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FIXED POINT SOLUTION METHODS FOR SOLVING
EQUILIBRIUM PROBLEMS

PuaM NGoc ANH AND NGUYEN Duc HIEN

ABSTRACT. In this paper, we propose new iteration methods for find-
ing a common point of the solution set of a pseudomonotone equilibrium
problem and the solution set of a monotone equilibrium problem. The
methods are based on both the extragradient-type method and the vis-
cosity approximation method. We obtain weak convergence theorems for
the sequences generated by these methods in a real Hilbert space.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm ||-||. Let C be
a nonempty closed convex subset of a real Hilbert space H. Let F : CxC - R
and f: C x C — R be two bifunctions such that F(x,z) = 0 and f(z,2) =0
for all x € C'. We consider the equilibrium problems in the sense of Blum and
Oettli (see [9]) which are presented as follows:

Find z* € C such that F(a*,y) >0 forally € C, EP(F,C)

and
Find z € C such that f(z,y) >0 for all y € C. EP(f,C)

The set of solutions of the problem EP(F,C) is denoted by Sol(F,C) and the
problem EP(f,C) is denoted by Sol(f,C). Our aim in this paper is to ad-
dress to the problem of finding a common solution of two equilibrium problems
EP(F,C) and EP(f,C). Typically, this problem is stated as follows:

(1.1) Find 2™ € Sol(F,C) N Sol(f,C).

An important example of the problem (1.1) is a multiobjective optimization
problem which is formulated as the following:

(1.2) min{g(z) : = € C},
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where g; : C — R(i = 1,2) and g(z) = (g1(2), g2(z)) for all z € C. Suppose
that there is a vector § = (i1, 72)7 € R? with the property that §; < g;(z) for
all z € C and i = 1,2. Then, it is well-known to see that a vector & € C is
a minimal solution of the problem (1.2) if and only if there are positive real
numbers a; and as such that

max{w =12} < max{m ci=1,2} Vo e C,g(x) # g(T).

K3 K3
In fact, it is not easy to define the constants a; and as. Now, for each
(z,y) € C x C we set F(z,y) = g1(y) — g1(x) and f(z,y) = g2(y) — ga(z).
Then, we can see that the multiobjective optimization problem (1.2) is equiv-
alent to the problem (1.1). Moreover, the problem (1.1) covers many other
important problems in optimization as well as in nonlinear analysis such as
variational inequalities, the nonlinear complementary problem, the nonlinear
optimization problem, just to name a few (see [1, 6, 15, 17]). On the other hand,
it is rather convenient for reformulating many practical problems in economic,
transportation and engineering (see [14, 16]).
We recall that the bifunction f is called monotone on C, if

f(z,y)+ f(y,z) <0 Vz,y € C;
pseudomonotone on C, if
f(z,y) >0 implies f(y,z) <0 Va,y € C;
Lipschitz-type continuous on C with constants ¢; > 0 and ¢z > 0 (see [16]), if
fla,y) + fy,2) = f(z,2) — erlle = y)|* = e2lly — 2||* Va,y,z € C.

In recent years, the problem to solve equilibrium problems becomes an at-
tractive field for many researchers. Methods for solving the problems have
studied extensively in many different ways. The proximal point method was
first extended by Moudafi in [17] to equilibrium problems with monotone bi-
functions. In [15], Konnov used the proximal point method for solving the
equilibrium problems with weakly monotone bifunctions in a real Hilbert space.
Also in the framework of proximal point methods, Nguyen et al. in [18] devel-
oped a bundle algorithm for solving the equilibrium problems where the bi-
functions satisfy a certain cocoercivity condition. Extended to the methods of
Fukushima in [13] for variational inequalities, Mastroeni in [16] proposed the
gap function method for equilibrium problems where the gap function is intro-
duced to convert an equilibrium problem into an optimization problem. Then,
the convergence is established under continuously differentiable and strongly
monotone assumptions of the bifunction. Recently, Anh et al. in [5] intro-
duced an Armijo-type method for pseudomonotone equilibrium problems and
fixed point problems. The method is based on the auxiliary problem princi-
ple and the Armijo-type linesearch techniques. Then, convergent properties of
the method are established, among them the global convergence is proved un-
der pseudomonotone assumptions of the bifunction and without Lipschitz-type
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continuous conditions. This technique also has extensively developed by many
authors for solving equilibrium problems and others (see [2, 5, 7, 11, 19, 20]).

Motivated by fixed point techniques of Takahashi and Takahashi in [21]
and an improvement set of extragradient-type iteration methods in [5], we in-
troduce new iteration algorithms for finding a common of the solution set of
an equilibrium problem with a monotone bifunction and the solution set of a
pseudomonotone equilibrium problem. In the first one, the second equilibrium
problem is not required to satisfy any monotonicity property, but it must sat-
isfy a certain Lipschitz-type continuous condition. To avoid this requirement,
we propose linesearch procedures commonly used in variational inequalities to
obtain projection-type algorithms for solving the problem (1.1). We show that
all of the iterative sequences generated by this algorithm weakly converge to
the common element in a real Hilbert space.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. We
write " — x to indicate that the sequence {z™} weakly converges to z as
n — oo, ™ — x implies that {z"} strongly converges to x. For any = € H,
there exists a nearest point in C, denoted by Prc(x), such that

|z = Pro(o)|| < llz—yll VyeC.

