,Y)N,&) = g(R'(X,Y)N,¢)
+g(h'(Y, AN X), &) — g(h' (X, ANY,€)
+ g(Ds(X’ N)a hS(Ya£ ) - g(DS(Ya N),hs(X,E)),

(3.18)  g(R(X, Y)W, W) = g(R*(X,Y)W', W)

+ g(AW/X, Awy) — g(AwX, AW/Y)

+g(D'(X, W), AwY) = g(D'(Y, W), A X)

+ g(Dl(Ya W/)a AWX) - g(Dl(Xa Wl)a AWY)
for any vector fields X, Y, Z € T(TM), £ € T'(Rad(TM)), N € T'(itr(T'M)) and
W, W' € T(S(TM')).

Let (M, g) be an r-lightlike submanifold of L"**(c, f). Then r must be one,
because the index of Lt (c, f) is equal to 1.
Here and in the sequel, we mean a lightlike submanifold M of L7 (c, f) by

a 1-lightlike one unless otherwise stated.
From the decomposition (3.2) we get

indLy (¢, ) = indS(TM) + ind{ Rad(TM) @ ltr(T M)} + indS(TM™),
where ind(e) denotes the index of the metric tensor g on e. Since { Rad(TM)®
ltr(TM)} is nondegenerate and of constant index one, both S(T'M) and
S(T M) are Riemannian vector bundles over M.

4. Curvature invariance and parallel second fundamental forms

To begin with we prepare the following lemma ([9]).
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Lemma 4.1. Let M be a lightlike submanifold of L' (c, ). Then

(1) 8¢ can not be tangent to M, i.e., i # 0,

(2) 0¢ can not be orthogonal to M,

(3) du # 0 for any nonzero null vector U on LY (c, f),
where Of" denotes the transversal projection of 0; with respect to the decompo-
sition (3.2).

Let (M, g) be a submanifold of a semi-Riemannian manifold (M, g). If for
any vector fields X and Y on M R(X,Y)T,M C T,M for each p € M, then
the submanifold M is said to be curvature invariant ([12]), where T, M denotes
the tangent space of M at the point p € M.

Proposition 4.2. Let (M, g, S(TM),S(TM%Y)) be a lightlike submanifold of
LY (e, f). Then M is curvature invariant if and only if L (c, f) is of con-
stant curvature.

Proof. If M is curvature invariant, then
(4.1) G(R(X,Y)Z,€) =0, VZ € T(TM), € € T(Rad(TM)).
From which, using (2.1) and (2.3) we obtain

noel{oxg(Y,Z) — ¢yg(X, Z)} = 0.
Putting X = £ gives uqbgg(Y, Z) = 0. Again, putting Y = Z = PY (# 0) gives
=0, since S(T'M) is Riemannian and ¢¢ # 0 (Lemma 4.1(3)). The converse
follows from (2.3) and (4) in Remark 2.4. O

A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, g) is ir-
rotational ([10]) if

Vx¢é e (TM), VX eT(TM), ¢ € T(Rad(TM)),
which is equivalent to
(4.2) Re(X,€) =0,h(X,€) =0, VX € T(TM), ¢ € T(Rad(TM))
with the aid of (3.1) and (3.3).

Proposition 4.3. Let (M, g, S(TM),S(TM%1)) be a lightlike submanifold of
LY (e, f). If M s irrotational and the lightlike second fundamental form h' is
parallel, then L (c, f) has constant curvature.

Proof. Since the lightlike second fundamental form h! is parallel, i.e.,
(Vxh)(Y,Z) =0, VX,Y,Z € T(TM),

it follows from (3.15) that

(43)  G(R(X.Y)Z.€) = g(D'(X,h*(Y. 2)),€) — (D' (V. h*(X, 2)), €).

From which and (3.7) we get

9(R(X,Y)Z,§) = g(h*(X, 2), h*(Y,§)) — g(h*(Y, Z), h*(X, £)) = 0,
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which implies that M is curvature invariant. Hence we conclude from Propo-
sition 4.2 that L"*!(c, f) has constant curvature. O

Corollary 4.4. Let (M,g,S(TM),S(TM>)) be a co-isotropic submanifold of
L' (e, f), ie., S(TM*Y) = {0}. If the lightlike second fundamental form h is
parallel, then L7 (c, f) has constant curvature.

