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SOME CHARACTERIZATIONS OF COHEN-MACAULAY
MODULES IN DIMENSION > s

NGUYEN THI DuNG

ABSTRACT. Let (R, m) be a Noetherian local ring and M a finitely gener-
ated R-module. For an integer s > —1, we say that M is Cohen-Macaulay
in dimension > s if every system of parameters of M is an M-sequence
in dimension > s introduced by Brodmann-Nhan [1]. In this paper, we
give some characterizations for Cohen-Macaulay modules in dimension
> s in terms of the Noetherian dimension of the local cohomology mod-
ules HE (M), the polynomial type of M introduced by Cuong [5] and the
multiplicity e(xz; M) of M with respect to a system of parameters z.

1. Introduction

Throughout this paper, let (R, m) be a Noetherian local ring and M a finitely
generated R-module with dim M = d.

It is well known that the Cohen-Macaulay modules play an important role
in the theory of Noetherian rings and finitely generated modules. Recall that
M is called Cohen-Macaulay if every system of parameters (s.o.p. for short)
of M is an M-sequence. The structure of Cohen-Macaulay modules are well-
known in the multiplicity, local cohomology, m-adic completion, localization,
etc (see [3]). There are some extensions of the concepts of M-sequence and
Cohen-Macaulay modules, among which are the notions of M-sequence in di-
mension > s introduced by Brodmann-Nhan [1] and Cohen-Macaulay modules
in dimension > s defined by Zamani [21].

Definition. Let s > —1 be an integer. A sequence (z1,...,z,) of elements
in m is said to be an M-sequence in dimension > s if x; ¢ p for all p €
Assp(M/(z1,...,2,—1)M) satisfying dim(R/p) > s for all i = 1,...,r. We say
that M is a Cohen-Macaulay module in dimension > s if every s.o.p. of M is
an M-sequence in dimension > s.
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It is clear that M-sequences in dimension > s for s = —1,0,1 are exactly
M-sequences, f-sequences with respect to M in sense of Cuong-Schenzel-Trung
[9], and generalized regular sequences with respect to M in sense of Nhan
[17], respectively. Therefore Cohen-Macaulay modules in dimension > s for
s = —1,0,1 are, respectively, Cohen-Macaulay modules, f-modules defined in
[9] and generalized f-modules introduced in Nhan-Morales [18]. Moreover, for
each ideal I of R, all maximal f-sequences with respect to M in I have the
same length and the length of a maximal f-sequence of M in I is exactly the
least integer r such that the local cohomology module Hj (M) is not Artinian
(cf. [14]). Also, all maximal generalized regular sequences of M in an ideal I
have the same length and this common length is the least integer ¢ such that
Supp(HE(M)) is a finite set (see [17]).

Zamani [21] gave some properties of Cohen-Macaulay modules in dimension
> s concerning the m-adic completion, the localization, the catenarity, the
equidimension up to primary components of dimension < s of the support
of M. He also presented some results concerning the finiteness of associated
primes of local cohomology modules as extensions of previous results by Hellus
[11] and Nhan-Morales [18].

The purpose of this paper is to give some characterizations for Cohen-
Macaulay modules in dimension > s in terms of the multiplicity e(x; M) of
M, the Noetherian dimension N-dimpg HE (M) of local cohomology modules
H (M), and the polynomial type p(M) of M introduced by Cuong [5]. Note
that H (M) is an Artinian R-module and the Noetherian dimension for Ar-
tinian modules was introduced in [19] and [13]. Tt is clear that if s > d, then
M is always Cohen-Macaulay in dimension > s. Moreover, the structure of
Cohen-Macaulay modules in dimension > —1 (i.e., Cohen-Macaulay modules)
can be described in terms of the theories of multiplicity and local cohomology.
Therefore we only consider the case 0 < s < d.

The main result of this paper is the following theorem.
Main Theorem. Suppose that 0 < s < d.

(i) The following statements are equivalent:

(a) N-dimg(HE (M)) < s for all i < d.

(b) p(M) < 5.