Pre is called the metric projection of H to C. It is well known that Pre
satisfies the following properties:

(2.1) (x =y, Prc(z) — Pre(y)) = ||Pre(a) — Pre(y)|?* Va,y € H,
(2.2) (x — Pro(z), Pre(z) —y) >0 Ve e H,y € C,
(2.3) o = yl* = |z — Pre(@)|? + [ly — Pre(2)||* Vo e H,y e C.

For solving the problem (1.1) with two bifunctions F' and f, let us assume that
F and f satisfy the following conditions:

(A1) F is monotone on C}
(A2) for each x € C, F(x,-) is lower semicontinuous and convex on C}
(As) for each z,y,z € C,

lim F(Az+ (1= Na,y) < F(z,y);
A—0t

(A4) f is pseudomonotone on C;
(A5) for each x € C, f(x,-) is convex on C and f is weak continuous on C":

(Ag) Sol(F,C)N Sol(f,C) # 0.

A mapping S : C' — C is called nonezpansive, if ||S(z) — S(y)|| < ||z —y]| for
all z,y € C. For finding a common point of the set of fixed points of S and the
solution set of the equilibrium problem EP(f,C), Takahashi and Takahashi in
[21] first introduced an iterative scheme by the viscosity approximation method.
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The iterative sequence {2} is defined by:

29 e H,

Find u* € C such that f(u*, y) + %(y —uF uk -2k >0 vy eC,

o = apg(a®) + (1 — ar)S(uF) VE >0,
where g is a contractive mapping of H into itself. The authors showed that
under certain conditions over {az} and {ry}, sequences {z*} and {u*} strongly
converge to z = Prgo(f,c)nFiz(s) (g(z)) Recently, iterative methods for find-
ing a common element of the set of solutions of equilibrium problems and the
set of fixed points of a nonexpansive mapping have further developed by many
authors (see [3, 8, 10, 22, 21] and the references quoted therein).

A self-mapping S : C' — C'is called a strict pseudocontraction, if there exists

a constant 0 < L < 1 such that

1S(x) = SW)I* < |l = ylI* + LI = S)(@) — (I = S)()|I* Va,y € C,

where I is the identity mapping on C. In [5], Anh and Hien introduced an
Armijo-type iteration method for finding a common element of the set of fixed
points of strict pseudocontractions S;(i = 1,2,...,p) and the set of solutions of
the problem EP(f,C) for the pseudomonotone bifunction f without Lipschitz-
type continuous conditions. The iterative process is based on the extragradient
method and Armijo-type linesearch techniques as the following:

Step 0. Choose z° € C.
Step 1. Solve the strongly convex problem

= argmin{f(a*,y) + S ly — a*|2: y € C)

and set r(z%) = 2% — y".

If ||r(z")| # 0 then go to Step 1.

k

Otherwise, set w® = z¥ and go to Step 2.

Step 2. Find the smallest positive integer number my, such that
Flah = ymer(@h), ) < —ollr@|
Step 3. Compute w* = Prenp, (%),
where 2% = 2% —y™rp(2P), 0% € o f (27, 2F)
and H, = {z € H: (", 2 — 2F) <0}, and go to Step 3.
Step 4. Compute 2" = agw® + (1 — ay) ijl Ak,z‘Si(wk), k:i=k+1,
go back to Step 1.

Under appropriate assumptions on the parameters, the authors showed that
the sequences {z*}, {*} and {w*} weakly converge to the point z*, where

*

_ k
r" = khjgo Prop_ pix(s,,0)nsol(£,0)(T7)-
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In this paper, we propose new iteration methods for finding a common point
of the set Sol(F,C) N Sol(f,C). These methods can be considered as an im-
provement of the viscosity approximation method in [21] and Armijo-type line-
search techniques in [5]. Then, the algorithms are modified by projecting on a
suitable convex set to obtain a new variant which possesses a better convergence
property. The first algorithm is now described as follows.

Algorithm 2.1. Step 0. Choose 2° € C, k := 0, positive sequences {\x}, {8k}
and {ay} such that oy € [0, 1] for all k£ > 0.
Step 1. Solve the auxiliary equilibrium problems and

the strongly convex programs:

1
(2.4)  Finding y* € C such that F(y*,y) + ﬂ—(y —yk -2y > 0wy e,
%

. 1
(2.5) 2k :argmm{)\kf(yk,z)+§Hz—yk|\2 :yeCly

1
(2.6) t* :argmin{)\kf(zk,t)+§Ht—yk|\2 :yeCl,
2R = apg(2®) + (1 — ap)t.
If y* = z* and z* = y* then STOP. Otherwise, go to Step 2.
Step 2. Set k := k + 1, and return to Step 1.

The main task of Algorithm 2.1 is to solve the auxiliary equilibrium problem
(2.4) and two strongly convex programming problems (2.5)-(2.6) at Step 1.
Note that problems (2.5) and (2.6) are strongly convex and C' is nonempty,
they are uniquely solvable.