Proof. It follows from (4.3) with h® = 0. O

5. Totally umbilical lightlike submanifolds

Let (M,g,S(TM),S(T'M*)) be an m-dimensional lightlike submanifold of
a GRW space-time LT (c, f).

Consider the following local quasi-orthonormal field of frames of L' (c, f)
along M ([5]):
(5.1) (6N, X1, X1, Wi, o, Wi},
where £ and N are lightlike bases of I'(Rad(T'M)) and I'(Itr(T'M)), respectively
satisfying
(5.2) g(N,§) =1, g(N,N)=0,

{X1,..., X;m_1} and {Wy,...,W,_,,} are orthonormal bases I'(S(T'M)) and
I'(S(TM™)), respectively. Throughout this paper, we adopt the following range
of indices:

acd{l,....m—1}; ac{l,. —m}.
The local expressions corresponding to (3.3) ~ (3.5) and (3.11) are respec-
tively given by (5.3) ~ (5.5) and (5.6):

(5.3) VxY = VxY + B(X,Y)N + nimh;(x, Y)W,
a=1
where B(X,Y) = g(h'(X,Y),€), hi(X,Y) = g(h*(X,Y), Wa).
(5.4) VxN = —AxX + p(X)N + Z Ta( X)W,
(5.5) VxWs = —Aw. X + vo(X)N + Z O (X)W,
where
p(X) = G(VKN,€), 7Ta(X)=g(D*(X,N),Wy),

va(X) = g(D"(X, Wa),€),  bus(X) = (Vi Wa, Wp),
and
(5.6) Vx€=—A;X — p(X)E.

Now we define locally the 1-form

n(X) = g(X,N),vX € I(TM).
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Then 7 defines locally the screen distribution S(T'M) because X € I'(S(TM))
if and only if n(X) = 0. Furthermore we have:

Proposition 5.1. Let (M, g, S(TM),S(TM%Y)) be a lightlike submanifold of
LYY e, ). If Lxn = 0 for any vector field X tangent to M, then S(TM) is
integrable, where Lx denotes the Lie derivative in the direction X.

Proof. Tt follows from (3.3) and (3.4) that
0= (Lxn)(Y)
= Xg(Y,N) = n([X,Y])
=g(VxY,N) —g(Y, AnX) + p(X)n(Y) = n([X,Y]), VX, Y € T(TM).

Putting Y = PY in this equation, and using (3.10) and (3.13) yield n([X, PY])
= 0, which means that S(T'M) is integrable. O

Let (M,g) be a 1-lightlike submanifold of a semi-Riemannian manifold
(M,g). Then

h(X,€) =0, VX €T(TM), ¢ € T'(Rad(TM)),
which follows from putting ¥ = £ in (3.6).

Proposition 5.2. Let (M, g, S(TM),S(TM%Y)) be a lightlike submanifold of
L;H'l(c, f). If the time like vector field 0 belongs to the hyperbolic plane bundle
Rad(TM) @ ltr(TM), then

(5.7 ¢px =¢w =0, onh*(X,§) + ¢cD*(X,N) =0, 2p¢¢on =—1
where X € T(TM), W € D(S(TM*1)), ¢ € T(Rad(TM)) and N € T'(ltr(TM)).

Proof. Using a local quasi-orthonormal field of frames satisfying (5.1) and (5.2)
we have

0 ==Y éx,Xa—ONE— Y dwWa — deN.
The assumption shows that
(5.8) ¢px =0,6w =0, VX e [(TM), W e T(S(TM™")).

Moreover substituting 0; = —¢nE& — ¢ N into (2.2), we get for any vector field
X tangent to M

F)X = (X)(=onE — ¢eN) = fFO{(XPn)E + dn(VxE+ D (X, €))
+ (X )N + ¢ (—AnX + Vi N + D*(X, N))}.