(¢) There exist a s.0.p. x = (x1,...,24) of M and ky,..., ks € {1,...,d}
such that

Iy, .o yas M) = Iz, ... xq; M),

where y; :z? ifj¢{ki,....ks} andy; =x; if j € {kr,... ks}.
(d) There exist a s.o.p. x = (x1,...,24) of M and a constant Cy (not
depending on n) such that for all integer n > 0,

I(a?, ...,z M) < n°Cy.
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(i) If one of the conditions (a), (b), (¢), (d) is satisfied, then M is Cohen-
Macaulay in dimension > s.
(iil) Assume that R is universally catenary and all whose formal fibers are

Cohen-Macaulay. Then M is Cohen-Macaulay in dimension > s if and only if
one of the conditions (a), (b), (c), (d) is satisfied.

The proof of Main Theorem will be given in Section 3. In the next section,
we recall some definitions and earlier results which will be used later.

2. Preliminaries

From the definition of M-sequence in dimension > s and Cohen-Macaulay
modules in dimension > s, we have following immediate properties.

Lemma 2.1. Let (z1,...,z,) be a sequence of elements in m.

(i) (x1,...,z,) is an M-sequence in dimension > s if and only if for all
= 1, ..., T we have dlm((xl, “. ,,CCi_l)M ‘M ,CCZ'/(,CEl, . 7361'—1)M)< S.

(i) (z1,...,2,) is an M-sequence in dimension > s if and only if x1/1,.. .,

xr/1 is a poor My-sequence for all p € Spec R such that dim R/p > s.

Let z = (x1,...,2¢) € m be a multiplicative system of M, i.e., it satisfies
the condition ¢(M/(x1,...,2)M) < co. Denote by e(z; M) the multiplicity of
M with respect to z. Then e(z; M) > 0 and e(z; M) = 0 if and only if z is a
s.0.p. of M, i.e., t = d. For some other basic properties of multiplicity that will
be used in the sequel, we refer to the book by H. Matsumura [16].

Recall that if £r(HE (M)) < oo for all i < d, then M is called generalized
Cohen-Macaulay (see [9]). Now we recall some characterizations of generalized
Cohen-Macaulay modules introduced by [9] and [20]. From now on, for a s.o.p.
z=(x1,...,24) of M, we set

I(x; M) =bp(M/(2z1,...,2q)M) — e(x; M).

Lemma 2.2. The following statements are equivalent:

(i) M is generalized Cohen-Macaulay.

(ii) There exists a constant I(M) such that I(z; M) < I(M) for all s.o.p. z
of M.

(iii) There exist a s.0.p. x of M and a constant Cy such that I(z},...,x%; M)
< Cy for all integers n.

(iv) There exists a s.o.p. x of M such that I(z3,... 2% M) = I(z; M).

A s.o.p. z of M satisfies Lemma 2.2, (iv) is called a standard s.o.p. of M.
Note that if a s.0.p. z of M is standard, then I(z7",... 2% M) = I(x; M) for
all ny,...,ng > 1 (see [20, Theorem 2.1]).

Recall that the Noetherian dimension N-dimpg A of an Artinian R-module A
is defined inductively as follows (cf. Kirby [13], Roberts [19]). If A = 0, we put
N-dim A = —1. For an integer d > 0, we put N-dimp A = d if N-dimp A < d
is false, and for every ascending sequence Ay C A; C --- of submodules of A,
there exists ng such that N-dimpg (A, /An+1) < d for all n > ng.
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Lemma 2.3 ([7]). (i) Let A be Artinian R-module. Then A has a natural
structure R-module and

N-dimp A = N-dimp A = dimﬁ(ﬁ/ Anng A) < dim(R/ Anng A).

(ii) N-dim A = 0 if and only if dimg A = 0. In this case, the length of A is
finite and the ring R/ Anng A is Artinian.
(iil) Let I be an ideal of R and M a non zero f.g. R-module. Then

N-dim(HZ, (M)) <
and in particular, N-dim(Hl‘f1 (M)) =d.

The theory of secondary representation introduced by I. G. Macdonald [15] is
in some sense dual to the more known theory of primary decomposition. It has
shown in [15] that every Artinian R-module A has a secondary representation
A= A1 + -+ A, of p;-secondary submodules A;. The set {p1,...,pn} is
independent of the minimal secondary representation of A and it is denoted by
Attg A.