For each 8 > 0, Combettes and Hirstoaga in [12] defined the solution map-

ping

(2.7) Ts(x):={ze€C: F(z,y) !

i
and the authors showed that Z is a solution to the problem EP(F,C') is and
only if its a fixed point of the mapping T3. With assumption (A4;) and for each
x € C, the mapping F,(t,y) := F(t,y)+ %(y —t,t—x) is strongly monotone on
C, then the mapping T3 is single-valued. Otherwise, since z* is a solution to

the problem EP(f,C) if and only if its a fixed point of the solution mapping
S, where S is defined by

1
S(x) := argmin{\f(z,t) + §Ht —z|*: ye O}

for each z € C and A > 0. So that if y* = 2* and z*¥ = y*, then 2* is the
common solution of two sets Sol(F,C) and Sol(f,C). We can talk that z* is
an e-solution to the problem (1.1) with the tolerance ¢ > 0, if ||z% — y¥|| < e
and |y* — t*|| < e. In the next algorithm, we extended the algorithms in [21]
and [5] for finding a common solution of the set Sol(F, C')NSol(f,C) to obtain
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a weakly convergence algorithm. This algorithm is similar to Algorithm 2.1,
where an augmented step will be added to Algorithm 2.1 and obtain a new
variant of the iterative algorithm in [4]. The algorithm is described as follows.

Algorithm 2.2. Step 0. Choose z° € C,k := 0,7 € (0, 1), positive sequences
{Ax}, {Br} and {ax} such that oy € [0,1] for all k > 0. Take o € (0, g)

Step 1. Solve the auxiliary equilibrium problem:

1
(2.8)  Finding %" € C such that F(y*,y) + ﬁ—<y —yF -2 > 0wy e
k

Step 2. Solve the strongly convex program:
(2.9)  2F = argmin{\y f(v*, 2) + %Hz —y*|?: ye O},
If y* = 2% and z* = ¢* then STOP.
If y* # 2 and 2% = y* then set w* = ¢*
and go to Step 4. Otherwise, go to Step 3.
Step 3. Find the smallest nonnegative integer mj such that
(2.10)
F* = (y*), 2% < —ollr(y®))1?, where r(y") == y* - 2~
Set 2% = % — 4™k (yb).
Compute w* := Pronp, (%),
where v* € 9f (2", )(z%) and Hy := {z € H: (v*, 2z —2*) <0}.
U= qpz® + (1- o )w®.
Set k := k + 1, and return to Step 1.

Step 4. Compute zF*

To investigate the convergence of this scheme, we recall the following tech-
nical lemmas which will be used in the sequel.

Lemma 2.3 (see [4], Lemma 3.1). Let C' be a nonempty closed convex subset
of a real Hilbert space H. Let f: C'x C' — R be a pseudomonotone, Lipschitz-
type continuous bifunction with constants ¢y > 0 and c3 > 0. For each x € C,
let f(x,:) be convexr and subdifferentiable on C. Suppose that the sequences
{yk}, {2*}, {t*} generated by Schemes (2.5) and (2.6). For each z* € Sol(f,C),
we have

185 —a*[* < Jly* —a*|1> = (1 =2Aer) " — 2512 = (1= 2ke2) | 2 = £** Wk > 0.
Lemma 2.4 (see [10], Lemma 2.1). Let {ax}, {bx} and {ci} be three sequences
of nonnegative real numbers satisfying the inequality

ars1 < (1+br)ag + c,

or some integer k > 1, where by < oo and cp < oo. Then,
) k=1 k=1
limy oo a exists.
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Lemma 2.5 (see [12]). Let F : C x C — R satisfy the assumptions Ai-Aq,
B >0 and the mapping Ty is defined by (2.7). Then, the following hold:

(1) Tp is single-valued,
(ii) Tp is firmly nonexpansive, i.e.,

ITs(x) = TW)|I* < (T(x) = Ta(y), = —y) Va,y € C;

(ili) the fized point set of Ty is equivalent to Sol(F,C);
(iv) the solution set Sol(F,C) is closed and convez.

Lemma 2.6 (see [22], Lemma 3.2). Let H be a real Hilbert space and let C
be a nonempty, closed and convex subset of H. Let the sequence {x*} C H be
Fejer-monotone with respect to C, i.e., for every u € D,

2" = wll < Jla* —ul V& >0.

Then, {Prc(x®)} strongly converges to some z € C.

3. Convergent theorems

Now, we prove the main convergence theorems.

Theorem 3.1. Suppose that Assumptions A1 — Ag are satisfied, f is Lipschitz-
type continuous on C with constants ¢; > 0,co > 0, 2° € C, X and two
sequences {\r}, {ar} satisfy the following restrictions:

1
0<o< E,Oo
(3.1) o € (0, 1), Z o < 00,
k=0
{\} Cla,b] for some a,be€ (0,1), where L =max{2c;,2cs}.

Then, the sequences {z*}, {y*}, {z*} and {t*} generated by Algorithm 2.1
weakly converge to the same point x* € Sol(F,C) N Sol(f,C).

