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H,, Sampled-Data Control of Takagi-Sugeno Fuzzy System
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Abstract: This paper addresses on a H, sampled-data stabilization of a Takagi-Sugeno (T-S) fuzzy system. The sampled-data
stabilization problem is formulated as a discrete-time stabilization one via a direct discrete-time design approach. It is shown that the
sampled-data fuzzy control system is asymptotically stable whenever its exactly discretized model is asymptotically stable. Based on
an exact discrete-time model, sufficient design conditions are derived in the format of linear matrix inequalities (LMIs). An example

is provided to illustrate the effectiveness of the proposed methodology.
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L INTRODUCTION

A direct discrete-time design is one of powerful design
methodologies for sampled-data fuzzy controls (see [1-5] and
references cited therein). It is to design a sampled-data controller
based on the discrete-time model of a sampled-data dynamics. In
[1-3], approximately discretized model is presented in the form of
the general discrete-time Takagi-Sugeno (T-S) fuzzy model, and
thus sampled-data fuzzy controllers are easily designed via the
existing discrete-time fuzzy control theories. However, as
mentioned in [6,7], the stability of the actual sampled-data closed-
loop system may not be guaranteed due to approximation error,
although its approximate discrete-time model is stable.

Recently, Kim ef al. proposed an exact approach to a sampled-
data state-feedback control [4]. In their method, there is no
approximation error contrary to [1-3], and hence the stability of
actual sampled-data control system is well guaranteed. In [5], an
extension to observer-based output-feedback control is discussed.
However, H,control problem has not yet been fully investigated.
It is nontrivial to formulate the problem in a discrete-time scheme
due to the time-varying disturbance.

The purpose of this paper is to derive sufficient conditions on
the H,, sampled-data stabilization of T-S fuzzy system via the
direct discrete-time approach. Motivated by [4,5], an exact
discrete-time model in an integral form is adopted here. It can be
shown that the sampled-data fuzzy control system is
asymptotically stable if its exactly discretized model is so.
Sufficient conditions for asymptotic stabilization with H,,
disturbance attenuation performance are derived in the sense of
discrete-time Lyapunov theory and given in terms of linear matrix
inequalities (LMIs). Finally, an example is given for testifying to
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the validity of the proposed design methodology.

Notations: The relation P > Q (P < Q) means that the
matrix P — Q is positive (negative) definite. For simplicity, we
will use x and xyr in place of x(t) and x(kT), respectively,
for the continuous-time and discrete-time signal vectors unless
otherwise indicated. A,,q,(4) (Apin(4)) is the maximum
(minimum) eigenvalue of matrix A. An ellipsis is adopted for
long symmetric matrix expressions, e.g.,
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II. PRELIMINARIES
Consider the T-S fuzzy systems

x* = A(Wx + B, (wWw + B, (Wu
=:f(x,w,u) )
z=D(Wx + E(Wu

where x € R™ is the state, w € RS is the disturbance
belonging to w € L,[0, tf], t; € Ry, u € R™ is the control
input, z € R? is the controlled output, and

AW=)" 0w

Bw(/—l) = =19i(#) Bwi

=N e

B,(w) = i=19i(.“) Bui
DG = 0D
E(w) = Z;Gi(u) E;

in which 6;(u) the firing strength satisfying two properties

0; (1) € Ryo 1

Z;lgi(ﬂ) =1
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and u the vector containing premise variables.

Throughout this paper, we assume the following.

Assumption 1: The vector-valued function f in (1) is locally
Lipschitz in x on By = {x € R"|||x|| < A,} with Lipschitz
constant [ € R..

Our concerned problem is formulated as follows.
Problem 1: Given the sampling time T € R.,, find the
control gains K; and X; such that
i) when w = 0, (1) closed by the sampled-data fuzzy controller
u = wer: = K(er)X (er) ™ Xper @)

for t € [kT,kT + T),k € Zs,, is asymptotically stable,
where

K(uxr) = zi:19i(ﬂkr) K;

and
.
Xr) = ) Oulur) X
i=

ii) when w € L,[0,NT] and x, =0, it has y -disturbance-
attenuation performance defined by
NT NT
[ i<y [ iw@irdr ()
0

0

for the given attenuation level y € R., and some N € N.