Lemma 2.4. (i) A # 0 if and only if Attg A # 0. In this case, the minimal
elements in Attg A are exactly the minimal prime ideals containing Anng A.
(ii) N-dim A < dim (R/ Anng A) =max{dimR/p: p € Attg A}.

Now we recall the notion of polynomial type introduced by Cuong [5]. Let
z = (x1,...,24) be as.o.p. of M and nq,...,ng be integers. Consider

I(zt, . ay M) =M/ («]", ... x)*)M —ny ---nge(z; M)

as a function in nq, ..., ng. Then this function always takes non-negative values
and bounded above by polynomials, but it is not a polynomial for ny,...,ng
large enough. However, the least degree of all polynomials in nq, ..., ng bound-
ing above the function I(z}',...,z}*; M) is independent of the choice of z.
This least degree is called the polynomial type of M and denoted by p(M)
(see [5]). If we stipulate that the degree of polynomial zero is —oo, then M
is Cohen-Macaulay if and only if p(M) = —oco. Moreover, M is generalized
Cohen-Macaulay if and only if p(M) < 0 (see [9]).

When p(M) > 0, we can compute p(M) in terms of the Noetherian dimen-
sion of Artinian local cohomology modules HE (M).

Lemma 2.5 ([6, Lemma 3.1]). Let p(M) > 0. Then we have
(i) p(M) = max N-dim(Hy, (M)).
1<

(i) If z € m such that x ¢ p for all p € Ldj Att(HEL (M) \ {m}, then
i=1

1=

p(M/aM) = p(M) — 1.
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3. Proof of Main Theorem

Proof of Main Theorem (i). (a)<(b) follows from Lemma 2.5(i).

(a)=(c). Let d = 1. Then s = 0 and M is generalized Cohen-Macaulay.
By Lemma 2.2(iv), there exists a standard s.o.p. z; of M, i.e., I(x3; M) =
I(x1; M). Therefore (c) is true.

Let d > 1. We prove the result by induction on s, where 0 < s < d. Let s =
0. Then N-dimpg HE (M) < 0 for all i < d. By Lemma 2.3(ii), £r(HE (M)) < oo
for all © < d, i.e., M is generalized Cohen-Macaulay. Therefore there exists
by Lemma 2.2(iv) a s.0.p. (z1,...,24) of M such that I(z%,... ,2%;M) =
I(x1,...,2q; M). It means that condition (c) is true for s = 0. Let 1 < s < d
and assume that the result is true for the case s — 1. If p(M) < 0, then M
is generalized Cohen-Macaulay. Therefore there exists a standard s.o.p. z =
(x1,...,24) of M. Therefore by [20, Theorem 2.1] we have

Iz M) < Iy, yas M) < I(a3,.. . a5 M) = I(az; M),

where y; = a3 if j ¢ {ki,...,k} and y; = x; if j € {k1,...,ks} for all

j=1,...,d. Hence I(z; M) = I(y1,...,yq; M) and the result is true in this
d .

case. Let p(M) > 0. Let 21 € msuch that 21 ¢ p forallp € (|J Att(H (M)))\
i=1

{m}. Note that p(M) < s by Lemma 2.5(i), we get by Lemma 2.5(ii) that

p(M/x1M) = p(M) —1 < s — 1. Hence N-dim(H},(M/x1 M) < s — 1 for all

it < d—1 by Lemma 2.5(i). Applying the induction hypothesis for M/x1 M,

there exist a s.0.p. (x2,...,24) of M and integers ks, ..., ks € {2,...,d} such

that

I(y2, ... ya; M) = I(z2,...,za; M),

where y; = 2% if j ¢ {ko,...,ks} and y; = x; if j € {ky,...,ks}, for all

j=2,...,d. Without loss of generality we can assume that ks =2,...,ks = s,

ie.,

(1) I(,TQ,...,$5,$§+1,...7l'3;M/.’L'1M) =I(x2,...,xq; M/x1 M).

By the choice of 21, we have dim(0 :p; 1) < 0. Since d > 1, we have

e(To, ..., Tsy 2y 25000 1) = 0= e(T2,. .., Ts, Tsp1,s---,2a;0 11 21).