The proof of this theorem is divided into several steps.
Step 1. Claim that

lim ||y —¢*| = lim [y* — 2| = lim [jy* - 2| =0.
k—o0 k— o0 k—o00
Proof of Step 1. Let z* € Sol(F,C) N Sol(f,C), and {Tg,} be a sequence of

the mappings defined as in Lemma 2.5 and y* defined by (2.4). Then, z* is
the unique solution to the strongly monotone equilibrium problem:

1
+—(y—a* 2" —2*) >0 VyeC.
Bk

This means that z* = T, (z*). For any k > 0, we get

F(z*,y)

(3.2) Iy = 2*[| = |T5, (2*) = Tg, ()| < [|l2* — ="
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For each z* € Sol(F,C)NSol(f,C), it follows from z**! = apg(z*)+(1—ay)t*,
(3.2), Lemma 2.3 and 6 € (0, 1) that
(33) 2"t —a|?
ll (g(2*) = 2*) + (1 = ) (" — )|
allg(a®) = 2*[* + (1 — o) [t — 2*||?
o]l (9(a") = g(2")) + (9(a*) — ") |* + (1 — aw) " — 27|
< 20ilg(a") = g(a)|* + 20x[lg(x") — 2> + (1 — ) |t* — ]
< 28%p|a® — 2" + 2aklg(a”) — 27 ||* + (1 — )t — 2”2
< 28%ap|a® — 2" + 20k ]lg(a”) — 27 ||* + (1 = a)lly* — 2"
= (1= ar)(1 =22k ly* = 2817 = (1= ar)(1 = 2Ape) 12" — 5|2
<[ —aw(1 = 28)][la* — 2*|* + 205l g(2") — 27|
= (1= ag)(1 = 2xken)ly* = 2F)* = (1 = ar) (1 = 2ea) |27 = 7).

Then, using Lemma 2.4 and 21?;1 ar < oo, we have the existence of ¢ :=
limy 00 ||2% — 2*]|? and

(3.4) [1— (1 —26%)](1 — 2bey)||y* — 2%
< (1= ag)(1 = 2Meen) y* = 2F|P?
< ot = 2P — [l = 2?4 20 g () — 27|

— 0 as k — oo,

A

N

and

(3.5) lim [|2* — || = 0.
k— o0

By the similar way, also
lim [|2* —t*|| = 0.
k—oo

Combining this, (3.5) and the inequality ||y* —t*| < ||y* — 2F|| + ||2% — t¥||, we
have

lim [|y* —t*|| = 0.

k—o0
By Lemma 2.5, we have
k_ x*HQ _

T, (%) = T, ()|
TBk (xk) - Tﬂk ('T*)a z* — $*>

yk —.’L'*,(Ek —.’L'*>

(ly* =2 [* + fla* — ™| = [ly* — 2*||) ,

ly

IN

—~

N~

and hence

(3.6) ly* = 2*||* < fla* —2*|* = ly* — 2*||*.
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Then, from z*+! = a,g(z¥) + (1 — ay)t* and Lemma 2.3, it follows that
||1.k+1 - :C*||2 — k

leg(2®) + (1 — aw)t* — 2|
< arllg(a®) — 2P + (1 = a)[[t* — 2*||?
< agllg(@®) — a7+ (1= an) " — 2|
< agllg(@®) ="+ (1 = ar)(lla® — 2™ — [ly* - «*|).

Then
(1—ar)lly® — 2| < arllg(@®) —2*|* + (1 — a)l|a* — 27| — [Ja*T" — ¥,

Combining this, {ay} C (0,1),37°, . ax < oo and limg_e0 [|J2% —2%(|? = ¢, we
get

lim ||z —y*|| = 0.

k—o00

By Step 1, we have ¢ = limy_, [|z¥ — 2*||? and hence the sequence {z*}

is bounded. So, there exists a subsequence {z¥i} such that the subsequence
weakly converges to t.
Step 2. Claim that the sequences {z*}, {y/*} and {t*} weakly converge to the
same point ¢ € Sol(F,C) N Sol(f,C).
Proof of Step 2. By Step 1, we also have

T S L N Ny

Since z* is the unique solution of the strongly convex problem

min{glly — ¥+ F(u".) -y € O},
we have
0€ O F0) + 5y — o 12) ) + No (=)
This follows that
0= \w + 2" — y* + ",

where w € 9f(y*,-)(2*) and w* € Ng(z¥). By the definition of the normal
cone N¢, we have

(3.7) (2" =y y—2F) = Ne(w, 2 —y) wyeC.

On the other hand, since f(y*,-) is subdifferentiable on C, by the well-known
Moreau-Rockafellar theorem, there exists w € 9f (y*,-)(z*) such that

FWFy) = P, 25 = (w,y — 2%) Wy e C.
Combining this with (3.7), we have
Me(f(WF,y) = F(F M) = (F —yF2F =) wyec
Hence

Moy (FF ) = fyMe, 2F0) = (M — b M — ) wy e C
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Then, using {\r} C [a,b] C (0, +) and the weak continuity of f, we have
flt,y) >0 VyeC.

Thus, ¢ is belong to the solution set of EP(f,C). Let us show ¢ € Sol(F,C).
By y* = Tj, (2%), we have

1
F(yk,y)+a<y—yk,yk—wk> >0 VyeC.

Since F' is monotone on C, we also have

1
E@—yk,yk — 2y > F(y,y*) vyeC,

1 ) ) ) )
—(y—y" g —ab) > F(y, ™).
Br
Since ||y* —x¥i|| — 0,y* — £, the lower semicontinuity and convexity of F'(y, -)
for all y € C, we have F(y,t) < 0. So, from the convexity of F(y,-), for all

A € (0,1], we have
0=FOy+ (1 —NE Ay + (1— A7)
<AFMNy+ (1 =Nty) + (1 —=NFQy+ (1= N, 1)
<AF(Ay+ (1= Mt y)

and hence F(Ay+ (1—M)t,y) >0 Yy > 0. Let A — 0 and using the assumption
(As), we have F(t,y) > 0 Yy > 0 and hence ¢ is also belong to the solution set
Sol(F,C). Thus, the subsequences {z*}, {y*} and {z*'} weakly converge to
the same point ¢ € Sol(F,C) N Sol(f,C).