Taking S(T M+)-part in both sides, we get the second one. The last one follows
from computing —1 = g(dy, O;). O

A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, g) is said
to be totally umbilical ([6]) if there is a smooth transversal vector field H €
D(tr(TM)) on M such that for all X, Y € T'(T'M))

(5.9) h(X,Y) = Hg(X,Y).
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The definition does not depend on the choice of both the screen distribution
S(TM) and the screen transversal vector bundle S(TM*).

Making use of (3.3), it is easy to see that M is totally umbilical if and
only if, on any coordinate neighborhood U in M there is smooth vector fields
H € T(ltr(TM)), H® € T(S(TM+)), and smooth functions H}y € F(itr(TM)),
HE € F(S(TM1)) such that

(5.10) H(X,Y) = HGX.Y), b (X,Y) = HG(X,Y),
(5.11) B(X,Y) = Hhg(X,Y), b5 (X,Y) = HLG(X,Y),
where b = g(H', &) , HE, = g(H®, Wa).

Moreover it is clear from (3.7) and (3.12) that on each coordinate neighbor-
hood U in M the followings hold when M is totally umbilical:

(5.12) DYX,Wo) =0 (i.e.,va(X) =0), AfX = H(PX, P(Aw, X) = H}PX.
Theorem 5.3. Let (M, g, S(TM),S(TM™)) be a totally umbilical lightlike sub-

manifold of L’f"'l(c,f). Then the functions Hi and HS, satisfy the following
partial differential equations:

(1) §Ho + p(E)HG — (Ho)? + pdf = 0,

(2) EHZ + Ta(§)Ho — HoHE — X5 H30pa(6) + nocdw, =0,

(3) PX (M) + p(PX)H, + puppxde = 0,

(4) PX(H?3) — 35 Hy08a(PX) + Ta(PX)H{ + popx dw, =0,

()

R(X,Y)Z = {MX + HhANX + Y H3Aw, X }g(Y, Z)
—{\Y + HGANY + ) HAw, Y }g(X, Z)

+p{dxd2Y — dydz X — (6x3(Y, Z) — ¢y G(X, Z))0] },

where OF denotes the tangential projection of 0y with respect to the decomposi-

tion (3.2).
Proof. Making use of (3.15) and our assumption, we obtain
(5.13)  G(R(X,Y)¢, PZ) = g((Vyh') (X, PZ),&) — g((Vxh')(Y, PZ),¢&)

for XY e I(TM), £ e T(Rad(TM)) and PZ € T'(S(TM)). The first term in
the right hand side of (5.13) is computed as follows:

(5.14) a(Vyh') (X, PZ),¢)
= {(YH)9(X, PZ) + p(Y)Hg(X, PZ)} + (Hg)*n(X)g(Y, PZ).

On the other hand, it is clear from (2.3) that

(5.15) g(R(X,Y)E, PZ) = p{ox¢eg(Y, PZ) — by ¢eg(X, PZ)}.
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Substituting (5.14) and (5.15) into (5.13), we get
(5.16) {YHg + p(Y)Hy — 0(Y) (M) + ndy de}g(X, PZ)

—(XHY + p(X)HY — 9(X)(HD)? + poxdeg(Y PZ) = 0.
Substituting X = £ and Y = PZ into (5.16) gives the equation (1). In the

similar way calculating g(R(X,Y)W,PZ) = —g(R(X,Y)PZ,W) with (3.15)
we have
(5.17)

(YHE, = H508a(Y) = HiHN(Y) + Hyra(Y) + néy éw, }9(X, PZ)
B
—{XHL =Y H0pa(X) — HEHN(X) + HiTa(X) + péxdw, }g(V, PZ)=0.
B

Also putting X = £ and Y = PZ in (5.17) yields (2). The equations (3) and
(4) can be also obtained from substituting X = PX and Y = PY in (5.16) and
(5.17), respectively. The last equation (5) follows from (2.3) and (3.15). Thus
we complete the proof. O

From (5.7) we obtain:

Proposition 5.4. Let (M,g,S(TM),S(TM™)) be a totally umbilical light-
like submanifold of L;H'l(c, f). If O belongs to the hyperbolic plane bundle
Rad(TM) @ ltr(TM), then D°(X,N) =0, or equivalently 7 = 0.