Therefore, we have

I(z2a-'-az57x§+17'-'7$3;M/$1M)

:ER(M/(xl,...,xs,:C§+1,...,:Uz)M)—e(ml,...,xs,x§+1,...,xi;M)
+€(:C27,.,7JCS,Z'§+1,.,.,;L'3;O ‘M 501)
= I(:z:l,...,xs,xiﬂ,...,xi;M), and

I(xg,...,xq; M/x1 M)
= KR(M/(zlv'er"'vxd)M)76(:617:627"'azd;M)+e(z27"'7xd;0:M 1'1)
=I(x1,...,zq; M).
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So, it follows from (1) that
I(xl,...,:cs,xiJrl,...,zg;M) =I(z1,...,xq; M),
and (c) is proved.

(¢)=(d). Let d = 1. Then s = 0 and M is generalized Cohen-Macaulay.
So, there exists a standard s.o.p. x1 of M and by [20, Theorem 2.1], we have
I(x1; M) = I(z3; M) = I(z%; M) for all n € N. Set C, = I(x1; M). Then
I(z%; M) = C, =n°C, for all n > 1. Hence (d) is true.

Let d > 1. We prove the result by induction on s, where 0 < s < d. Let
s = 0. From the hypothesis (c), there exists a s.o.p. z = (x1,...,24) of M
such that

I(x?, ... 2% M) =1(21,...,zq; M).
It means that M is generalized Cohen-Macaulay and z is a standard s.o.p. of
M. Set Cy = I(x1,...,2q; M). Then

I(xy, ... 2% M) =nC,
for all n > 1 and (d) is true for the case s = 0. Let s > 0 and assume that the

result is true for s — 1. Let z = (x1,...,24) be a s.0.p. of M which satisfies (c).
Without loss of generality we can assume that by =d—s+1,...,ks =d, i.e.,
(2) I(x3,. .. . 2% g sy, xg; M) = I(x1,...,2q; M).
We have by the property of multiplicity that
I(23,..., 2% . @4_si1,...,0aq; M)
= I(z%, . 7x375,zd75+1, cos @1y M/xaM) + 2d_se(z1, cesZd—1;0 1y T4)
and
I(x1,...,xq; M) = I(x1,...,xq-1; M/xgM) + e(x1,...,24-1;0 10 24).
Note that I(z%,...,2% ,Za—st1s---Ta—1 = I(x1,...,2q—1; M/x4M). Since
s < d, we have
2d756($1, cosd—1;0 0 xg) Ze(xr, .., xq—1;0 g 4).
Therefore it follows from (2) that e(z1,...,24-1;0 :pr z4) = 0 and
I(x1, ., Tdes, Td—st1y- -+, Td—1; M Jxq M)
=I(2?, ... 2% Ta_ei1,. .. Ta_1; M/xgM).
Hence, dim(0 :as 24) < d — 2 and hence e(z?,...,27_1;0 :p z4) = 0 for all

n > 0. Therefore, using the induction hypothesis for M/xz M, there exists a
constant C; such that

I(a?, ...,z M) <nl(2}, ..., 25 1, xa; M)
= (I, .y M 2aM) + e(a a0 2ar 20))
<0, =0,

for all integers n > 0. Thus (d) is proved.



SOME CHARACTERIZATIONS OF COHEN-MACAULAY MODULES 525

(d)=(b). Since I(x7,...,zl; M) < n°I(xz; M) for all integers n, by the
definition of the polynomial type p(M) we have p(M) < s. O

Proof of Main Theorem (ii). Suppose that (a) is true. Set m = mR. Since there
is an isomorphism H‘%(M\) =~ Hi (M) of R-modules, we have by Lemma 2.3(i)
and assumption (a) that N—dimﬁ(H%(]/\/[\)) < s for all i < d. We first claim that
Misa Cohen-Macaulay module in dimension > s. We prove this by induction
ond. Let d = 1. Then s = 0 and M is generalized Cohen-Macaulay. By [9], each
s.0.p. of M is an M- sequence in dimension > 0. Let d > 1 and assume that the
claim is true for d — 1. Let z = (x1,...,xq) be a s.0.p. of M. Let pe Assp

such that dim(R/p) := k > s. If k = d, then 21 & p as z; is a parameter
element of M. So, we assume that k < d. Note that p € Attp(HE (A)) by

2, Corollary 11.3.3]. Hence p 2 Annp(HE (M )) by Lemma 2.4. So we get by
Lemma 2.3(i) that

N-dimp(HE (M)) = dim(R/ Anng(HE(M)) > dim(R/p) = k > s.