In order to show that the entire sequence {x*} weakly converges to f, as-
sume that there is another subsequence {Z*} of the sequence {z*} that weakly
converges to some ¢ € Sol(F,C)N Sol(f,C) and t # . Note that from Step 1 it
follows that there exists limy_,o ||[2* — £|| and limy_, [|[2* — #||. By the Opial
condition, we have

and hence

lim ||z — #|| =liminf ||J2* — ¢
— 00 12— 00

<liminf ||z™ — ||
12— 00

= lim |z* — ||
k—o0

= lim ||z% — ||
11— 00

lim ||:Ekl — 1|
71— 00

AN

= lim [z —¢].
k—o00

This is a contraction and thus £ = £. So, the sequence {z*} weakly converges
to £ and hence the sequences {y*}, {z*} and {t*} also weakly converges to the
same point ¢ € Sol(F,C) N Sol(f,C). O
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Remark 3.2. In the special cases ai = 0 for all £ > 0 or g is the identity map-
ping, it follows from (3.3) that ||z*T! — z|| < ||z* — Z|| for all Z € Sol(F,C) N
Sol(f,C). By Lemma 2.6, the sequence { Prgoi(r,c)nsol(f,c)(z")} strongly con-
verges to some z* € Sol(F,C) N Sol(f,C). Set uF = PTSOI(FVC)QSOZ(LC)(:E’“).
Combining
<t_7uk,uk—zk> <0 Vk >0,
and
of =t yF =12 <t e Sol(F,C) N Sal(f,C),
we get
(t—a*,a" —1) <0,
and hence £ = z*. Thus, the sequences {z*}, {y*}, {2*} and {t*} generated by

Algorithm 2.1 weakly converge to the same point z* € Sol(F,C) N Sol(f,C),
where

* = lim P .
z* = lim T Sol(F,C)NSol(f,0) (L")
Let the sequence {z*} be defined by Algorithm 2.2. Suppose that there does

not exist a natural number kg such that r(z*) = 0 for all k > k. We take a
subsequence {z¥7} of the sequence {z*} such that

Iy~ #0 Vi > 0.
By a same way as the proof of Theorem 3.2 in [5], we also get the following
lemma.

Lemma 3.3. The following statements hold.

(a) There exists the smallest nonnegative integer my, 1 such that

FB=t =™y, M < —aflr(yS T2
(b) y* =1 ¢ Hy,_y for all j > 0.
) whi=l = PTCmij,l(Qkf_l), where §Fi—1 = Perrl(ykj—l).
(d) Ifllr(yk)II > 0, then

—

mko.

2
* * - /7
@) It =7 < Ik =17 = o = 3417 - (s ) et
for all x* € Sol(f,C).
(e) If ||[r(y®)|| > 0, then Sol(f,C) C C N Hy,.

Lemma 3.4. Claim that the sequence {||z* — x*||} is nonincreasing and hence
convergent. Moreover, if ||r(y*)| > 0 for all k > 0, then we have

lz" — 2% < [l — 2| = (1 an) w® — 7¥||?
0 -0 () ey
o (e
[[o*[[(1 = ~mx)
where §* = Pry, (y*) and x* € Sol(F,C) N Sol(f,C).
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Proof. Using (3.8) and %! = o, 2% + (1 — a)w*, for each z* € Sol(f,C) we
have

(3.9)  [2" — 2% = flana® + (1 — g — 2|

apl|z® — 2*[* + (1 - ap)[w® -

anllz® —a* | + (1 = an) [ly" —2*|* — lw* — 5"|I?

(e N
(o ) Il

l* = 2*)* = (1 — ) w® — ¥

—(1 -« A i r(y®) |2
) LAl

In the case ||r(y*)|| = 0, by Step 2 of Algorithm 2.2, we have w* = y* and

A

IN

IN

2" = 2*|| = [Jaga® + (1 = ar)y® — 27|
< aglla® — 2| + (1 = a)lly" — 2]

< aplla® — 2| + (1 - a)|2* — 27|

Using this and (3.9), we have
|+t — 2*|| < || — 2*| VE > 0.
So the sequence {||z* — x*||} is nonincreasing and hence convergent. O

Lemma 3.5. Claim that there exists ¢ = limy_soo ||2% — 2*|| = limg 00 |Jw* —
x*||, where x* € Sol(F,C)NSol(f,C). Consequently, the sequences {z*}, {y*},
{2k}, {v*} and {w*} are bounded.