In case H{ # 0 and H3 # 0 on any local neighborhood U of M, we say that
M is proper totally umbilical.

Theorem 5.5. Let (M, g,S(TM),S(TM™L)) be a proper totally umbilical light-
like submanifold of L™ (c, f). The followings are equivalent:

(1) S(T'M) is integrable.

(2) An is self-adjoint on T'(S(TM)) with respect to g.

(3) dp(X,Y) = B (dyn(X) — dxn(Y)) .
Proof. The equivalence between (1) and (2) follows from (3.10) and (3.13) (cf.
[51, [7]).

By direct calculation we obtain from (5.6)
(5.18)  2dp(X,Y) = X(p(¥)) - Y (p(X)) = p([X, Y]) = §(R'(X,Y)N,€).
Substituting (3.16) into (5.18), we have
(5.19) 2dp(X,Y) = g(R(X,Y)N, ) + g(h' (X, AnY), &) — g(h' (Y, An X), &),

where we have used the assumption that M is totally umbilical. Making use of
(2.3) and (5.10), the equation (5.19) is reduced to

(5.20)

2dp(X,Y) = p(dy ¢¢n(X) — oxden(Y)) + Ho(g(PX, ANY) — g(PY, AN X)).

The equivalence between (2) and (3) follows from (5.20). O
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Theorem 5.6. Let (M, g, S(TM),S(TM™)) be a totally umbilical lightlike sub-
manifold of LY (¢, f). Then the screen transversal connection V° on M is flat,
i.€.,

1
dfop = 5 > oy Ay,
ol

Proof. From (3.18) we have
9(R* (X, Y)Wa, Wp)
= G(R(X,Y)Wa,Ws) + g(Aw, X, Aw,Y) — g(Aw, X, Aw,Y).
Substituting (2.3) into this equation and using the third one in (5.12) we obtain
g(R* (X, Y)W,,Wg) = 0.
This means that R° = 0.
Since 0a5(X) = g(ViWa, Ws), we get

2d005(X,Y) = X (0ap(Y)) = Y (0ap (X)) = Oap([X, Y1)

= g(B>(X,Y)Wa, Wp) + §(Vy Wa, Vi W) = §(Vi Wa, Vi Wp)

= Z(Gav A 9%3)(X, Y),

B!
where we have used Vi Wo = 35 00 3(X)W;p. Thus we complete the proof. [J

Theorem 5.7. Let (M, g, S(TM),S(TM™)) be a totally umbilical lightlike sub-
manifold of L’f"'l(c, f). If the lightlike second fundamental form h' is parallel,
then we get

(5.21) Hi) = 0.
If the screen second fundamental form h® is parallel, then the equations hold:
(5.22) HoHs =0, XHL = Oap(X)H}.

B

Proof. The covariant derivatives of the lightlike second fundamental form h!
and the screen second fundamental form h® are respectively defined as follows:

(5.23) (Vxh(Y,2) = V5 (WY, Z)) — h(VxY, Z) — WY, Vx Z),
(5.24) (Vxh*)(Y, Z) = V% (h* (Y, Z)) — h*(VxY,Z) — h*(Y,Vx Z).

It is clear from our assumptions that (5.23) and (5.24) are reduced to (5.25)
and (5.26), respectively.

(5.25) (XHo)g(Y, Z) + (M) {n(Z)g(X,Y) +n(Y)g(X, Z)}
+Hyp(X)g(Y, Z) =0,
(5.26) (XH)9(Y, Z) + HoHeAn(Z2)g(X,Y) +n(Y)g(X, Z)}

+Y Hi0pa(X)g(Y, Z) = 0.
B
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Putting Z = £ in (5.25), we get (5.21). (5.22) follows from puttingY = PY = Z
in (5.26). 0
Corollary 5.8. Let (M, g,S(TM),S(TM=)) be a totally umbilical, co-isotropic

submanifold of L’f"'l(c, f). If the lightlike second fundamental form h' is par-
allel, then M is totally geodesic.