On the other hand, N-dim(HE (M)) < s by the above fact. This is impossible.

Therefore z; is M—regular in dimension > s. Thus dim(0 : 37 21) < s by Lemma
2.1(i). Hence H%(0 :57 #1) = 0 for all > s. From the exact sequence

0—0: x1—>M*>M/( =1x1) — 0

we have an isomorphism H% (M) = HL (M/(0 :57 1)) for all i > s. Therefore
from the exact sequence

OHM/(O' :Cﬁ—)MHM/:ClM—)O

we get the exact sequence H: (]\7) — HL (M/le) — H’H( ) for all

> s. Since N-dimp(HY (]/\/[\)) < s for all i < d, N-dimp(HE (M/le)) s for
alli < d—1. So, by the induction hypothesis applying to M / le we have
(22, .. :I:d) is an M/le -sequence in dlmensmn > s. Therefore, (z1,...,%q)

is an M sequence in dimension > s, i.e., M is Cohen-Macaulay in d1mens1on
> 5. Thus, M is Cohen-Macaulay in dlmensmn > s by [21, Proposition 2.6]. O

Proof of Main Theorem (iii). By Lemma 2.3(i) we need to show that
dim 5 (R/ AnnA(HA(M))) <s

o~

for all i < d. Let i < d and p € Attz(Hx (M)). Then dim(R/p) := k <i < d by
[2, 11.3.5] and p € Assg M by [2, 11.3.3]. Since R is universally catenary and
all whose formal fibers are Cohen-Macaulay, we have by [12, Corollary 1.2] that
R is a quotient ring of a Cohen-Macaulay ring. So we have by [21, Proposition

2.6] that M is Cohen-Macaulay in dimension > s. Suppose k > s. Since k < d,
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there exists a s.o.p. (z1,...,z4) of M such that x1 € p. Therefore (z1,...,24)

is not a M-sequence in dimension > s. This is impossible. Hence k£ < s. Thus
dimﬁ(ﬁ/ Annﬁ(H%(]\/Z))) = max dim(ﬁ/ﬁ) < s.

PeAtty HL (M) 0

As a consequence of Main Theorem, we have the following characterization
for the Cohen-Macaulayness in dimension > s in term of the dimension of the
non-Cohen-Macaulay locus.

Denote by NC(M) the non-Cohen-Macaulay locus of M, i.e.,

NC(M) = {p € Spec R | M, is not Cohen-Macaulay}.

If R is universally catenary and all its formal fibers are Cohen-Macaulay, then
NC(M) is closed in Spec R under the Zariski topology (cf. [8]). Therefore
dim(NC(M)) is well defined. Set a(M) = ag(M)---aq_1(M), where a;(M) =
Anng(HEL (M)) for all i < d — 1.

Corollary 3.1. If R is universally catenary and all its formal fibers are Cohen-
Macaulay, then the following statements are equivalent:

(i) M is Cohen-Macaulay in dimension > s.

(ii) dim(R/a(M)) < s.

(iii) dim NC(M) < s and dim(R/p) = d for all p € (min(Suppp M))>s.

Proof. (1)< (ii). By [4, Theorem 1.2] we have p(M) = dim(R/a(M)). Therefore
the assertion follows from Main Theorem.

(i)=(iii) follows from [21, Proposition 2.4 (i)=-(iv)].

(i))=(1). Let p € (Suppp M)ss. Since dimNC(M) < s by hypothesis
(iii), M, is Cohen-Macaulay. Let q € min(Suppg M)ss such that q C p. Then
dim(R/q) = d by (iii). Since R is universally catenary, it is catenary. Therefore

d > dim(R/p) + dim M, > dim(R/p) + ht(p/q) = dim(R/q) = d.