Proof. By Lemma 3.4, there exists
(3.10) c= lim ||2* — 27
k—oo
Since Lemma 3.3(e), and the fact that w* = ¢* if ||[r(y*)|]| = 0 and w* =
Preoam, (y¥) if [|r(y*)|| # 0, we have
lw* — 2| < [ly* —2*|| < |2* — 2| ¥k >0.
Hence

(3.11) lim [[w® —2z*|| < lim |2* — 2% = ¢
k—o00 k—o00

Using zF1 = aga® + (1 — ax)w”, we have
lz*+ — 2| = [Jawa® + (1 — ar)w” — 2|

< aglla® — 2% + (1 - a)[[w* — 27
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Hence
(3.12) c < lim Hwk —z".
k—o0
From (3.12) and (3.11), it follows that
c= lim |jw® — 2.
k—o0
Since z* is the unique solution to
: B
min{f(y*,y) + S lly —v** - y € CY},
we have
B B
PR + Sy =P = F5 29 + S = oF)1? vy e

Therefore, with y = y* € C, it holds:

ﬂ k k12
= EE

Since f(y*,-) is convex and subdifferentiable on C, i.e.,
(

FO25) = Fyhy") 2 (s" 28 —oF) Ws® € 0f (", ) ("),
we have f(y*, zF) > (s*, 2F — y*). Then, using (3.13) we obtain

(3.13) 0> f(y*, 2") +

(5%, 2% — ) + Sy~ 2 <0,

This implies that

2
ﬂQII s*117 + ﬂ<sk,zk—y’“>+|\y’“ P < 7 s
Hence
1 1
3.14 g — 2k =5 < <10
(3.14) I 55 1= 5l

From the assumption (iv) and (3.10), it implies that the sequence {s*} is
bounded. Then, it follows from (3.14) that {y*} is bounded and hence z* =
yk — 4" (y* — 2¥) is also bounded. Also the sequences {v*} and {w*} are
bounded. g
Lemma 3.6. Let z* € Sol(F,C)NSol(f,C). Assume that if the sequence {s*}
is bounded then {v*} is also bounded, where v* € Of(s*,-)(s*). Then, we have

lz® = a2 < fla® = 2™ — (1 = b)[|wh s — ot 2

(3.15) -0 (3 )

1— ,ymk]‘ +pj

Mk;+p; o

where 0 < a < ap, <b<1l,p;= j+1—kj—1,7°(ykf+i) =0Vvi=0,1,..., p;—1,
r(ykitri) £ 0, gritee = Pru,, ., (y*i+Pi) and the sequence {v*} is uniformly
bounded by M > 0.
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Proof. Using the assumption and Lemma 3.5, there exists M > 0 such that
[lv™]] < M for all n > 0. Then, if kj41 = k; + 1, then the inequality (3.15) is
clear from Lemma 3.4. Otherwise, we suppose that there exists a positive inte-
ger p; such that kj+p;+1 = nj41 and ||r(z% )| = 0 for alli = 0,1,...,p; — 1.
By the assumptions 0 < a < ay < b < 1, ||r(y*+Pi)|| > 0 and Lemma 3.4, we

have
e — a2 =

<

IN

IN

IN

b2+ — o)
R e et ] &

"t ’ Ej+p;y (4
— (1 = ar;4p;) (m) [l (y" 7P|l

||akj+pj71$kj+pjfl + (1 _ akj+pj71)wkj+p]‘71 _ 1'*”2

R
M 4ps 2
’y J 10 ks .
—(1-1) (m) [ECnstolh
ey 4y 175971 = 72 (1 g ) 0L — 2

— (L= )t — g2
M 4ps 2
o oo kj+p;y|4
(-0 (5 ) I )
O‘kj-l-;ﬂj—l”‘rkﬂrpjil - ‘T*H2 + (1 - akj"l‘pj_l)”y

— (L= )t — g2

kj+pj—1 _$*||2

,ymk]‘ +ri g

-9 (W) [lr(y*itPs )|t

< flabs P = g = (1= )t — g
my . ] 2
~ k]+p]o— Kidp, 4
—(1-=29b - - TP
(-0 (G ) )
< 2t — )P = (1= b)whi P — g2
my . ] 2
~ kj+rj o Kidpind
—(1-=29b - - JTPj .
-0 (g ) )
This implies (3.15). O

Now, we turn to the main convergence result of Algorithm 2.2.

Theorem 3.7.

Suppose that the bifunction f satisfy the conditions A1 —

Ag, if the sequence {s*} is bounded then {vF} is also bounded, where v* €
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af(s*,-)(s*), and the parameters satisfy the following conditions:
O<a<ap,<b<l1l Vk>0,
B = liminf Ay > 0,
k%o;
(3.16) 0<o<§g,
0<y<1,
likminfﬁk >0,0< B VE>0.
—00

Then, the sequences {x*}, {y*} and {w*} generated by Algorithm 2.2 weakly
converge to the same point x* € Sol(F,C) N Sol(f,C), where

*= lim P ).
z* = lim T Sol(F,C)nSol(f,0) (L")

Proof. We consider two cases:

Case a) There is no natural number kg such that r(y*) = 0 for all k > kq. Using
Lemma 3.6 and Lemma 3.5, we obtain that the sequence {v*} is bounded by
M > 0 and

My tp.
Jabors =P < o = 2 = (=) (5

2
- 7 kj+p;iy |4
Ty ) I

with p; = kj11 — kj — 1. Since {|lz* — 2*||} is convergent, it is easy to see that
lim "4 [ (y" ) | = 0.
J—o0

Case ap) limsup~"™*i*7i > 0.