Corollary 5.9. If (M,g,S(TM),S(TM?1)) is a totally umbilical submanifold
of L’f“(c,f) and the lightlike second fundamental form h' is parallel, then
LY (e, f) is of constant curvature.

Proof. 1t is clear from the equation (1) in Theorem 5.4 and (3) in Lemma
4.1. g

Let (M,g,S(TM),S(TM%)) be a lightlike submanifold of L""*(c, f). Then
the screen distribution S(T'M) is said to be totally umbilical if on any coordinate
neighborhood U C M there exists a smooth function Ag such that

(5.27) hi(X, PY) = Aog(X, PY), VX,Y € T(TM),

where h§(X, PY) = g(h*(X,PY),N). In case Ag = 0 (resp. Ay # 0) we say
that S(T'M) is totally geodesic (rvesp. proper totally umbilical) ([6]).

In case S(TM) is totally umbilical, it is clear from (3.8), (3.13) and (5.27)
that

(5.28) GANX,N) =0, Ay X = AgPX.
Theorem 5.10. Let (M,g,S(TM),S(TM™L)) be an m(> 2)-dimensional to-

tally umbilical lightlike submanifold of L?H(c, ). If the screen distribution
S(TM) is totally umbilical and J; belongs to the hyperbolic plane bundle

Rad(TM) @ ltr(TM),

then Ao satisfies the partial differential equations:
(1) XAo = p(X)Ao — n(X)AoHf — An(X) — pn(X) =0, VX € I(TM),
(2) €Ao — p(€)Ao — AgHf — A — 5 = 0.

Proof. From (3.16), we obtain

(5.29) g(R(X,Y)N, PZ) = g((Vy A)(N, X) = (Vx A)(N,Y), PZ),

with the aid of Proposition 5.4. Making use of (3.9), (3.12), (3.16) and (5.28),
the equation (5.29) is reduced to
G(R(X,Y)N, PZ) = (Y Ao)g(PX, PZ) — p(¥)hog(PX, PZ)
+1(X)AoHog(Y, PZ) = (XAo)g(PY, PZ)
— p(X)Aog(PY, PZ) +n(Y)AoHyg(X, PZ).

Substituting (2.3) into the left hand side in this equation gives

{Y Ao — p(Y)Ao — n(Y)AoHg — M(Y) — %MU(Y)}PX
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— (X o — p(X)ho — 7(X)AgH, — An(X) — ~pn(X)}PY.

2
where we have used (5.7) and Proposition 5.4. Since the rank of S(T'M)> 1,
this equation yields (1). (2) follows from putting X = ¢ in (1). O

The type mumber t*(p) of the screen distribution S(T'M) is defined by the
rank of the shape operator AZ at the point p € M.

Theorem 5.11. Let (M, g, S(TM),S(TM%1)) be a screen totally umbilical 1-
lightlike submanifold of a semi-Reimannian manifold (M, g). If the screen sec-
ond fundamental form h* is parallel and t*(p) > 1 at any point p € M, then
S(TM) is totally geodesic.

Proof. The covariant derivative of the screen second fundamental form A* is
defined as follows:

(5.30) (Vxh*)(Y,PZ) = Vi{(h*(Y,PZ)) — h*(VxY, PZ) — h*(Y,V PZ).
Substituting h*(Y, PZ) = Aog(Y, PZ)¢ and our assumption into (5.30) gives
0= (XA0)g(Y, PZ)¢ + Ao(Vxg)(Y, PZ)E + Aog(Y, PZ)VYE.
It follows from (3.6) and (3.14) that
{(XA0)¢ + AVXE}g(Y, PZ) + Aon(Y)g(A: X, PZ)§ = 0.