1. MAIN RESULTS
Before proceeding next, the following lemmas and propositions
will be needed in proving the main results:

Lemma 1 [8]: Given any vector function x, and P = PT > 0
0 of appropriate dimensions, and o, ty € R, it is true that

ty Tty ty
(J’ x(r)dr) Pf x(r)dt < (tf — to)f x(0)TPx(7)dr
to to to

Lemma 2 [9]: Given any matrices X and P = PT > 0, it is
true that

—XTP~1(x) < P — He{X}
Lemma 3 [10]: The following matrix inequality
r r
D7 60 ) Yy < 0
i=1j=1
holds if there exist Z;; of appropriate dimension such that

Yi—Z;<0,i€ly
Yj +Y; —He{Z;j} < 0,(i,)) € I; X I

Zin (») 0(™
Ziy Zay Q) <0
er er er

where Ig = {1,2,..,7} and I; X [ means all pairs (i,j) €
I X I suchthat 1 <i<j<r.

Proposition 1: An exact discrete-time model of (1) is given by

KT+T
Xgr+T = Xkt T f

kT
+By, (er Jugr + p)dr

(A(AukT) Xkr + BW(:ukT)W (4)

Then, the discrete-time model of (4) together with (3) becomes

KT+T
1
Xpr+T = fkT [?1 + G ()X (uir)™ By (tiger)
Xk Q)
X [ w ]dr
p
where

p = fOow,uer) — f (i, W, Uger)
G (pgr) = AQurr)X (ger) + By (ier) K (pier).

Proof: Integrating both sides in (1) under u = u,; over
[KT,t] andreplacing t by kT + T yields (4). |

Proposition 2: Assume that w = 0. Then, whenever (5) is
asymptotically stable, the closed-loop system of (1) and (2) is also
asymptotically stable.

Proof: It follows from (1) and (2) that t € [kT, kT +T),k €
Zs,

t T T
el < il + |7 0,108, G (14
T3 =1

+ || Bu K5 1X Cetger) i 1) e

. _T0B51)

Amin (XgXPT;)
t

+ | NAllllx(@lldr
kT

< sup 1

< [l |l
(&hij)€lg XIg XIg XIg

Applying the Grownwall-Bellman inequality to ||x|| yields
llxll < c1e7 [|xrll =: csllxir

where

T(|[Bu k1)

A ’ Amin (XngT;)

¢, = sup|l4]l.
i€lR

= sup 1+
(g hi))€lRr XIg XIg XIg

It is obvious that c; is independent of k € Z.,. Hence, we can
conclude that ||x|| is uniformly bounded by ||xzr|l. |

Theorem 1: The sampled-data fuzzy controller (2)
asymptotically stabilizes (1) with y -disturbance- attenuation
performance if there exist P; = P >0, K;, X;, and Z;; such
that



thii_Zii<Ol(th'i)€IRXIRXIR (6)
Yonij + Ygnji — He{Zij} < 0,(g, h, i, )) R
€ Ig X Ig X I} X Ip
21, () (%)
Zy; : Zy (*) <0 ®)
-ZlT‘ ZZT o Z‘rr
where
ro1
7 Pi — He{Xi} ® = ™
0 vl () (®
0 0 —I (%
Fowig =1 | 0 0o 0 I
FXitAX +BuK By, 10
DyX; + Ey K; 0 0 D,
AX; + By K; By, 1 0
QNG Q) T
QNG Q)
® ™ (*)
QNG Q)
P ®) )
0 -yl Q)
0 0 2 I
2+ 1r? |
Proof: Define
KT+T KT+T
Jkri=AV(xer) +y71t f zTzdr — yf wlwdr
KT KT
€
where
AV (xxr) = V(xrer) = V(xer)
V(xer) = xierP (Uier) ™ Xer
r
PUnr) = ). Oilu) P
i=
We observed that

i) inthe casethat w = 0,

]kT <0=>4 V(ka) <0
since
KT+T
y‘lf zTzdt >0
kT
ii) inthe case that w € L,[0, NT] and x, =0,

kT+T

Jir <0 = AV(xr) +y7 f Tzdr
Kk

T

KT+T
—yf wiwdr <0
KT
= Vixnr) = V(xo)
NT NT
+y‘1f ZTZdT—]/J’ wiwdr <0
0 0
= (3)

since V(xyr) > 0 and V(xy) = 0.