Jj—o0
In this case it follows that liminfj_,.. ||r(y®+P9))|| = 0. Since {xFi*Pi} is

bounded, there exists an accumulation point Z of {z*/¥Pi}. In other words,

a subsequence {z*3i1Pii} weakly converges to some Z, as i — oo such that

r(Z) = 0. It means that T € Sol(f,C).

Case az) lim ~™*i+ri = 0.

Jj—oo

Since {[|z*itPi — z*||} is convergent and Lemma 3.5, there are subsequences
{akiitPis} of {2%i+Pi} and {y*5:+Pii} of {y*i+Pi} such that {z%: TP} weakly
converges to ¥ and {y"itPsi} weakly converges to § as i — 0o. Since Mk +p;
is the smallest nonnegative integer, my, 1, — 1 does not satisfy (2.10). Hence,
we have

f(zkji +Pi; rymkj¢+pji71r(ykji+pji)7 ijierji) > 7U||T(ykh+1’ji)||2.
Passing onto the limit, as ¢ — oo and using the continuity of f, we have
(3.17) f(@,9) > —allr(@)I%,
where 7(Z) = Z — g. It follows from (2.10) that

> <o.

f (P tPiv — Mgt eg (ki tPa ) g Ra TP ) §||7a(yk1 +pii)
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Passing onto the limit, as ¢ — oo (f is continuous), we obtain

B

f(@,9) + §||7“(:Tc)||2 <0.

Combining this with (3.17), we have

olr@|? > ~f(.5) > D r(@)P,

which implies that 7(Z) = 0, and hence Z = § € Sol(f,C). Thus, every weak
cluster point of the sequence {z*i1Pi} is a solution of the problem EP(f,C).

Now we show that every weak cluster point of {z*/7Ps} is long to the set
Sol(F,C). Suppose that the subsequences {z¥/:+Pii } of {z*Pi} and {y*s:+Pii }
of {y*i*Pi} such that {x¥i*Ps:} weakly converges to Z and {y*:+Pii} weakly
converges to 7 as i — 0o. By y* = Tg, (x*), we have

1
F(y*,y) + 3 —yhyt —af) >0 vy e
Since F' is monotone on C, we get
1
A y' Yt —at) > Fly,y") wyed,
and hence )
—(y =y g —ahi) > Fy,yh) vy e C.
B,
Since ||y*3i — x| — 0 as i — oo, the lower semicontinuity and the convexity

of F(y,-) for all y € C, we have F(y,Z) < 0. So, for all A € (0, 1] we have
0=FQy+1Q-XNz, y+(1-Nz)

<AFAy+ 1 =NZ,y)+ (1L =XNFAy+ (1 =Nz, )

SAFQAy 4+ (1= )z, y),
and hence F(Ay+ (1—-\)Z,y) > 0for all y € C. Let A — 0, we get F(Z,y) >0
for all y € C and so & € Sol(F,C). Thus, every weak cluster point of the
sequence {z*iTPi} is belong to the set Sol(F,C).

In order to show that the entire sequence {z*} weakly converges to z. As-

sume that there is another subsequence {Z*:} which weakly converges to some

& € Sol(F,C)N Sol(f,C) and T # &. By the Opial condition and Lemma 3.5,
we have

lim ||z* — Z|| = liminf ||z — Z||
k— o0 i—00

< liminf ||z" — 2|
12— 00

= lim |2* — 2|
k—o00

= lim ||z — 2|
11— 00

< lim ||z% — 7|
11— 00
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= lim |jz* -z
k—o00

This is a contraction and thus Z = #. So the subsequence {z*} weakly converges
to & € Sol(F,C) N Sol(f,C). Then, the sequences {y*},{z*} and {w*} also
weakly converge to the same point Z € Sol(F,C) N Sol(f,C).

Now we will prove that the sequences {z*}, {y*} and {w*} weakly converge
to Z, where

= kliﬂgo Prsor,c)nsol(s,c)(z").

Indeed, we suppose that tF := PrSOl(Fﬁc)QSOl(ﬁc)(mk) and zF — Z. By the
definition of Pr¢(-), we have

(3.18) (t* — ¥tk — ) <0 Vo € Sol(F,C) N Sol(f,C).
It follows from Lemma 3.4 that
2" — 2% < ||l2* — 2*|| Va* € Sol(F,C) N Sol(f,C).
Then, by Lemma 2.6, we have
(3.19) t* = Prair.cynsel(s,c) (@) = & € Sol(F,C) N Sol(f,C) as k — <.
Passing to the limit in (3.18) and combining this with (3.19), we have
(@ -z, —x) <0 Yze So(F,C)nSol(f,C).