Hence M is Cohen-Macaulay in dimension > s by [21, Proposition 2.4(iv)=-(i)].
O

Corollary 3.2. Suppose that R is universally catenary and all its formal fibers
are Cohen-Macaulay. Then the following statements are true:

(i) M = &1 M, is Cohen-Macaulay in dimension > s if and only if for every
i, M; is of dimension at most s or is of dimension d and Cohen-Macaulay in
dimension > s.

(ii) Let x1,...,24—5 be a part of s.o.p of M. Then M is Cohen-Macaulay
in dimension > s if and only if so is (x1,...,24—s)M.

Proof. (i) It follows from the assumption and from Main Theorem that M is
Cohen-Macaulay in dimension > s if and only if N-dim(H%(M)) < s for all
7 < d. Therefore M is Cohen-Macaulay in dimension > s if and only if either
dim M; = d and N-dim(Hﬁ;l(Mi)) < s for all j < d or dim M; < s for all
i=1,...,n. Now the assertion follows from Main Theorem.
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(ii) Set N = (x1,...,24—s)M. From the exact sequence 0 - N — M —
M/N — 0 and the fact that (x1,...,24—s) is a part of s.o.p of M, we can
deduce that dim M/N = s, and hence H (M/N) = 0 for all i > s. Therefore,
the long exact sequence

oo = HL(M/N) — HIY(N) — HAFY M) — HFY(M/N) — -

gives us HE (N) = HE (M) for all i > s. Now the assertion follows from Main
Theorem. (]

Now we consider the Cohen-Macaulayness in dimension > s of the polyno-
mial rings and the formal power series rings.

Proposition 3.3. Let S = R[[x1,...,x]] be the ring of all formal power series
in t variables x1, ...,z with coefficients in R. Then p(S) = p(R) + t.

Proof. By induction, we only need to prove the case n = 1. It is clear that
n = (m,z1,...,2) is the unique maximal ideal of S and dim S = dim R + ¢.
Set 1 = x and let (ai,...,aq) be a s.0.p. of R. Then we have the canonical
epimorphism of local rings ¢ : S — R given by o(>_ ¢;x?) = ¢o. Hence, we
can consider each R-module as a S-module by mean of ¢. It is clear that
Ker ¢ = xS. Therefore, there is an isomorphism of S-modules

S/(a1,...,aq,2)S = R/(a1,...,aq)R.
It follows that S/(ai,...,aq,2)S is of finite length, ie., (a1,...,aq4,2) is a

s.o.p. of S. Let ny,...,ng,n be a tuple of (d 4+ 1) positive integers. Since x is
S-regular, so is ™ and hence (0 :g 2™) = 0. Thus, we have
e(al*,...,ay*,x"; S) = e(al",...,ay*; S/x"S) —e(al",...,a;";0:5 2")

=e(al,...,ay;*; S/z"S).

It is clear that ¢ : S — R™ defined by ¥(>_ ¢;x?) = (co, ..., cn_1) is a surjec-
tion with Kert = 2™S. Hence S/2™S = R™. Thus

e(al,...,ay*; S/a"S) =e(al”,...,a;"; R") = ne(ay",...,a;"; R).
On the other hand, by the above isomorphism S/z™S = R"™, we have
ls (S/(a;“, al, z")S) -y (S/z"S/(a;“, . ,agd)S/z"s)
- neR(R/(a?l, . .,agd)R).
Therefore we get
I(at", ... a4}, 2" S)
= Vg (S/(a?l, - aZd,x”)S) —e(alt,...,ay*, 2™ S)
e (S/x"S/(a;H, o ,aZd)S/x"S) —e(al,...,a""; S/a"S)

= nlg (R/(a’l“, . asd)R)fne(a?l, ....d"R)
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=nl(al,...,a;"; R).
Thus, by the definition of polynomial type, we get p(S) = p(R) + 1. O
Let S = R[[1,...,xt]] be the ring of formal power series and S’ = Rz, ...,

x¢] the polynomial ring in ¢ variables over R. It is well known that R is Cohen-
Macaulay (i.e., Cohen-Macaulay in dimension > —1) if and only if so is S and
S’. Below we consider for the case s > 0.