N

i

o

It follows from (5) in Proposition 1, (9), Lemmas 1-3,
Assumption 1, the congruence transformation, and the Schur
complement, and the definitions

H(w, prr) = D)X (ugr) + E@WK (ugr)
f=[xL wl p7 x@T —xL 17

that

Jkr <0
T

KT+T [XkT
1 [ | [+ 06X Gt B
kT p | T

T

NT Xer AT
+}/_1J. [x(‘r) - ka] [H, )X i)™ D] ()

KT+T
[x(r) _ ka] dr — fkr wTw dt — X P (uger) ™ Xger
<0
=
er [T+ 6GDX )™ BuGuer) 10
T || HGmer) X Guir) ™ 0 0 D
G (ger) X (pger) ™ By, (ukr) 1 0
_1 -1
?P(.ukT+T) 0 0
<| o yI 0 )
—2 1
0 0 12+ 1)T?
rl
TP(.ukT)_l 0 00
-1 o vI 0 of|zdr<o
0 0 I O
0 0 0 IJ
1
_TP(.ukT)_l () ® ™
0 -yl ()
0 Y
&= 0 0 0 -1
1
?1 + Gupr)X (uir)™ By (ugr) 1 0
H (@, wer) X (ier) ™" 0 0 D
GQuer)X ()™t By (uer) 1 0
Q) Q) *)
Q) Q) Q)
Q) () Q)
Q) Q) )
1
Pl @ |
0 -7l Q)
0 O ~@ror!l
Z 0 (1) O (ttier 1) 6; () 8 (i) Yynij < 0
g=1h=1i=1 j=
Is (6), (7), a Ild (®).

Therefore, from Proposition 2, we can conclude that the closed-
loop system of (1) and (2) is asymptotically stable with y-
disturbance- attenuation performance. |
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Remark 1: Theorem 1 are based on the non-quadratic
Lyapunov functions with P;, i € Ip, which leads to a less
conservative result than previous results [1-3] based on the usage
of the quadratic Lyapunov functions with common P = P, =
=P, =P,

mQ v

IV. ANUMERICAL EXAMPLE
Consider the simply modified Moore—Greitzer model of a jet
engine with the assumption of no stall taken from [10]

3 2 1 3
fleww) =|"72% ~3% ~ X
-u+w
z = 0.1x, + 0.1w
in which we s thtl_ﬂfrm

of 3,
20 s3] 10

3
X1 E{ EIR{||x|<E}

By consulting the fuzzy modeling [4], its T-S fuzzy model is
giv by

01 (1) = 05 (xy) = 9(#) 1-6,(W

Solving LMIs (6), (7), and (8) in Theorem 1 for the given
T =0.02 and y = 0.1992, we have the following control gains:

K; =[-0.0141 0.2667],K, =
0.0145 0.0266] X, = [0.0162 0.0271
0.0267 0.0555) "2 0.0270 0.0533)
When xy =0, w=cos30t, t€ R0,
t € R4, Figs. 1-4 depict show time responses of the closed-loop

states, the sampled-data control input, and controlled output. From
this simulation results, we see that all claims in Theorem 1 is true.

T
n

\
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1% 1. x19] }\] 1_1"8‘%.
Fig. 1. Time response of x;.

[-0.0141 0.2676]
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and w=0,
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Fig. 2. Time response of x,.
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V. CONCLUSIONS
This paper has derived sufficient design conditions for H,
sampled-data stabilization of a Takagi-Sugeno (T-S) fuzzy system.
The theoretical results are based on the exactly, rather than
approximately, discretized model of a class of nonlinear systems.
Numerical simulation has successfully verified all of theoretical

claims.
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