Putting Y = ¢ in this equation gives Aog(A; X, PZ)§ = 0, which means that
AOAEX = 0. The assumption on the type number gives Ay = 0. O

6. Null sectional curvatures and null Ricci curvatures

Let (M, g) be a semi-Riemannian manifold and p € M. Given a nonzero null
vector U € T, M and a null plane H of T;,M containing U, the null sectional
curvature at p € M with respect to U in the plane H is defined by

Ky(p, H) = g(Rp;();U)gl)],X)’

where X is any non-null vector in H ([2], [5], [6], [7]). In a similar way we
define the null sectional curvature on a lightlike submanifold (M, g) of (M, g)
as follows:

Kt 1y = L OEX)

where H is a null plane of T, M containing a nonzero null vector £ and X is
any non-null vector in H.

Clearly the null sectional curvature of a null plane H is independent of the
choice of non-null vectors in H, but depends quadratically on the null vectors.
For a geometric interpretation of the null sectional curvature see [1].
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Theorem 6.1. Let (M,g,S(TM),S(TM*Y)) be a lightlike submanifold of
LY e, f). If M is irrotational, then L' *(c, f) is of constant curvature if
and only if at a single point p € M, either K¢(p, H) = 0 or K¢(p, H) = 0 where
H C T,M is a null plane which is spanned by any & € Rad(Tp,M) and any
non-null vector X € T,M.

Proof. Let £ € Rad(T,M) and X € T, M be a unit spacelike vector. Then we
get from (2.3)

Combining this with the Gauss equation (3.15) and (4.2) yields
(6.1) Ke(p, H) = Ke(p, H) = —pg?.
From (6.1) with ¢¢ # 0(Lemma 4.1(3)) we complete the proof. O
The Ricci tensor on a semi-Riemannian manifold (M, g) is defined as
Ric(X,Y) =trace{Z — R(X,Z)Y}, VX,Y € (TM).

Making use of a quasi-orthonormal field of frames of L7 (¢, f) along M satis-
fying (5.1) and (5.2), the Ricci tensor Ric of L7 (¢, f) is given by

(6.2) Rice(X,Y) Z g(R W)Y, X.) + g(R(X, €)Y, N)

+ ) GR(X, Wa)Y, Wa) + g(R(X, N)Y, §).
The induced Ricci tensor on a lightlike submaniold M of a semi-Riemannian
manifold (M, g) is also defined as
Rie(X,Y) = trace{Z — R(X,Z)Y}, VX,Y e TTM.
Using the Gauss equation (3.15), we get:

Proposition 6.2. Let (M,g,S(TM),S(TM>)) be a 1-lightlike submanifold
of a semi-Riemannian manifold (M,g). Then the induced Ricci tensor Ric is
given by

(6.3) Ric(X,Y)= Ric(X,Y) — Trdyx,y) + g(An X, ALY)
+Zg XG’Y hS(X7Xa))+g(hs(§7Y)7DS(X7N))

72@ ; a waa)fg(R(XvN)ng)a

where
TrAnx,y) = Z{Q(AhS(X,Y)XaaXa) + 9(Anx,v)Xa Xa)}

+ 9(Ans(x )& N) + §(An (x, 7)€ N).

Substituting (2.3) into (6.2) and making use of (3.7) ~ (3.9) and (3.13), we
obtain
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Proposition 6.3. Let (M, g, S(TM),S(TM%')) be a lightlike submanifold of
LY (e, f). Then the induced Ricci tensor Ric is given by

(6.4)
Ric(X,Y)
= *Z{g (Xa, Xa), B*(X,Y)) + g(h*(Xa, Xa), M (X,Y))}

+Zg Xa7Y hS(XaXa)) +g(ANX7AZY) 7g(DS(§aN)7hS(XaY))

+u{( —2)pxdy +n(Y)bx e}
H A =m) = (14 ¢y, + onee)}a(X,Y).

Theorem 6.4. Let (M,g,S(TM),S(TM™1)) be a lightlike submanifold of
LY (e, f) with m > 1. If M is irrotational, then

Ric(€,€) =0, V¢ € D(Rad(TM))
if and only if LY (c, f) is of constant curvature.

Proof. From (6.4) we get

Ric(€,€) = (m — )ueg
with the aid of (3.12) and (4.2). The proof follows from this equation. O

Remark 6.5. In any two-dimensional Lorentzian manifold Ricci curvature al-
ways vanishes in any null direction ([2]).
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