Corollary 3.4. Let s > 0 be an integer. Assume that R is universally catenary
and all its formal fibers are Cohen-Macaulay. Let n = (m,xq,...,x)S" be
the unique homogeneous mazximal ideal of S’. The following statements are
equivalent:

(i) R is a Cohen-Macaulay ring in dimension > s.

(ii) S is Cohen-Macaulay in dimension > s+ t.

(iii) S}, is a Cohen-Macaulay ring in dimension > s +t.

Proof. (1)=-(ii). Since R is a Cohen-Macaulay ring in dimension > s and R is
universally catenary and all whose formal fibers are Cohen-Macaulay, p(R) < s
by Main Theorem. Hence p(S) = p(R)+t < s+t by Proposition 3.3. Therefore
S is Cohen-Macaulay in dimension > s + ¢ by Main Theorem.

(ii)=-(i). Since R is universally catenary and all whose formal fibers are
Cohen-Macaulay, we have by [12, Corollary 1.2] that R is a quotient ring A/T
of the Cohen-Macaulay ring A. From the isomorphism

R[[z]] = ?[[x]] = Alle]]/I[[],
where I[[z]] is an ideal of A[[x]] with coefficients in I, it follows that S = R[[x]]
is a quotient ring of the Cohen-Macaulay ring A[[z]]. Hence S is universally
catenary and all whose formal fibres are Cohen-Macaulay. Therefore, we have
by Main Theorem, (iii) that p(S) < s + ¢ and hence p(R) < s by Proposition
3.3. Thus the assertion follows from Main Theorem, (ii). Similarly, we can
prove the case (i)« (iii). O

Similar to the cases of f-module and generalized f-module, the assumption
of R being a universally catenary and all whose formal fibers being Cohen-
Macaulay in Main Theorem is not redundant. The following example illustrates
this fact.

Example 3.5. There exists a Noetherian local domain (S, n) such that:

(i) dim S = 4,depth S = 3 and S is Cohen-Macaulay in dimension > 2.

(i) N-dim(H2(9)) = 3, dim(S/ Anng(H2(S)) = 4 and dim S/a(S) = 4.

(iii) p(S) = 3,dim(5/a(5)) = 3 and S is not Cohen-Macaulay in dimension
> 2, where S is the n-adic completion of S.

Proof. Let (R, m) be a Noetherian local domain of dimension 2 constructed by
D. Ferrand and M. Raynaud [10] for which the m-adic completion R of R has
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an associated prime q of dimension 1. We have by [7, Example 4.1] that
dim;(Hy, (R)) = N-dim(H, (R)) = 1 < dimg(Hy(R)) = 2.

(i) Let S = R[[z,y]] be the ring of all formal power series in two variables
x,y with coefficients in R. Then dimS = 4 and depthS = 3. Since S is a
Noetherian local domain of dimension 4, it is clear that S is a Cohen-Macaulay
ring in dimension > 2.

(ii) It is clear that n = (m,x,y)S is the unique maximal ideal of S and
S = R[[z,y]] is the n-adic completion of S. As p € Ass R, there exists a € R
such that p = Annga. Set

Blle.ol] = { D i’ +biy' € 5| aisbi €5,vi}.

=0
Then p[[z,y]] is a prime ideal of § and
Annga = { Zai:ci +biy' €S| Z(aai)zi + (ab;)y' = 0} =[x, y])-
=0 i=0
Therefore, p[[z,y]] € Ass S and
S R
(p[[z, y]]) (p
By [2, Corollary 11.3.3], it implies that p[[z, y]] € Attg(Hg’(g)) =~ Attg(H3(9)).
Hence p|[z,y]] 2 Anng(H(S)). As p[z,y]] € Ass SN Attg(H3(S)), we have
pllz,yl] NS € Ass(S) N Attg(Hp (S)) =0
since S is a domain. Therefore, we get
Anng(HZ(S)) = Anng(H3(S)) NS C pllz,y]] NS = 0.
Thus, dimg S/ Anng(H3(S)) = dim S/a(S) = dim S = 4.
(iil) We get by Proposition 3.3 that p(S) = 3. Hence dim S/a(S) = p(S) =

p(S) = 3 by [5]. Therefore S is not a Cohen-Macaulay ring in dimension > 2
by Main Theorem. O

)z, v]] = dim(R/p) + 2 = 3.
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