This means that £ = 2 and T = limp_oo PTSOI(FVC)QSOZ(LC)(:E’“). Thus, both
sequences {y*} and {w*} weakly converge to Z, where

T — 1. P k .
T kinio TSol(F,C)ﬂSOl(f»C)('T )

Case b) There exists ko such that r(y*) = 0 for all k > ko. Thus z* € Sol(f, )
for all k > ko and Algorithm 2.2 becomes the viscosity approximation algorithm
proposed by Takahashi and Takahashi in [21]. Then, the iteration sequences
{2*} and {y*} strongly converge to the common solution point z* € Sol(F,C)N
Sol(f,C), where

*= lim P ky.
z” = lim T Sol(F,C)NSol(f,0) (L")

The proof is completed. O

4. Applications to variational inequalities

Let C'is a nonempty, convex and subset of H, G and H be functions from C'
intoH, ¢ : C — R and ¢ : C' = R be proper, continuous and convex functions.
We consider the generalized variational inequalities formulated as follows

VI(G,C) Find z* € C such that (G(z*),z — z*) + p(x) — p(z*) > 0 Va € C,
and

VI(H,C) Find z € C such that (H(z),z —Z) + ¢(z) — ¢p(z) > 0 Vx € C.
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We consider the problem which is to a common point of the solution set of the
problem VI(G,C) (shortly SVI(G,C)) and the solution set of the problem
VI(H,C) (shortly SVI(H,C)). It details that

(4.1) Find 2* € SVI(G,C)NSVI(H,C).

Let F: C x C — R be defined by F(x,y) := (G(z),y — z) + p(y) — ¢(z), and
f:C xC — R such that f(z,y) := (H( )y —x) + &(y) — ¢(x). Then, the
problem (4.1) can be written in the form of the problem (1.1).

Let G : C'— H. The mapping G is called

(i) monotone on C if
(G(z) = G(y),x —y) 20 Va,y € C;
(ii) pseudomonotone on C if
(G(y),x —y) > 0 implies (G(z),z —y) > 0 Va,y € C;
(iii) Lipschitz continuous on C' with constant L > 0 if
1G(x) = G| < Lllz - y[| Va,y € C.

It is easy to see that G is pseudomonotone (L-Lipschitz continuous) on C' if
and only if F' is pseudomonotone (corresponding: Lipschitz-type continuous

with constants ¢; = ¢y = %) on C. Then, Algorithm 2.1 applied to solve the

problem (4.1) can be described as follows:

Algorithm 4.1. Step 0. Choose x° € C, k := 0, positive sequences {\}, {5}
and {ay} such that ay € [0,1] for all k£ > 0.
Step 1. Solve the auxiliary variational inequalities and the strongly convex
programs:
1

(GW)y—v™) +e(y) — e(y™) + @@ —yF =ty >0 weC,

, 1
2F = argmin{\, (H(y"),y — ¥*) + Mo (y) + 5llz - y*|?: y e CY,

. 1
t% = argmin{ A\, (H ("), y — y*) + Mo (y) + §||t —y*?: yeCy,

2R = apg(2®) + (1 — ap)t*.

If y* = 2% and z* = y* then STOP. Otherwise, go to Step 2.
Step 2. Set k := k + 1, and return to Step 1.

Similar to Theorems 3.1, the convergence of Algorithm 4.1 is presented as
the following;:

Theorem 4.2. Let G : C — H be monotone and lower semicontinuous,
H : C — H be pseudomonotone and Lipschitz continuous with constant L > 0,
two convex functions ¢, ¢ : C — R, and SVI(G,C)NSVI(H,C) # 0. Un-
der certain conditions (3.1) with c1 = co = £, the sequences {z*}, {y*}, {z*}
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and {t*} generated by Algorithm 4.1 weakly converge to the same point x* €
SVI(G,C)NSVI(H,C). In the special case a = 0 for all k > 0 or g is
the identity mapping, the sequences weakly converge to the same point x* &€
Sol(F,C) N Sol(f,C), where

*

= khjgo Prsvia.oynsviim,o) ().

By applying Algorithm 2.2 for the problem (4.1), we have the following.
Algorithm 4.3. Step 0. Choose z° € C,k := 0,7 € (0, 1), positive sequences
{Me}, {Br} and {ax} such that oy € [0,1] for all k > 0. Take o € (0,2).

Step 1. Solve the auxiliary variational inequalities

(GWM)y — ")+ o) — o) + é@ Cyhf oy 20 Wyed,

Step 2. Solve the strongly convex program:
2" = argmin{ e (H (y*), y — v") + Mo (y) + %Hz —y*?: yeCy,
If y* = 2% and 2* = y* then STOP.
If y* # 2% and zF = y* then set w* = y*
and go to Step 4. Otherwise, go to Step 3.
Step 3. Find the smallest nonnegative integer my such that
(L=~ )(H (), r(y")) + (") = 6(z*) > al|r(y®)]1?,
where r(y¥) := y* — 2*.
Set 2% = y* — 4™k r(y*). Compute w* := Pronp, (2¥),
Hy:={xecH: (H(EZ"),z -2 <o}
U= qpa® + (1- o )w.
Set k := k + 1, and return to Step 1.

Step 4. Compute zF*

As in Theorem 3.7, we give the convergent results of Algorithm 4.3 as the
following.

Theorem 4.4. Let G : C — H be monotone and lower semicontinuous, H :
C — H be pseudomonotone and lower semicontinuous, two convex functions
0,6 : C = R, and SVI(G,C)NSVI(H,C) # (0. Under certain conditions
(3.16), the sequences {z*}, {y*} and {w*} generated by Algorithm 4.3 weakly
converge to the same point x* € SVI(G,C)NSVI(H,C), where

"= A PrsyiG,onsvi(,e) (z*).
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